From:

Number Theory

Proceedings of the Third Matscience Conference Held at Mysore, India, June 3-6, 1981
edited by K. Alladi, Springer Lecture Notes, Volume 938, (1982), 172-176

172

PROBLEMS IN ENUMERATION OF FINITE GROUPS
M.RAMMURTY *

Iet G(n) be the number of non-isomorphic groups of order n.

. .o 2
It is trivial to see that 6(n) << n™. Since any finite group of

S

order n can be generated by O0(log n) elements, it follows that

G(n) < n°" log n, for some constant c¢ > O. The first non-trivial

upper bound was obtained by Gallagher [2] who showed

G(n) < ncn2/3(108 n)?

Sims 1r8-j conjectured that

3
() on) < 1’lc(log n)

for some c > O, and showed that (1) is true if we restrict our
attention to solvable groups of order n. P. Neumann [‘7__‘] showed that

if S(n) denotes the number of simple groups of order n and

5(n) nc'(lo;; n)3

then (1) 1is true for some constant c¢ > 0. With the recent
classification of all finite simple groups, (1) is now known to be
true. But (1) can be improved further, if we restrict our attention
to other sets of integers of positive density. It was shown in ‘LL]

that for squarefree n,
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6(n) < q (n),

where ¢ 1is Buler's totient function. Moreover, on a set of

density = %

a(n) < (Iog n)=.

It is not true that for n squarefree, G(n) < (log n)A for some

A >0. 1In fact, one can show for squarefree n,

o) = (dlexp ($2%00).

On the other hand, it is known [6] that,

= sz(n) log G(n) = (1 +0o(1)) c x log logx as x>,
ns x

for some constant ¢ > o.

Question 1. Is it true that for n squarefree,
- ¢clogn
G(n) O(exp (log Toz =))

for some ¢ 0 ?

With respect to the distribution of the walues of G{n) mu~h
less is known. It is an interesting result of Burnside that
G(n) = 1 if and only if (n, q)(n)) = 1. FErdds [ﬂ gave an

asymptotic formula for the number of n< x such that (n, Cy(n)) =1 as
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-

= 1 1 —xe
(1 o( ) log los lop x

where Y is Buler's constant. let FA(x), Fy(x), Fss(x), F‘S(x)

denote the number of n < x such that all groups of order n are

abelian, nilpotent, supersolvable and solvable respectively., Tt
has been shown that [5}

J

Fplx) = (1 + o(1))log log log x °*

-3

RS A T TR

2

Feglx) = (1 +o(1))Gx, G 2 % s

Fs(x) = (1 + _9(1))CZX, c, z 0.9.

If Fp(x) is the number of n < x such that &(n) = k, we know

from above that

. (s o)
F1 (x) 102 gog l)gg X

One can show that G{n) = 2 if and only if

(1)

(i1) n=pp, m, (pym, @(pm) = 1,

=
L]

2p, p a prime or

(p, m, ¢ (pm)) = 1, p, = 1 (mod p,),
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(1i1) n = p’m, (pm, @(pm) =1, (p+ 1, m) =1,
Using Brun's sieve, it can be proved lh} that

Fz(x) = o% log log log lgg_x )
(log log log x)

Question 2. Is it true that

(1 +0(1)) cx

Fo(x) =
2 (1og log log x)?

for some ¢ >07%

It is too early to predict a general trend. As k increases,
the arithmetical conditions on n so that G(n) = k, become more

complicated. One can show, with some difficulty,
x
FB(X) 0 (log log log x) .
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