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The Analytic Rank of Jy(V)(Q)

M. RAM MURTY

ABSTRACT. Let Jo(N) be the Jacobian of the modular curve Xo(N). We
will investigate the ‘analytic rank’ of the group of rational points of Jo(N).
For instance, assuming a ‘Riemann hypothesis’ for certain L-functions as-
sociated to Jo(N), we prove that the analytic rank is bounded by (3/2)dim
S(N), where S2(N) is the space of cusp forms of weight 2 and level N.
Our investigation suggests that the rank grows like (1/2)dim Sz(N) as N
tends to infinity.

1. Introduction

In this paper, we will study the analytic rank of Jo(/N)(Q) when N is prime
by means of the explicit formula method. This method has been used by various
previous authors, see Duke [Du], Goldfeld [Go], Mestre [Me], and Murty [Mul],
to study similar questions. Several years ago, Brumer [Br] used the method in
conjunction with the Eichler-Selberg trace formula to obtain results similar to
the ones we will establish in this paper. Our approach d1verges from Brumer’s
in the use of Poincaré series instead of the trace formula and this in turn seems
to lead to better results. The restriction to N prime is made for technical
simplicity. The general case is a little more delicate involving a finer analysis of
the contribution from the oldforms.

Our investigation was motivated by a conjecture of Greenberg [Gr]: let ¥ be
a finite set of primes and let f vary over all normalized new forms of weight 2 for
T'o(M) where M is divisible only by primes of . Then the order of vanishing
of the L-function L(f, s) at s = 1is 0 or 1 except for at most finitely many such
f’s.

Assuming his conjecture, Greenberg shows that for any modular elliptic curve
E over Q with root number —1, either E(Q) is infinite or the p-primary part
of the Shafarevich-Tate group is infinite for all p where E has good, ordinary
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reduction. Such a result would be a precursor to a generalization of the celebrated
theorem of Kolyvagin.
Let

‘ rs = ords=1 L(f, s).
We would like to study the sum ,
DT
f

where the dash on the sum indicates that f ranges over normalized newforms of
weight 2 and level N. Such a sum is in fact the “analytic rank” of Jo(N)"**(Q) by
virtue of Shimura’s theorem concerning the Hasse-Weil L-function of Jo(N)™e¥.
The conjectures of Birch and Swinnerton-Dyer predict that it is the “algebraic
rank” of Jo(N)"*(Q). We will prove

THEOREM 1. Let N be prime. Suppose that for each newform f, L{f,s)
satisfies the analogue of the Riemann hypothesis. Then,

/ Tf 7
2w <5t

as N—oo, and where (f, f) denotes the Petersson inner product on the space of
cusp forms Sa(N) of weight 2 on Ty(N).

The proof of Theorem 1 is a straightforward application of the “semi-orthogo-
nality” of the Fourier coefficients of an orthonormal basis of Hecke eigenforms
in conjunction with the explicit formula method. By invoking the theory of the
L-function attached to the symmetric square L-function, one can remove the
“weight” of 1/4x(f, f) from the above sum in the proof of Theorem 1 to deduce:

THEOREM 2. Under the same conditions as in Theorem 1, and the Lindelof
hypothesis for L(s,sym?(f)),

Zf:' re < (g + e) dim S(N) + o(N)

as N—oo.

COROLLARY. Under the hypothesis of Theorem 2, the analytic rank of
Jo(N)"(Q) satisfies

< (g + e) dim S3*“(N) + o(N)

as N—oo.
Is it true that
rank Jo(N)"**(Q) ~ cdim SF¥(N)

for some constant ¢ 7 Does ¢ = 1/27 There are good reasons to suspect this.
One can establish a lower bound with ¢ = 1/2.
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It is interesting to note that Brumer [Br] also proves assuming the Riemann
hypothesis for each L(s, f) that the analytic rank of Jo(N)"**(Q) is

< (2 +<) amspe) o)

Our method needs the extra assumption on L(s,sym?(f)). Nevertheless, the
method has its advantages and a few more related results can be deduced without
this extra hypothesis (see Theorem 4 below).

As noted earlier, our methods are different. Brumer uses the Eichier—Selberg
trace formula as generalized by Skoruppa and Zagier [SZ]. We will use the theory
of Poincaré series. The common feature of both the methods is the use of Weil’s
explicit formula which necessitates the invoking of the Riemann hypothesis so
that we may obtain optimal results.

The method allows for interesting unconditional results. Namely, we can
prove:

THEOREM 3.

S5, = oo (dimS2(V))? + O(N' log” N).
f

This will lead to the following modification of Theorems 1 and 2:

THEOREM 4. Under the same conditions as Theorem 1,

' 7
ry? < [GTW dim S5 (N) + o(N).

f

2. Poincaré series

We will recall (see Iwaniec [Iw]) the basic facts concerning Poincaré series.

Let Ty, be the stabilizer of 00 in I'g(V). The space Si(N) of cusp forms of
weight & and level N is a finite dimensional vector space over C, spanned by the
Poincaré series: for m > 1,

Pa(snk,N)= 30 j(v,2) Fe(mrz)
YET o \To(N)
where
e(z) = 2™, j(v,2) = (det)™?(cz + d)
and

()
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Iz the case of k = 2, one does not have absolute convergence of the Poincaré
series. Nevertheless, what we state below is valid in this case as well. If fe
Sk(N), we write the Fourier expansion of f as:

1(2) =3 f(ne(nz)

at 400. The space Si(NV) has an inner product (Petersson inner product):
—— dxdy

(o= [ @

To(N)\b y
where b denotes the upper half plane. Petersson proved:

R ™ k—1
& ) = S 1 Patk, )

so that if fi, ..., f is an orthonormal basis for Sx(N }, and
Pu(k,N) =Y cifi

we deduce Ttk 1
= (o Pale k) = D) )

Thus,
(4mrn)k—1

= —Pn S iy = Ai it
Comparing the m-th coefficients on both sides gives
(4rn)*-1 . B Y
@) Ik = 1) 2 o) = 32 ) ).
The m-th Fourier coefficient of the n-th Poincaré series P,(z,k,N) can be com-
puted explicitly as:
B (m,k,N) =

(m/n)*=1)/2 {6mn +2mik Z c_le_1(47r\£ﬁ)S(m, n, c)}

¢=0 (mod N)

where 8., = 0 unless m = n in which case it is 1, Jk—1(x) is the Bessel function
of order k — 1, S{m,n, c) is the Kloosterman sum:

S(m,n,c)= Y e (M)
d (mod c) ¢

where dd =1 (mod ¢). Again this formula is due to Petersson.
We now specialize these formulas for k = 2. Using well-known estimates for
the Bessel function and Weil’s estimate for the Kloosterman sum

|S(m,n,c)| < (m,n, c)l/zd(c)cl/2
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where d(c) denotes the number of positive divisors of ¢, we deduce (see Duke
[Du] ) from (2) and (3):

PROPOSITION 1.
! f(m)f(n) -6 \/,,Tl\/_ — O(N—3/2(m n)l/zmn)-
DR

Putting m = 1, we deduce that

PRrROPOSITION 2.

r_f(n) — $1ny/T + O(N~3/2)
Ef: (5, )

where the sum is over normalised eigenforms: of Sa(N).

Remark. One could improve this further on the assumption of the Selberg-
Linnik conjecture which asserts that

Z S(macn) C) — O({L'l/2+€).
c<Lz

In fact, the factor of N=3/2 can be replaced by N2 on this conjecture. We make
further remarks concerning this at the end of the paper.

3. The explicit formula method

Let us write
oC

L Cn
L= 2w

n=1
where
en(f) = ap + 0
whenever n = p® and is zero otherwise. Here, o, + @) = f(p), with |ap| = /-

LEMMA 1 (WEIL’S EXPLICIT FORMULA). Let F': R—R satisfy the following
conditions:

(a) thereis an e > 0 such that F(z) exp((1+¢€)z) is integrable and of bounded
variation, 4
(b) the function (F(z) — F(0))/z is of bounded variation.

Define
o) = [ Pl da.

—0o0
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Then,
vN
_S_ ¢(v) = 2F(0) log o
L(f,14iv)=0
1 /~°r cn

where the sum on the left hand side is over v such that L(f,1 +iy) =0, 1 <
R(1+iv) < 3/2.

PROOF. See Mestre [Me].
We choose T > 0 and define
2T — |z} if |z| < 2T,
ey {7l
0 otherwise.
Then F satisfies the conditions of Lemma 1 and

o = (2229T)"

Moreover, the corresponding integral involving the logarithmic derivative of the
gamma function is easily estimated to be O(T). Let us observe that

) 2sin+T )
_ 72 — 472
o0)=T im}) ( T ) 4T

so that choosing T' = (logz)/2 gives ¢(0) = log® z. On the GRH, ¢(v) > 0 for
all ¥ and so from the explicit formula we get that

r¢(logx)? < 2(log z) log -2 Z enlf )log + O(log ).

n<x

4. Proof of Theorem 1

‘We consider
> s
= 4n(1.)
We have

T'f \/N /
logm)(log%)zfj I f,f)

(log ) Z
Aln T ! ocp ’ 1
_22 7(1)10gH (zf: 4#(5‘?})) +0 ((loga:)zf —_47T(f,f)) .

Note that Proposition 2 with n = 1 gives

’ 1 _ —3/
Zf 0.5 =1+0(N3/?),
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Therefore
(log z) Z o (f 2(log z) log;ﬂ + O(log x)
(4) A(n) (f)
n T " Cn
- 21;71055 ( . 47r(f,f)) '
We now analyze
t cnl(f)
ar(f, f)
In case n = p is prime, ¢,(f) = f(p) and therefore by Proposition 2,
47rf((1? = OW=*p)

which contributes
Z logplog In-sz| = O(N—3/2g)
pLx
to the second sum in (4). The contribution for n = p® with a > 3 is at most
A(n) log
Z lo og ~ <<(logx) Z 2 <<10gw
n=p*<z,a>3 \/ﬁ a>3,p p /
We must still deal with n = p?. Note that
cp2(f) = ai + 'a‘f, = (ap +a,,-)2 — 20,0, = a,[,(f)2 — 2p.
But a,(f)? = a2 (f) + p. By the Rankin-Selberg method,
lo,
S 2o~
p<z P
so that, by partial summation, we deduce that
lo
59821 ~ g

2
p<z P

Therefore,

I
> e o(f)? ~ 5 loga.

p?<z

Again, by partial summation,

logp
Z - (logp )aup(f)2 ~ —log z.

p?<z

269
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In addition,

1 1
-2 Z 58 ( i) ~—§log2:1:

p2<z

5 B (106 %, ) (1) ~20) ~ o’

p2

so that

p?<z
as £—00. Summing over f with weights 1/47(f, f), we obtain a contribution of

%(log z)? + O(N3/2(log z)?).

Finally, we get
vN ]

/ T 2 lOg o —3/2 3/2 2 )
< Z
2 TS ot 3+ O N (loga) ™ + (loga) )

which simplifies to

1 logN

2 logz
Choose x = N3/2 to get

" (T oqoe ) ).
Y wtrn< (3 )

This completes the proof of Theorem 1.

+ O(N =% 2z(log z)~?).

We remark that the Selberg-Linnik conjecture would lead to an upper bound
of 1+ o(1) for the same sum.

5. An approximate trace formula

In this section, we will derive a formuls for
[N
> fm).
f

This will enable us to prove Theorems 2 and 3. We make use of the fact (see
Stark [St, p. 90])

L2,y (f)) = sng() L)

which in the case of N prime simplifies to

(5) L(2’Sym2(f)) :87!'3(N—1)(f’ f)/N2

(We take this opportunity to point out a numerical error in the formula for
Coates-Schmidt [CS, p. 123].) Moreover, by a well-known elementary identity
(see Coates-Schmidt [CS, p. 124] ),

2

(n%) X g5(n)

Lis,sym?(£)) = e (2s - 2) Y 1) - 5~ 0sl

n=1 n=1
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where (x(s) is the Riemann zeta function with the Euler factors corresponding
to p|N removed. Consider the integral

R e L(2 + s,sym?(f))T°T(s)ds = i 9:(0) exp(—n/T)
278 Je—ioo ’ — n?
and this is

=LA b g [ L@+ semt ()T T

By the Phragmén - Lindeldf principle, the integral is easily estimated as
O(NT~1/2)

assuming the Lindeléf hypothesis (which is a consequence of the generalised
Riemann hypothesis for L(s,sym2(f)). Unconditionally, we have the estimate
(see [MM, p. 336] ):

O(N3/AT1/2),

Therefore,

(6) L(2,sym?(f)) = gf exp (—n/T) + O(NOT-1/2)

n=1

for a certain 8 > 0. Substituting the expression for g;(n) gives:

PROPOSITION 3.

L(2,sym?( Z

(d,N)=1

exp( d?e/T) + O(N°T~1/?),

where 8 = 3/4 unconditionally. If we assume the Lindeldf hypothesis for
L(s,sym?(f)), we can take any 6 > 0.

We now utilise this proposition to prove:

PROPOSITION 4. Let 8 be as above. If n is not a square, we have for any
T>0,
[N
> f(n) = O(N~Y?nTd(n) + v/nd(n)N*+T~1/2)

where d(n) is the number of divisors of n. If n is a square, we have
"z N — € €
S Fm) = 5 { v @) + O ent /i) |
f
+ O(N~V20T + \/nd(n)N*T0T~1/2),
PRrOOF. We begin by writing,

Z Fn) = NZ : ’;gf £ L sy(£)
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by virtue of (5). By Proposition 3, we can rewrite this as

218 o~ a exp(—d?e/T) _
N - f(n) = ; d2e? Z 47r f,f) +O(vnd(n)N°T~/?),

(d,N)=1

where we have used Proposition 2 with n = 1 to estimate the error term. By
Proposition 1, the inner sum over f is easily evaluated to give

2 2 . 2
]7:, If(n) _ Z exp(d;;e/T) (6"’82\/564_0(]\[_3/2”62(”, 62)1/2))
f d,e
(d,N)=1

+ O(v/nd(n)N®T~1/2),

The error term arising from the sum is

—3/2 exp(—d®e/T) 241/2
«N /n;— g7 (n,e?)!/2,

If we define a function g(m) by
=) g(d)
dlm
then we can rewrite the above sum in the error as
exp( d € /T
W g0 3 ORI oS ()Y L epler)
§n 6'5 éln 5|e
which is easily seen to be
6)
<« N~32p7 &
25
|n
which is
< N732Td(n).
This proves the Proposition when n is not a square. When n = m?, we need to

analyze the main term arising from

exp(—d?m/T)
Z 42
(d,N)=1

But again from the integral formula

exp(—d?/T 1
S exp(—d” — T _ = o= | (n(2+25)TT(s)ds
(d,N)=1 (o)

1

=(n(2) + 2—m_/( s Cn(2+ 25)T°T(s)ds
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we infer
(7) Z eXP(:i;P/T) = cN(Q) + O(T—1/2+s)
(d,N)=1

which when substituted into the main term gives the desired result. This com-
pletes the proof of the Proposition.

6. Proof of Theorem 2

We will assume that L(s,sym?(f)) satisfies the Lindel6f hypothesis so that in
Proposition 3, we can take any 6 > 0. From the last displayed formula of Section
3, we deduce that

2 /
(logx) Z ry = S1+ 52+ 83
f
where

51 = 2(log x)(log g) dim S2{N),

si==2 3 (T en(h) | 2 1g 2,

n<x f
S3 = O(Nlogz).
We now estimate S5. We decompose this sum further into

Sg = Sa1 + Soa + So3

where S5; is the contribution from the terms n = p, a prime; Ss2 is the contribu-
tion from the terms n = p?, the square of a prime and Sz3 is composed of terms
n = p* with a > 3. Let us first consider Sa3. The inequality

len ()] < 2vn

leads to

1
So3 € Nlogzx Z % K Nlogz.

p*,a23
Now we estimate So; and Saz. First, let us deal with Sa; and note that ¢,(f) =
f(p) so that by Proposition 4, and familiar estimates of analytic number theory,

Sy = O(N~Y/2Tg 4 NWHOT-1/241/2),
Now let us look at Sag. If n = p?, note that
e (f) = F(0*) - p
so that we derive in a straightforward manner,

Sao < % dim S (N)(log z)? + O(N~Y/2T\/zlogx + N(log z)),
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as T'—o00. The final result is
Z <

+0(

dlmSQ( )+ % dim S3(N)

N~ 1/2Tﬁ N o x1/2N1+9T-—1/2
log z logz) +0(= (log z)2 '
If we take 6 arbitrary and positive, then we can proceed quickly to make the

optimal choices. We choose T' = z1*" where n > 0 and arbitrary. The optimal
choice for z is N1=27 which gives for any € > 0

er<< +e) dim S(N) + o(N)

as N—oo. This completes the preof of Theorem 2.

The Selberg-Linnik conjecture, as has been previously remarked, leads to N2
instead of N=3/2 in Proposition 2. It is then not difficult to see that in the above
derivation, this would lead to an upper bound of

(g + 6) dim S2(N) + o(N)

as N—oo.

7. Proof of Theorem 3

We have by Proposition 3,

' exp(—d2e/T) _
Z L(2, sym2(f)) _ Z p(d262 / Z + O NIt 1/2)
! de f

(d,N)=1

By Proposition 4,

Z f(e ZCN( )+O(NT~%+661—25)_|_O(N—1/262T+ed(62)N1+9T—1/2)
so that ) (_doe/T)
! NN (2 exp(—d<e/T
2 —
Zf L(27 Sym (f)) - 2,"_2 dZ’e d2e2 = + g
(d,N)=1

where

—d%/T
£ <y o d2ef/ ) (NT-dteei=2 4 NHTE +ed(?)NIHOTE)
d,e

Using the elementary estimate

Ze_”/T<</ e Tdr < T
1
n
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d 2
Z (Z )exp(—e/T) < log?T
e
we deduce
£« NT-3+e ¢ N=3T2 4 N7~ % 100 T
The main term is deduced by an application of (7),

ex 2e L
N¢n(2) Z p(—d’e/T) _NCN 2)2 ( 2) + O((T/e)™ §+e))_

22 d2e? 272

(d, N) 1
This is easily seen to be equal to

_ N¢E)?

53— TONT 4+,

Hence, for any T > 0,

87 5 gy = VOO
2w

N 2. (hh= +O(NT -3+ 4 N73T? 4 N*0T~ 3 1og? T).

i
Therefore,
!
Z (f,f)= 2—7; dimSz(N)2 + O(N‘7+49/5)
f

where we have chosen T' = N-6+-4¢_ By our previous remark, § = 3/4 is permis-
sible by the Phragmén-Lindelof theorem, and so this completes the proof.

8. Proof of Theorem 4

We now apply Theorem 3 in conjunction with the Cauchy - Schwarz inequality
to deduce Theorem 4. We have

ij r}< (Z =00 (Zf'4ﬂ(f,f)) .

By Theorems 1 and 3, this is

<ovr ( + 0(1)) : (% dim S5(N)? + O(N3 log? N))%

which is

< ‘/g” dim S5(N) + o(N)

as N—oo.

We remark that the Selberg-Linnik conjecture would lead to an upper bound
of

™

\[ dim S2(N) + o N).
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9. A lower bound

One can establish a lower bound for the rank which is unconditional by the
following argument. Consider the Atkin-Lehner involution w : Xo(N)—Xo(N)
and the natural quotient map of degree 2,

¢ : Xo(N)->Xo(N)T = Xo(N)/w.

The genus of Xo(N)* is the dimension of the space Sy (N) consisting of forms
whose corresponding L-series has root number equal to -1. By the Riemann-
Hurwitz formula, we then find

dim S3(N) = 2dim S5 (N) + s

where s is the number of fixed points of w. But such a point is represented by
an isogeny

ESE'
which is isomorphic to its dual

E'SE.
It follows that £ ~ E’ and so the isogeny must be a complex multiplication
72 = N where € is a unit in the order of the imaginary quadratic field Q(—=v—N)
corresponding to £. But the number of such E’s is at most O(v/N) by familiar
estimates for the class number of Q(+/N). Thus,

dim S,(N)* = % dim 53(N) + O(vN)

which gives some evidence for the conjecture we had made in Section 1. This
proves that the analytic rank of Jo(N)"**(Q) is

> % dim Sy(N)"™* + O(VN).
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