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PRIME DIVISORS OF FOURIER COEFFICIENTS OF
MODULAR FORMS

M. RAM MURTY anp V. KUMAR MURTY

§1. Introduction. The Ramanujan 7-function is defined by

[o0] [}
A=g Il (1=g")*= 2 r(n)g"
n=1 n=1
Ramanujan [6] investigated the divisibility properties of 7(n) and conjectured
that 7(n) = 0 (mod 691) for almost all n. This was verified by Watson [12]. Serre
[9] has strengthened this to the following assertion: given an integer d, we have
7(n) =0 (modd) for almost all n (i.e., for all n excepting a set of density 0). In
fact, Serre’s result holds for the Fourier coefficients of modular forms of integral
weight for any congruence subgroup of SL,(Z).

The purpose of this paper is to further investigate the divisibility properties of
these coefficients. For definiteness, we shall state the results for 7, though they
apply to more general multiplicative functions.

We first prove the following strengthening of Serre’s result: given d as above,
7(n) is divisible by d“, where w =[8loglogn], for almost all n. (Here & is a
positive constant depending on d4.) We then consider the effect of varying d.
Denote by »(n) the number of distinct prime divisors of n. Assuming the
Generalized Riemann Hypothesis (GRH), we show that

> (¢(7(p)) — loglog p)*< 7(x)loglogx
<x
"(];’)#0

and
z(p — Loglogn)?) < x(loglog x)1
(7(n)) > (loglogn)”) < x(loglogx)log,x.
n<x
(n)#0
(Here, log,x = loglogloglogx.) In particular, given € > 0, we have
1/2+¢

|»(7(p)) — loglog p| < (loglog p)
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58 M. RAM MURTY AND V. KUMAR MURTY

for almost all primes p. These estimates are the “modular analogues” of the
classical result of Hardy and Ramanujan [4] that

v(n) — loglogn)*< x loglog x.
;(() glog glog
n< x

Observe that v(7(n)) is neither a multiplicative nor an additive function, and so
seems to fall outside the scope of existing generalizations of the Hardy-
Ramanujan estimate (see for example, Elliott [2]).

Using our estimates, it is possible to deduce that for any € > 0, we have

log|7(p)| > we ™ **log p > (log p)l_E

for almost all p, where w = (loglog p)'/?*<. Of course, this falls far short of what
is expected. For example, the above bound does not give |7(p)| > p¢, whereas it
is conjectured [9] that

lr(p)| > p*/>"

for all primes p.
Finally, we remark that the full strength of the GRH is not needed in the
above results. Indeed, let

7*(x,d) = #{p < x|p prime and 7(p) =0 (modd)}.

It is known that 7*(x,d)~8(d)7(x) for some 6(d) > 0. The GRH implies that
uniformly in d,

m*(x,d) = 8(d)m(x) + O(d’x'*log x)
and in particular, that

> |o*(x,d) — 8(d)m(x)| < x'/**¥log x.

d<x?

For our purposes, it would suffice to know that

a*(x,d) — §(d)m(x)| €« —%*—
L2, e d) —admel < S

for some y > 0, and some monotone increasing function F such that F(x) > 1
and F(x) = o(loglogx). It would be of interest to know whether this estimate can
be proved by known techniques of analytic number theory.

As mentioned above, our methods work for a large class of multiplicative
functions. We shall present the general case in Sections 2, 3 and 4. In Section 5,
we shall specialize to modular forms. The applications to lower bounds are
discussed in Section 6.



PRIME DIVISORS OF FOURIER COEFFICIENTS 59
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Notation. Throughout, p,q,r, p,, p, denote rational primes; 7(x) denotes the
number of primes < x; »(n) denotes the number of distinct prime divisors of the
rational integer n. We say that a sequence {a,},,; has normal order {b,},c,
(I some indexing set) if for any € > 0,

#{n< x,n€land|a, - b,| < eb,)}
%

1 .
#{(n<x,n€l) as x>

§2. Divisibility by a fixed integer. Let f be a nonzero multiplicative function
f:N— 2 from the natural numbers to the ring of integers of an algebraic number
field. We define for each d € Z

mf (x,d)=#{p < x|f(p)=0(modd)}.

Suppose that the following holds:
there is a function & such that 7 (x,d)~8(d)7w(x) as x—>o0. (*)
THEOREM 2.1. Let d be a fixed positive integer and € > 0. Then, for almost all
n, f(n) is divisible by

dl(1—98(d)loglogn]
Proof. Define
v(d,n)=#{p®|p®|lnand f(p*) =0 (modd)}.
Then, we have

Srdm= S S
n<x pr<x n<x
f(p®)=0 (mod d) P°IIn

The contribution from all terms with a > 2 is clearly O(x). For the remaining
terms, we have

s 3= 3 [2%ron]- 3 Zeow
P<x n<x pP<x P P P<Xx P
f(p)=0(mod d) plin f(p)=0 (mod d) f(p)=0 (mod d)

= (8(d) + o(1))xloglog x
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using (*) and partial summation. Next,

> v(d,n)*= > > 1|+ O(xloglogx)
n<x Pup2<Xx n<x
Ap)=Ap)=0(modd)  pin
palin
= > { x_ Hop) + 0(1)] + O(xloglogx)
Pp2<x P1P2 PiP2
P1#p2

fp)=f(p2)=0 (mod d)

2
= x( > l) + O(xloglogx)
pP<Xx P
f(p)=0 (mod d)

= (8(0!)2 + o(l))x(loglogx)z.
Hence,
>, (v(d,n) — 8(d)loglog x)*= o(x(loglog x)?).
n<x
It is easily deduced that

> (v(d,n) — 8(d)loglogn)*= o(x(log logx)2)‘

n<x
Thus, given € > 0, we have »v(d,n) > (1 — €)8(d)loglogn for all but o(x) of the
n < x. This proves the result.

§3. Prime divisors of f(g). In this section, we shall suppose that the function f
of §2 takes values in the rational integers (i.e., # = Z). Our purpose is to study
the normal order of »(f(¢)).

Let F:R—>R be a monotone increasing function such that F(x) = O(logx)
and F(x) > 2. Let y = y(x) = x'/7®_ Define

Zi(x)=#{p < x|f(p) =0}
and
m(x,d)=#{p < x,0% f(p)=0(modd)}.

Throughout this section, we shall suppose that the following hold:
(C1) there is a function § : N>Ry, such that

wf(x,d)~8(d)7r(x) as x—> o0
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and satisfying 8(pg) = 6(p)d(q) + O(1/pq(p + q)) for all large distinct primes

p-q-

(C2) there exists a 8 > 0 such that | f(n)| < n” for all n

(C3) Suc, lnx,d) — 8(d)m(x) = O (x))

(CH Zi(x) = o(n(x)).
Note that given (C4), the § of (Cl) is the same as in (*). To simplify the
exposition, we shall also assume that

8(p)=-lﬁ+0(-jz)

for all sufficiently large p. Such a restriction is certainly not necessary, and the
reader is referred to Remark 2 at the end of this section, where a more general
case is briefly discussed.

THEOREM 3.1.  Let v,(n) denote the number of distinct prime divisors of n which
are less than u. Then

qE(;(vu(f(q)) — loglogu)®

= Z;(x)(loglogu)’+ O(m(x)loglogu) + O(m(x)F(x)?)
where the prime on the sum indicates that only those q with f(q) # 0 are included.

Remark. 1f u* < y, the second O-term may be dropped. If Vy < u < y, the
second O-term may be replaced with O(7(x)F(x)loglogu).

COROLLARY 3.2. Suppose that F(x) = o(loglogx). Then

"(v(f(9)) - loglogq)2= o(vr(x)(loglogx)z).

g<x

In particular, v( f(q)) has normal order logloggq.

The proof depends on several lemmas. First, it is convenient to define the set
(d)={q|0+ f(q) =0 (modd)}.
Thus 7,(x,d) = #{q < x| g € Ad)).
LemMA 3.3, mi(x,d) = 0 unless d < xP.
Proof. 1If ¢ < x and g € (d), then d < | f(q)| < ¢® < x~.
LemMMA 34. Ifu< y, then
2 (%, p) = w(x)loglogu + O(7(x)).

p<u
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If u>y, then

p<“7rf(x, p) = m(x)loglogx + O(7(x)F(x)).

Proof. 1If u < y, it follows from (C3) that

> (% p) = > 7(x)8(p) + O(w(x)) = m(x)loglogu + O(m(x)).

p<u p<u

If u> y, then

S mep=Y 3 1« 2B «n(xF)
y<p<u g<x y<|p<u g<x 108)’
rlAP

Remark 3.5. More generally, it can be proved by essentially the same method
that

1 -
d;ﬁ pX(d)m(x,d) = Hw(x)(loglogx)"+ O(m(x)F(x)(loglogx)“™").
v(d):k
We shall use this, in the case k = 2, in §4.
Proof of Theorem 3.1. First suppose that u*> < y. Then
Z(’ v,(f(9)) = m(x)loglogu + O(7(x)). 3.1
g<x
To see this, write the left hand side as
2 2 1= m(xp)
9<xplfle)  P<u
p<u
and apply Lemma 3.4. Next, we shall check that
> v2(f(9)) = m(x)(loglogu)’+ O(m(x)loglogu). (32)
g<x
Indeed, the sum on the left is
>SS 1=y m;(X, p1p2) + O(7(x)loglogu).

g<x pip2<u pup2<u
pup2| () Pr#p2

Using (C1) and (C3), the first sum may be written as

, ,Z<u8(p1P2)W(x) + O(m(x)) = w(x)(loglogu)*+ O(7(x)loglogu).
P17P2
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Now (3.1) and (3.2) together imply the theorem. If u? > y, then by the Schwarz
inequality

E;(vu(f(q)) — loglogu)*< qZ (»5(/(9)) — loglogu)?

<x

+ 2 (@) ~ v (@)

Since 7,(f(q)) — »y5(f(9)) = O(F(x)), the second sum on the right is O(7(x)
F(x)?). This completes the proof.

Corollary 3.2 follows from the theorem by using the Schwarz inequality and
(C4).

Remarks. 1. (C4) was only used to deduce Corollary 3.2. We observe that if f
vanishes on a set of primes of positive density, »(f(q)) does not have a normal
order. This follows from Theorem 3.1.

2. Set D(x) = 3, <, 8(p). Under some suitable hypotheses, the above method
will show that »(f(¢)) has normal order D(g). For example, the following
assumptions would suffice in place of the assumption 8(p) =1/p + O(1/p?):

() D(x) = D(x') = 0(1)
(i) 3,5, 8(p) = O(1/x)

(iii) (C3) holds with F(x) = o(D(x)).

3. There should be no difficulty in removing the assumption that £ = Z, but
we have not carried it out.

§4. Prime divisors of f(n). As before, f is a nonzero integer valued
multiplicative function. We shall suppose that it satisfies hypotheses (Cl1), (C2)
and the following strengthening of (C3) and (C4):

C3 a(x,d) — 8(d)w(x)] € —X—— for some >0
(C3) d%l (%, d) = 8(d)m(x)] (logx)™™" Y
C4’ Z(x)&g —X |

() )<

As before, we shall continue to assume that 8(p) = (1/p) + O(1/p? for all large
p. Our aim in this section is to prove the following.

THEOREM 4.1.
2(' (v(f(n)) - —;— (loglog n)2) <« x(F(x) + log,x)(loglogx)’.

The proof will require several lemmas.
Let d be a positive integer, and define

By(x)=#{n<x|d|n,(4,5)=1andf(n)=0}.
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We shall need an asymptotic formula for B,(x) which is uniform in d. The case
d =1 is described in Serre [10, §6.3] and we follow his approach.
Let fo(n) = 1 if f(n) # 0 and fy(n) = 0 if f(n) = 0. Define a function ¢, by

cm= 3 u(Z)f(o)-
(efdl)r;l

Then ¢, is multiplicative and

ECd(e)=[fo(n) if (nd)=1

eln 0 else.
We have
] (- 2)(1+ £ o)t pra
L+ 3 ea(p™)p™ "= 1 m=l . (4.1)
(1—7,-) it pld.
We find that
°° L+0(p™™) if f(p)#0
1 my o —ms | _
(1 p‘)(Hmz.]f"(p » ) 1—;,1—;+0(P“23) if f(p)=0.

Lemma 4.2, If f(d) # 0, then

B x=c}\.£+02v(d)£_ 1 )
(%) 4 d ( d (1+10g(x/d))'”

uniformly for d < x. Here

& c(m)

m

™M

C =

m=1

is the density of integers n such that f(n) # 0 and

d i -1
A= Ld) I1 (1 +m2=1"|(Pm)P_m) . 42)

pld

Proof. We have

B0= S Sa@=3 3 Lo 3 o)
e<x/d

m<x/de|m e e<x/d
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For each integer e, let e; be the largest divisor of e which is coprime to d, and
write e = e,e,. Then (e;,e,) = 1 and c,(e)) = ¢(e)), c,(e,) = p(e,). Hence

2 ICd(e)l‘ 2* lcd(ez)l 2 lea(e)l <2 3 Jey(en)

e<x/ er<x/ e < x/de, ei<x/d
(e, d)=1

where the * on the sum indicates that p|e,= p|d. From (C4'), it follows that

2 |Cl(”)|<< (log

)l+y
(see, for example, Wirsing [13, p. 89]). Hence,

¢, (e)|< 2" X . 1 .
e<2x/d| d( )l d (1 +log(x/d))l+y

By a similar method

|“d(e)|< wd) X | 1
e>x/d € d (1+]log(x/d))"*"

The lemma is proved if we observe that 3%, c,(e)/e = c),, as follows from
(4.1).

We also note the following as it will be useful later on.
LEMMA 4.3. We have \; = m, ,(1 + O(1/p)).

Proof. This follows from (4.1) and (4.2).
For an integer n, let n, = plinP and write n = n;n,. Let »,(n) = »(f(n,)) and

vy(n) = v(f(ny)).

LeMMA 4.4,
n<;"(f(")) = g;vl('t) +0(x)
Z; v’(f(n)) = n<;v,2(n) + o(x‘/z(g;pf(n))'/z) + O(x).

Proof. We have v(n) < v(f(n)) < »,(n) + vy(n). Also,

<'v2(n)< > > B (x)< > 2 ia_,,(f(qa))
n<x p<xﬁ q::zx q<\/_f(qa)#o

flg*)=0(mod p)

Using the trivial estimate »(n) < logn, and condition (C2), we find that this sum
is O(x). A similar argument also shows that ', _, »3(n) = O(x). Now the first
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statement of the lemma follows immediately, and the second follows from an
application of the Schwartz inequality.
Define the sums

S0= 3 By

<x
? 9EUp)

T(x)= 2 2  B,(»).
p<xBm=qig2<x
91<q2
9,92Ep)

As is easily verified, these sums are related to the average of v, as follows:
S(x) = T(x) < X' »y(n) < S(x). (4.3)
n<x

Next, we find estimates for S and T.
LeEmMA 4.5.
> > :}- = —;-(loglogx)2+ O(F(x)loglogx).

<xﬁ q<x
PEE e

Proof. By partial summation, the sum in question is
1 x dt
=7(x, p) + t, =3,+23 say).
p<zxﬂ{xﬂf( ?) fzﬂf( p)tz] 12 ()
By Lemma 3.4,

1

3, < Togx

{loglogx + F(x)}.

Using also Lemma 3.3,

5= 2 nen)%=[{ S nen)%

p<x pP<t
=f2x{vr(t)loglogt + O(w(t)F(1))) %
= %(log log x)*+ O(F(x)loglogx),

proving the lemma.



PRIME DIVISORS OF FOURIER COEFFICIENTS 67
LemMA 4.6. S(x) = (1/2)cx(loglogx?) + O(xF(x)loglog x).
Proof. Using Lemma 4.2, we find that for any w < x /3,

se= 3 5 [ 2vo( )|+ ofxion( ).

<xB qsw
? 9€2(p)

By Lemma 4.3, A, = 1 + O(1/¢). Hence, the first sum is
1 ( 1 ) x
cx = +0|x — |+ O(xlog( =)).
Z, 2 o3 Z ) olxrd()
9€%(p)

The first O-term is easily checked to be O(x) by an argument similar to that used
in Lemma 4.4. Finally, the second sum in (4.4) is

1
L — X z: Z: L
1 1+y q
(log(x/w)) ™" p<xs Lot

The lemma now follows if we apply Lemma 4.5, and choose, for example,
w= x/logx.

LemMmA 4.7. T(x) < x(F(x) + log,x)loglogx.
Proof. Let z =loglogx. We write T(x) =2, + =, where in 2, p < z and in
2,,z<p< x#. Now,

5<Y X Bx<xy I 1
p<z g<x p<z g<x 9
PEQUP) q9€Q(p)
and using the method of Lemma 4.5, we find that
3 < x(loglog x)(loglogz + F(x)).

As for 2, we use partial summation to write

X
L] ( @ 7) */a1 dt
z<p<xf g <% 9 (—) 9 t
91EAP) %

By Lemma 4.5,

2
1 1 (loglog x)
2 2 o< logx
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Also, since z < p < qf, we have

2= _fo/q.{ > ”f(t»P)}%t

a<ix 9 Jq z<p<th
plfiq)

The inner sum can be written as

) 8(1’)”(’)+0((10(t)) )+ S ()
w p<t
P |f(‘I|) plfq)

where w = max(z'/F(9, z). (Here we have used (C3’).) Thus we can write
=24+ 2+ 24

in an obvious way. Now, =, = O(loglogx). Also

2 p X m(t
z<p<xhf g1 <Vx 7 Jf ()
71E€Q(p)

The term in brackets is

z<p<xﬁ
( lolgolgoix ) f‘/_({ z<§<w8(P)2W(t)}

7 (¥) 7w (1) F(1)
0(z<logt)’)+0( : ))t

where we have used (C3). The integral is <z~ !(loglogx)(1 + F(x)) < F(x).
Hence Z,;, = O(F(x)). Finally, the number of primes p such that p > w and

plf(q) is

of 2o )
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Hence,

x g‘h
S 3 /T (0)F(t) 1t %
q|<\/— J‘; lOgt !

logg, ro g
< F(x
()qé:\/_ 9 Jq t(logt)

5 < F(x)loglogx.

Hence =, = O(F(x)loglogx) and this completes the proof of the lemma.
Combining Lemma 4.4, (4.3), Lemmas 4.6 and 4.7, we deduce that

2 v(f(n) = —cx(loglogx) + O(x(F(x) + logx)loglogx).  (4.4)

We next investigate the average order of »*(f(n)).

LemMMA 4.8.

S (f(n) = —‘licx(loglogx)4+ O(x(F(x)+ log4x)(loglogx)3).

Proof. Using (4.4) and the Schwarz inequality, we have
>IA(f(n)) > %cx(loglogx)4+ O(x(F(x) + log,x)(log logx)3),
n<x

so it suffices to prove an asymptotic upper bound. We can replace »(f(n)) by
v,(n) by Lemma 4.4.
We define the sums

AI’
Tmd)= 2 3
re(d)

A

Tz(x,dl ,dz) = z "'h’ﬁ

m<x
m=rry

ry#ry
ri €Ud,), r,EQ(dy)

where d,, d, are distinct. Then, using Lemma 4.2, and (4.4),
A< T Tupg+olx T3 -1—]

<xP <xB rsx
- Pee TE90pD

+ 0(x(loglogx)*) + O(E)
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where

E=x 2 1 ’
paext ™ m(1+log(x/m))'*7
P*q

the inner sum ranging over the same set of integers m as in T,(x, pq).
First, we consider the main term. We have

Ty(x, pg) = T pT(x ) + 0(3 1)

where the sum in the O-term is over m < x such that m = r;r,, r, € Q(p),
r, € Q(q), r, % ry, and either r, or r, is > x'/2, Using Lemma 4.5, we see then
that

s Siels s s s 1
p.g<xk m p<xPx'2<r<x N g<xB n<x a2
P#9q neQ(p) r€Qq)

< (loglog x)(loglog x)2= (loglog x)3.
Also, by Lemma 4.5,
2
> (A p) <« S 71- > > ;1— < (loglog x).
P<"B n<x 'l P<x’3 rp<x 2
rneQp)
Hence,

2 2
> Ty(x, p.q) = ( > pTl(x'/z, p)) - > Ty(x'"2p)+ 0((loglogx)3)

p,g;;” p<x p<xf

=[ 1 loglog x)2 log1 ’

> (loglog x)™ + O(F(x)log ogx)]
+ O((loglog x)s)

= %(loglogx)4+ O(F(x)(loglog x)*).

Next, using Remark 3.5 with k = 2, and the method of Lemma 4.5, it is easy to
check that

> 03 1« (loglogx)>.
pq(xﬁ r<x r
pg&q rEQ(pq)
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And finally, we write E = E, + E,, where in E,, m is less than w = x /log x, and
in E;, w < m < x. By Lemma 4.5,

2
1 3—

«—2* =] < x(loglo Y,

(loglogx)”"'( DY ,) (loglog x)

Also, by Lemma 4.5,

v( f(r

E,<x > > 1 > —(f(—Z)) < x(loglog x)zlog( X ) = x(loglogx)’.
p<xﬁ r<x r -‘ﬁ<r2<— r w

rneYp) r ry

This completes the proof of Lemma 4.8.

Proof of Theorem 4.1. This follows from (4.4) and Lemma 4.8.

Theorem 4.1 implies that if F(x)= o(loglogx), »(f(n)) has normal order
1(loglogn)*>. More generally, under suitable hypotheses, »(f(n)) should have
normal order

D(t
J'n (0 &
, tlogt

§5. Applications to modular forms. Let f be a cusp form (of integral weight
k > 2) for T'y(N), which is a normalized eigenform for the Hecke operators, and
let x be its Nebentypus character. (This usage of the symbol f should not be
confused with the multiplicative function of the previous sections.) Write
f=3,51a,e’™™ for its Fourier expansion at co, and suppose that the a, are
rational integers. (This forces x to be real and x is nontrivial if and only if f has
complex multiplication (cf. [7]).) Then, the function n+> g, is multiplicative.

Let G = Gal(Q/Q) and let d be a positive integer. Then by Deligne [1], there is
a representation

oy G—)GLZ(HZ,)
i|d

(where the product is over distinct prime divisors of d) with the following
essential property: if p is a prime not dividing dN and o, a Frobenius element at
p in G, then p, is unramified at p and

trp,(o,) =a,,  detp,(o,) =p* x(p).

Denote by g, the reduction mod d of p,:

5y G—fi—)GLZ(EZ,)———% GLy(Z/d).
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Let H, be the kernel of §;, K, the subfield of Q fixed by H,, and
G, = G/H,= Gal(K,/Q). Let C, be the subset of §,(G) consisting of elements
of trace 0, and let 6(d) = |C,|/|G,l.

The condition a, = 0 (modd) (for g a prime not dividing dN) means that for
any Frobenius element o, of g, p,(s,) € C,. Hence by the Cebotarev density
theorem applied to K,;/Q,

G
7t (x,d) = #{q < x|a, =0 (modd)) ~ :—Gd—ll-w(x) = 8(d)m ().

As C, contains the image of complex conjugations, it is nonempty.

PROPOSITION 5.1.  Let f be as above. Let m be a fixed positive integer and € > 0.
Then for almost all n, a, is divisible by

m[(l—e)S(m)loglogn].

Proof. The result follows from Theorem 2.1 since (5.1) shows that (x) of §2
holds.

By abuse of notation, we shall write
m(x,d) = #{q < x|0% a,=0(modd)}
Zy(x)=#{q< x|a,=0}.

By the Generalized Riemann Hypothesis (GRH), we shall mean the Riemann
Hypothesis for all Artin L-series.

LeEMMA 5.2. If f has complex multiplication, Z;(x)~ }m(x). If f does not have
complex multiplication,

Z(x) < x/(logx)*’*~¢  (for all € > 0) unconditionally
! x>/ on the assumption of GRH .

The first statement is implicit in Ribet [7] and the second in Serre [10, p. 175].

LeEMMA 5.3. Suppose that f does not have complex multiplication. Then
7i(x,d)~8(d)m(x). If the GRH is assumed, then for x > 2,

mi(x,d) = 8(d)m(x) + O(d’x'?log(dNx)) + O(x*/*).

Proof. The first assertion follows from (5.1) and Lemma 5.2. If the GRH is
assumed,

a} (x,d) = 8(d)m(x) + O(8(d)x"*log(|D,|x*))

where g, is the degree and D, is the discriminant of K,/Q (cf. Lagarias and
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Odlyzko [5]). Now from an inequality of Hensel, log|D,| < g,log(dNg,) (cf. Serre
[10, §1.4]). Using the inequalities g, < d* and |C,| < d°, we deduce that

7} (x,d) = 8(d)m(x) + O(d’x'/*log(dNx)).

Now using Lemma 5.2, we deduce the second assertion of the lemma.
Suppose from now on that f does not have complex multiplication.

LEMMA 5.4. If f is of level 1 or of weight 2, then 8(I)=1/1+ O(1/1?) for all
sufficiently large primes | and 8(ll") = 8(1)8(1’) for all sufficiently large primes 1,1’.
In any case, 6(1)< 1/1.

Proof. 1If fis of level 1 or of weight 2, it has been shown by Swinnerton-Dyer
[11] and Serre [8] respectively, that for / sufficiently large,

G = { g €GLy(F)|det g € (F})*™'},
and for /,!/’ sufficiently large,
G”f = GI X GI/ .

From this, it is easily calculated that |C)|=/®>+ O(/?). Hence 8(/)=1/1+
O(1/1%). Also 8(I1") = 8§(1)8(1").

Now, in general, p,(G) is open in GL,(Z)) (cf. Serre [10, Prop. 17]). Thus, p,(G)
is a compact /-adic Lie group of dimension 4 and as in [10, §4.2], |G,| > I*. Since
we clearly have |C)| < 73, it follows that 8(/) < 1/1.

Remark. Ribet has pointed out to us that the lemma is true for weight > 2
without any restriction on level. This apparently follows from recent work of
Carayol.

PROPOSITION 5.5. Let f satisfy

(i) f is a normalized eigenform of the Hecke operators with a Fourier expansion
f= 2n>1 aneZ'/rinz’ a, ez

(ii) f does not have complex multiplication.
Suppose also that the GRH is true. Then

; (v(a,) — loglogg)’ < m(x)loglog x
a0
and
1 2\? 3
> (v(a,,) — 5 (loglogn) ) < x(loglog x)’(log,x).

n<x
a,#0

Proof. Condition (C1) and the assumption on § hold by Lemmas 5.3 and 5.4.
By estimates of Hecke, |a,| < n!/2%**D_Hence (C2) holds with 8 = 1(k + 1) for
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example. Condition (C3’) may be verified with y = x'/1° for example, and any

v >0, using Lemma 5.3. And (C4) follows from Lemma 5.2. Thus the
proposition follows from Theorems 3.1 and 4.1.

§6. Other applications. We can use the results of the previous section to
deduce lower bounds for the a,, valid for almost all p.

THEOREM 6.1. Suppose f satisfies the hypotheses of Proposition 5.5. Then, for
any € > 0, we have

log|a,| > we™>*log p > (log p)' ¢
for almost all primes p, where w = (loglog p)'/?**.
Proof. Let h be a monotone increasing function such that h(x) = O(logx)

and h(x) > 1. Let y = x!/*®_ From Theorem 3.1, we find that

>’ (v(a,) —loglog y)’< m(x)loglog y.
(A/Dx< p<x

Let z = p'/"P_ Then, for almost all p in between x and x,

1/2+¢< loglogz + (loglogz)'/?* < loglogz + w.

v,(a,) <loglog y + (loglog y)
On the other hand, Proposition 5.5 implies that
v(a,) > loglog p —w
for almost all p. Hence, for almost all p, a, has at least
(loglog p — w) — (loglogz + w) = logh(p) — 2w

distinct prime divisors larger than z. Now if we choose % so that logh = 3w (say),
we find

|la,| > 2"
and the result follows on taking logarithms.

Remark. From a different point of view, if we assume the Sato-Tate
conjecture for f, then it is easy to see that

|apl > p(1/2)(k— )—e

for almost all p.
Finally, we remark that Theorems 3.1 and 4.1 also apply to some classical
arithmetical functions. For example, we have the following.

THEOREM 6.2. »(p % 1) has normal order loglog p. Also, v(¢(n)) and v(o(n))
have normal order 1(loglogn)’.
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Proof. This follows on taking f(n) (now reverting to the notation of Sections
2-4) to be ¢(n) or a(n). If 7(x,d,a) denotes the number of primes p < x such
that p = a (modd), then m/(x,d) = w(x,d, 1) in the first case and n(x,d, —1) in
the second. We may take 8 =2, any y >0 and y = x'/27¢, Then (Cl) is the
prime number theorem, (C3’) is Bombieri’s theorem, and (C2), (C4’) are trivial.
This proves the result. The first assertion of the theorem is an old result of Erdds
[3]. It is also possible to treat

f(ny=o(n)= > d* for keN.
d
3
Let

if (kp—Dti(p-1)

k,p)=
(k- p) (k,p—1)  otherwise.

Then, in this case,

p2

and so our assumption on & is not satisfied. However, as mentioned at the end of
§3 and §4, the methods still work, and we find that »(o,(n)) has normal order
1 B(k)(loglogn)? where B(k) is the number of odd positive divisors of k.

0= of 1)
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