Int. J. Number Theory Downloaded from www.worldscientific.com

by INSTITUTE OF MATHEMATICAL SCIENCES on 09/10/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

World Scientific

(2024) www.worldscientific.com

(© World Scientific Publishing Company
DOI:10.1142/S1793042124501094

International Journal of Number Theory \\’

A function related to the Mordell-Weil rank
of elliptic curves

Anup Biswanath Dixit

Institute of Mathematical Sciences (HBNI)
1V Cross Road, CIT Campus, Taramani
Chennai 600113, Tamil Nadu, India
anupdizit@imsc.res.in

M. Ram Murty

Department of Mathematics and Statistics
Queen’s University, Kingston
Canada, ON K7L 3N6
murty@Qqueensu.ca

Siddhi S. Pathak ©*

Chennai Mathematical Institute
H-1 SIPCOT IT Park, Siruseri
Chennai 603103, Tamil Nadu, India
stddhi@cmi.ac.in

Received 21 December 2023
Revised 4 April 2024
Accepted 4 April 2024
Published 8 June 2024

Let p be a prime number. For each natural number n, we study the behavior of the
function fp(n) which enumerates the number of factorizations ab = n with a + b a
perfect square (mod p). The study of this function is inspired by the cognate function
f(n) which enumerates the number of factorizations ab = n with a + b a perfect square.
The descent theory of elliptic curves would show that if f(n) is unbounded for squarefree
values of n, then there are elliptic curves over the rational number field with arbitrarily
large rank. In this note, we show for every prime p, fp(n) is unbounded as n ranges
over squarefree values, thus providing some evidence for the conjecture that f(n) is
unbounded for squarefree n.

Keywords: Rank of an elliptic curve; character sums; Tauberian theorem.

Mathematics Subject Classification 2020: 11G05, 11L40

*Corresponding author.


https://dx.doi.org/10.1142/S1793042124501094
https://orcid.org/0000-0002-4592-9775
https://orcid.org/0000-0003-2086-102X
https://orcid.org/0000-0003-3123-4013

Int. J. Number Theory Downloaded from www.worldscientific.com

by INSTITUTE OF MATHEMATICAL SCIENCES on 09/10/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

2 A. B. Dizit, M. R. Murty & S. S. Pathak

1. Introduction

For a natural number n, let
fn):=#{1<a,b<n:ab=n,a+bis a perfect square}.

The unboundedness of f(n) for n squarefree has a connection to the unbounded
rank conjecture of elliptic curves which we will describe in Sec.
For a fixed prime p, let

f(n) :=#{1<a,b<n Lab=n, (“;b) :1}7

where (%) denotes the Legendre symbol. In this paper, we show that for any fixed
prime number p, the function f,(n) is unbounded as n ranges over squarefree num-
bers. The study of this function is inspired by the cognate function f(n) defined
above. The descent theory of elliptic curves (see Sec. B) would show that if f(n)
is unbounded as a function of n, then there are elliptic curves over the rational
number field with arbitrarily large rank. If f(n) is unbounded, then so is fy(n) for

every prime p. We show the following.

Theorem 1.1. Let p be a prime number. Then,

Z fp(n) > zlogz,
n<x

n squarefree

with the implied constant dependent on the prime p. Consequently, fp(n) is
unbounded as n varies over squarefree positive integers.

2. Two Descent Via a 2-Isogeny

In his famous 1961 Haverford lectures, Tate [5] (see also the appendix in [2])
described a simple algorithm for determining the Mordell-Weil rank of elliptic
curves of the form

E: y*=2>+a®+bx, abel.

We let W = (0,0) and observe that it is a rational point on E(Q) of order 2. Now
define the curve E' as

E': =23 4+da®+ bz

with a’ = —2a and b = a? — 4b. Denoting by O the identity element of E(Q), we
define the map

ap : B(Q) - Q*/Q*?
by a(0) =1 mod Q*2, ap(W) =>b mod Q*? and for x # 0,

ap(r,y) =z mod Q%2
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The definition of ag is analogous. The image of ag and ags are then shown to be
finite. If r denotes the rank of F(Q), Tate [5] proves that

2rt2 — Im(ag)| |[Im(ag)|.

Thus, to determine the rank r, one needs to determine the size of the images of ag
and ag.

To this end, we consider every possible factorization b = b1by with by, by € Z.
For each such factorization, we examine the Diophantine equation involving the
variables M, N and e:

N? = by M* + aM?e? + bye’. (2.1)

If ([Z)) has a solution in nonzero integers M, N, e with e > 0, then a routine verifi-
cation shows that

by M? b MN
== VY= 73
gives a rational point P = (z,y) on E so that ag(P) =b; mod Q*2.

For curves with a = 0, we now see the connection to the function f(n). For n

squarefree, consider the family of curves
E,: 3°=2%+nx

The algorithm for the rank of this curve derived by Tate would imply 2"+2 >
f(n). Thus, if f(n) is unbounded, then the Mordell-Weil ranks of F, (Q) would be
unbounded. This is the motivation for studying f(n) and f,(n).

In his MSc thesis (written under the direction of the senior author), David Clark
[1] proved that f(n) is unbounded if we remove the restriction that n is squarefree.
In this paper, we study fp(n) for n squarefree so as to elucidate the more difficult
study of f(n) when n is squarefree.

3. Preliminary Lemmas

In the proof of our theorem, we need various results that we collect in this section
for ease of reference.

The first is a Tauberian theorem. We use the classical version as stated below.
See [4, Exercise 4.4.17] for a reference.

Lemma 3.1. Let f(s) =Y .2, an/n® with a, = O(n®). Suppose that
f(s) = () g(s),

where k is a natural number and g(s) is a Dirichlet series absolutely convergent in
R(s) >1—0 for some 0 < < 1. Then we have

Z Ay, ~ % z (logz)F*

n<x

as r — OQ.
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The following result is due to Hooley [3].

Lemma 3.2 ([3]). Let R(x;a,q) be the number of squarefree numbers in the arith-
metic progression a mod q with (a,q) = 1. For any € > 0, we have

R(z;a,q) = ﬁ I1 (1 - Z%)_l 2 +0. <<§)1/z + q1/2+6>. (3.1)

plq
p prime

Lemma 3.3.
Z p?(n)d(n) = Cxlogx + o(xlog ),
n<z

where
3 2
C = 1——+—>=O.33...
1}( p P

Proof. This is a simple application of Lemma [B.Jl Here are the relevant details.

We have
i%:r[(ur%).

n=1 P p
The infinite product can be re-written as
—2 2
1 1 2
(-5) T(-5) (7)o e
P P
An application of the Tauberian theorem gives

Z p?(n)d(n) = Cxlogz + o(zlog x)

n<z

3 2 p? —3p+2
(o =)
. P> p p

P

with

Since each factor in the absolutely convergent product is nonzero, we deduce C' # 0,
as desired. 0O

Remark 3.4. We remark that it is possible to refine the lemma to give constants
C, D such that

Z p?(n)d(n) = Czlogz + Dz + O(z/?),
n<x

using the technique of contour integration as discussed in [4, Chap. 4].

We also use the following estimates. Let R(z) denote the number of squarefree
numbers n < z. It is well known that (see for example, [4, Exercise 1.4.4])

R(z) = % +0(V7).
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By partial summation,

2(n z ogx
3 l:ZN( ) _ 1 @dHO(l):Zéﬁou). (3.2)

n<x n<x
n squarefree

Similarly, we can deduce

> % = % + O(log z). (3.3)

n squarefree

Using these, we prove the crucial lemma below.

Lemma 3.5. For a prime p,

a+ b) 1
Z < xzlogx + O (x).
o ( p VP (p+1)¢(2)
a,b squarefree

Proof. Recall that the Legendre symbol can be written using the Gauss sum as

BRSENCH

2mit

where e(t) = e*™" and

is the Gauss sum. Hence, we have

(5°) =22 () ("57)

Therefore,
a+b 1 c cla+b)
2 (p):;z<5) 2 e( p )’
ab<z, c#0 ab<z,
a,b squarefree a,b squarefree

and the innermost sum can be written as

RO RIC N

a<lz, b<z/a,
a, squarefree b squarefree
This motivates us to consider
cb
g el —|.
p

b<Y,
b squarefree
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Again, using the Mdbius function to sift out non-squarefree numbers, we have

b b 2
> e<%>—z (C)Z“ ) (t)ze<ct75>,
b Sqlilga?(;jfree b<¥ b t<\/7 s<Y/t?

If ¢ is not divisible by p, the inner sum is bounded giving a final contribution of
O(VY) in this case. Inserting this into (34 gives an estimate of O(x), where the
constant depends on p. If ¢ is divisible by p, the contribution is

3w |
plt

Note that

s3I (%)

Thus, we have

t;\/:?u(t) [g] < (pz_yw +0 (\/}7)

plt

Putting everything together along with the fact that |7| = \/p, we get the lemma.
O

4. Proof of the Main Theorem
When p = 2, note that fo(n) = #{1 < a,b < n : ab = n} = d(n), the divisor
function. It has already been established in Lemma that

Z d(n) = Cxlogz + o(xlog x).

n<z
n squarefree

This proves the theorem for p = 2.

Henceforth, let p > 3 be a fixed prime and f,(n) be as above. Note that

a+b
2fp(n) = E (( » ) +1) — E 1.
1<a,b<n 1<a,b<n,
ab=n ab=n, pla+b

Let
S@)=2 > fuln)

n<x
n squarefree
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Then
a+b
SCEED YD M C-L KD SIS DECIED DENND DI
n<x ab=n p n<x ab=n n<x ab=n, pla+b
n squarefree n squarefree n squarefree

Let us denote the three summations over n < x on the right-hand side as S, S
and S5 respectively.

We first obtain an upper bound on S3. Observe that in S3, we have that a and
b are coprime for otherwise, n would not be squarefree. Therefore,

SRR YD YIE T SED S

n<z ab=n, pla+b a<lz b<Z platb

n squarefree a squarefree (a,b)=1
b squarefree

S S SN

a<lz b< %’ pla+b
a squarefree p squarefree

The inner sum above is counting squarefree b < x/a which are congruent to —a
(mod p). Therefore, using (B1]) in Lemma B2 with e = 1/4, we get

1 P T z \ /2
Z 1:—2271—"-0 <—) +p3/4 .
e @D\ e
b squarefree

Inserting this estimate in the upper bound for Ss, together with [32) and B3],
gives

Sy< b P 3 §+\/EO 3 2 +ow@

2 _
2 -1 = o Va
a squarefree a squarefree
1 P
= —— ————zxlogz + O(x), (4.1)

(2 P -1)
where the implied constant in the O-term depends on p.
We estimate Sy using Lemma 3.3t

S = Czlogz + o(zlog ). (4.2)

Finally, we estimate S as follows. The condition that n = ab is squarefree can be
re-written using the Mobius function

b b
s- X (5)- X ()T
n<x ab=n ab<zx dla
n squarefree a,b squarefree dlb
d a+b
) 5, ()
C%;f p ab<z:v:/d2 p

a,b squarefree
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By Lemma B35 we deduce

|1|_\/_(p+—1 Zdzlog(d2> + O(z)

1
= m xzlogx + O(z). (4.3)

Putting everything together, for a fixed prime p, we have
S(Z‘) - Sl + 52 - ‘937
Now by [@I)-3), we get that
1 p
S(x) > |C — —

W= B @ er

Since the constant in brackets above is minimized when p = 3,

1 p - 1 3
VP(+1)C2)  (p*—1)¢(2)? 4v3¢(2)  8¢(2)?

The above inequality implies that S(x) > zlogz, thus establishing that f,(n) is
unbounded as n ranges over squarefree numbers.

zlogx + op(xzlogx).

=0.10...>0.

5. Concluding Remarks

An examination of the algorithm described in Sec. [2] shows that we can consider
the more general function f(n;A) for squarefree n which counts the number of
factorizations ab = n such that a + b + A is a perfect square. The function f(n)
corresponds to the case A = 0. Our analysis can be extended to study f,(n; A) which
counts the number of factorizations such that a + b+ A is a square mod p. This
may be of some help in our search for elliptic curves of unbounded Mordell-Weil
rank.
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