Journal of Number Theory 279 (2026) 987-1003

Contents lists available at ScienceDirect

NUMBER

Journal of Number Theory THEORY

SEVIER

ELSE

journal homepage: www.elsevier.com/locate/jnt

General Section

On the moments of averages of Ramanujan sums n

Check for
updates

Shivani Goel *, M. Ram Murty "

® Chennai Mathematical Institute, H1, SIPCOT IT Park, Siruseri Kelambakkam
603103, India

b Department of Mathematics and Statistics, Queen’s University, Kingston,

ON K7L 3N6, Canada

ARTICLE INFO ABSTRACT
Article history: Chan and Kumchev studied averages of the first and second
Received 31 March 2025 moments of Ramanujan sums. In this article, we extend this

;{[g:;ived in revised form 6 August investigation by estimating the higher moments of averages

of Ramanujan sums using a Tauberian theorem due to La

Accepted 8 August 2025 N .
Available online 4 September 2025 Breteche. We also.glve a result for the moments of averages
of Cohen-Ramanujan sums.

© 2025 Elsevier Inc. All rights are reserved, including those
MSC: for text and data mining, Al training, and similar
11A05 technologies.
11L03
11N37

Communicated by F. Pellarin

Keywords:

Moments of sums of Ramanujan
sums

La Breteche Tauberian theorem
Arithmetical functions of several
variables

1. Introduction and main results
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n as follows:
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cq(n) == Z e (?) = Zdu (%) , e(t) == 2™, (1.1)

1<j<n d|n
(a)=1 dlq

These sums are now called Ramanujan sums. The equality of the two sums in (1.1) is
a simple consequence of the Mobius inversion formula. Perhaps inspired by the theory
of Fourier expansions of continuous functions, Ramanujan first encountered these sums
while exploring trigonometric series representations of normalized arithmetic functions
of the form ) q agcq(n), now known as Ramanujan expansions. Subsequently, in 1932,
Carmichael [4] established that these sums also possess an orthogonality property. Ra-
manujan and Carmichael’s work set the stage for a general theory of Ramanujan sums
and Ramanujan expansions. Ramanujan sums exhibit deep connections in number the-
ory and arithmetic, including their role in proving Vinogradov’s theorem on the ternary
Goldbach problem [20, Chapter 8], Waring-type formulas [15], the distribution of rational
numbers in short intervals [14], equipartition modulo odd integers [3], the large sieve in-
equality [24], and various other branches of mathematics. For more recent developments
in the direction of Ramanujan expansions, we refer to [11,13,18,27,28,30,31].

Understanding these sums and their distribution is an essential and interesting topic.
Alkan [1,2] studied the weighted average of Ramanujan sums. The question on the av-
erage order over both variables n and ¢ of c¢4(n) was first considered by Chan and
Kumchev [6] motivated by applications to problems on Diophantine approximations of
reals by sums of rational numbers. In [6], using both elementary and analytic techniques,
they found asymptotic formulas for

k

Si(a,y) =Y [ D eqln) (1.2)

n<y \g<z

for K = 1,2. Robles and Roy adapted their methodology to compute the averages of
generalized Ramanujan sums introduced by Cohen. It is worth noting, however, that in
their study presented in [25], Robles and Roy claimed a result for higher moments, which
has since been determined to be incorrect. To be precise, their Proposition 1.1 implies
for k > 1, (and 8 =1 in their notation) that

3yx?

Sk(x,y) = + O(yzlog z 4 z** log" ), (1.3)

T2

for y > 22 1og"™! 2. This is correct for k = 2, but for k = 4, the theorem contradicts
itself as can be seen by a simple application of the Cauchy-Schwarz inequality:

So(z,y) < y'/2Sy(z,y) /2.

This raises the question of what exactly is the behavior of (1.2) for k¥ > 3. This problem
prompts an exploration of the theory of the arithmetical functions of several variables, a
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study initiated by Vaidyanathaswamy [29] in 1931. This theory is still in evolution and
several recent papers [5,10,26] highlight the importance of developing such a theory. In
this paper, we derive the asymptotic behavior of the moments of Ramanujan sums (1.2)
for k > 3. This result is an important step in developing the theory of the arithmetical
functions of several variables. More precisely, we prove:

Theorem 1.1. For k > 3 and y > z¥, as x — oo, we have

Sk(w,y) = yz*Qlog ) + O (y=*~7),
where Q € R[X] is a polynomial of eract degree 28 — 2k — 1 and 6 > 0.

Thus, (1.3) is egregiously false in two ways: first in the dominant power of z and
second, in the powers of the logarithm that must be added to the main term.

Our main tool is a Tauberian theorem due to La Bretéche [10] for non-negative arith-
metical functions of several variables, which we review in the next section.

Analogous questions of moments of these sums over number fields have been studied
by numerous mathematicians [7,8,12,21,22,19,32] for the cases k = 1,2. Our methods
should extend to handle the number field cases also for k¥ > 3 and we relegate this to
future work.

2. La Bretéche Tauberian theorem

The study of (1.2) inevitably leads one into the theory of arithmetical functions of
several variables. In the one variable case, the classical Tauberian theorems provide us
with asymptotic behaviors of the summatory function of the non-negative arithmetical
function of a single variable by relating it with the analytic properties of the associated
Dirichlet series. In the multivariable case, a similar theorem exists but it does not seem
to be well-known. The extension of Cauchy’s residue theorem for functions of several
variables seems to have been first addressed by Leray [16] in 1959 using the language of
sheaf theory. Later, in the 1980’s, Cassou-Nogues [5] and Sargos [26] derived more precise
results that could be applied to counting problems involving arithmetical functions of
several variables. We should also mention the work of Lichtin [17] in this regard. In the
early part of the 21st century, de la Bretéche [10] derived a multi-variable version of
the Tauberian theorem using classical methods of analytic number theory and it is this
version that we apply to our situation. His theorems in this context are as follows.

Theorem 2.1. Let f : N¥ — R be a non-negative function and F the associated Dirichlet
series of f defined by

= f(ny,...,ng)
F(S):F(Sl,...,Sk): Z W
Nni,...,np=1 1 k
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Denote by LRZ'(C) the set of non-negative C linear forms from C* to C on Rﬁ, More-
over, assume that there exists (cq,...,cx) € R’j_ such that:

(1) For s € C*, F(sy,...,sk) is absolutely convergent for Re(s;) > ¢; for all 1 <i < k.

(2) There exist a finite family £ = (1)1<i<, of non-zero elements of LR} (C), a finite
family (hV)1<;<y of elements of LR} (C) and 81,69,03 > 0 such that the function
H defined by

H(s)=F(s+c) []1"(s)

i=1
has a holomorphic continuation to the domain
D(0y,03)
= {s eCk: Re{l(i)(s)} > —06; foralli=1,...,q and Re{h(i)(s)} > —03

forallizl,...,q'},

and verifies the estimate: for e,€ > 0 we have uniformly in s € D(6; —€,03 — €)
4 . 1—42 min(0,Re l(i)(s)
66y < I (1 {10} 1)~ OO (1 oyt ),
i=1

Set J=J(C)={j€{1,...,k} : ¢; = 0}. Denote w to be the cardinality of J and
by j1 < ... < jw its elements in increasing order. Define the w linear forms 114+%)
(1< < w) by 10 (s) = % () = s5,.

Then, for any B = (Bi,...,Bk) € (0,00)F, there exist a polynomial Qg € R[X] of degree
at most ¢ +w — Rank{IV ... 19} and § > 0 such that as x — oo

Z Z f(nl,...,nk):x<c’ﬂ>Qﬁ(logx)+O(m<c’ﬂ>*9).

n1<zh1 ny <zfk
Here, (-,-) denotes the usual dot product in R¥.

The next theorem gives a determination of the precise degree of the polynomial (g
appearing in the previous theorem. Denoting by R} the set of strictly positive real
numbers, the notation con*({I"), ... 1(D}) means RFIM + ... + RF1(®),

Theorem 2.2. Let f : N¥ — R be a non-negative function satisfying the assumptions of
Theorem 2.1. Let B = (B1,...,B) € (0,00)% and set B = Zle Biel € CR;((C). If the
Dirichlet series F satisfies the additional assumptions:
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(1) There exists a function G such that H(s) = G(IW,... 1),
(2) There is no subfamily L of Lo = {IV,... 1D} such that Lo # L, B = Vect(L) and
#E — Rank(ﬁ) = #,Co — Rank(ﬁo).

Then, the polynomial Qg(logx) satisfies the relation
Qp(logx) = H(0)z' P I4(x) + O((log z)*~1),
where p = q+w — Rank{I™, ... 1D} and
dyl [N dyq
Ig(z) = / m,
Ca(z) i=1Yi
with

Cp(z) := {ye 1, 00) H 190©) < 28 for all <z’<k}.

Also, if Rank{l™,... 11D} = n, H(0) # 0, and B € con*({IV,...,1(9}), then
deg(@p) = q¢+w —n.

With these theorems in place, we begin with a review of multiplicative arithmetical
functions of several variables.

3. A quick review of arithmetical functions of several variables

The study of arithmetical functions of several variables seems to begin with the
fundamental paper of Vaidyanathaswamy [29] written in 1931. There, he defines a mul-
tiplicative arithmetical function of several variables f(ny,...,n) as a map f: N¥ — C
satisfying the equation

flmang,...,meng) = f(ma,...,mg)f(ng, ..., ng)

whenever (mq ---my,ny---ng) = 1. The classical theory of one-variable arithmetical
functions extends nicely to the multi-variable case with this definition. For example, we
can define the convolution f x g of two functions f and g via

(fxg)(n1,...,np) = > fldy, ... di)g(ny/dy,. .. ng/dy).

dl\n17d2|n2, ...,dk|nk

If f and g are multiplicative, then it is easy to see that f x g is also multiplicative.
For multiplicative functions f, we can introduce a formal Dirichlet series of several
variables along with an Euler product:
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> f(na,...,ng) = fp¥r, ..., p")
Z nilnzk _H< Z ...pvk5k>'

p'Ulsl
ni,...,np=1 p V1,...,0=0

In our context, the function we will study is

f(n17"'7nk) = Z N(nl/dl)ﬂ(”k/dk)g(dh7dk) (31)
dl\nl,d2|n2,...,dk|nk
where
( ) nl DR nk
Niyeoo,Ng) 1= ————————,
9 [Py, .., k]
and [ng,...,nk] denotes the least common multiple of ny, ..., ng. Since g is multiplica-

tive, we see that f is multiplicative by our remarks above.

Theorem 3.1. For the function f(ni,...,ng), we have

Z M: H C(S[—‘I|+1) E(817...,Sk)7 (32)
) i

where [k] :={1,...,k} and for any subset I = {ly,... 1} of [k], we have sy := s, +-- -+
s, and E(s1,...,8k) is a Dirichlet series absolutely convergent for Re(s;) >1—1/k.

Proof. That a factorization of the form (3.2) exists is easily proved as follows. We first

note that f(dy,...,dy) is a convolution of multiplicative functions. Therefore, from (3.1),
we have
> fny,...,ng) > g(di, ..., dy) 2 pler) - p(er)
L Twm t X g X oo
MN1yeeny nr=1 1 k dy,...,dp=1 1 k €1,..uy er=1 1 k

since

We examine the series on the right of (3.3) as follows.
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00 g(dh o 7dk) B 0 pv1+~~+vk—max(vl,4..,111@)
Z W - H Z ps1vLt 8Kk

dy,...,dp=1 p V1,..,0=0

> V1o,

p n=

V1,...,0=0
max(vi,...,vg)=n

The Euler factor can be written as
e pvl+"'+vk e pvl+"'+vk

LS
—1 —-n
1+p Z pS1U1+"'+Skvk + ZP Z p51U1+"'+3kvk : (35)
n=2

V1.0,V =0 V1,...,V=0
max(vi,...,vg)=1 max(vi,...,Vg)=n

The inner sum in the second summation is actually a finite sum with precisely (n+1)¥—n*
terms and with o = Re(s;), it is easily estimated to be

< (Tl+ 1)kpkn(170)'

This means that

> > pv1+---+vk
—n
Zzp Z S1V1++SKVk
p n=2 V1,0, V=0 p

max(vi,...,vg)=n

converges absolutely for Re(s;) > 1 — 1/k. We can therefore factor the Euler product in
(3.4) to get

oo oo
g(dh'"adk) _ —1 pv1+-»-+vk *
Z dil dzk - H l+p Z pSLVLt Sk E (Sl""’sk)’
p

dl,...,dkzl Ul,.“,’l)kzo
max(vy,...,v)=1

where E*(s1,...,sg) is a Dirichlet series absolutely convergent in Re(s;) > 1 — % The
Euler product above can be analyzed as follows. The p-Euler factor can be written as

1—1-]19 > [l

0AIC[k] i€l

where T; = p~%i. This observation allows us to further factor the Euler product as

IT <Gr=111+1) | B (51, 5)
0AIC K]

where E**(s1,...,sk) is a Dirichlet series absolutely convergent for Re(s;) > 1/2. Com-
bining all these observations and setting
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E(Slv"'usk) = E*(Sla'”ask)E**(Slv“ '7Sk3)7

we obtain

o~ g(dy,. .. dy)
1yeeoy A
Z dSl""C’lSk = H C(817‘1|+1) E(Sl,...,Sk)-

di,odp=1 1 k P#AIC[k]
Taking into account (3.3) and noting that the singleton sets are removed from our product

of zeta functions, we obtain (3.2), as claimed. O

Remark. We can determine E(s1,...,s;) very explicitly:
E(s1,...,8:) =
I IT a-w
p \Q£IC[k]

Sprcpy (DI (plfl=er — 1) H@ﬁ‘;%[k](l —pl/I=1mes)

L+ 3 srcpy (=D)HIplti=s

+

To see this, let p~°* =Ty,...,p~°% = T} as before. Then, for n > 1, we have

0 p01+-~'+vk > T
— V1T TVg V1 . Vi
Z p51v1+'“+skvk Z b Tl Tk
V1.,V =0 V1,...,05=0
max(v1,...,vg)=n max(vl, ,vk)gn

V14 v v Vi
p1 lel...Tkk

Mg

v1,...,0=0
max(vy,...,vg)<n—1

k k
IS ) 11 { X e
=1 \v;<n i=1 \v;<n—1
k
(1— (pTy)™+1) 1- ()"
= AL L AE— . 3.6
1131 ( 1 —pT; 1;[ 1—pT; —pT; (3:6)
Inserting the above estimate into (3.5), we obtain
14— Z 3 (- (pn<m—1>+mTIn+1 _pn<|f|—1>TIn)
Hz 1(1 —pTi) \ ;2 19£IC[k]
1 _ Ty 1
T S ININITETS ( _
H?:l(l _pTi) @7&;%]( ) 1 _plllilTI 1- p'llilTI
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1 _ pI Ty —1
=1+ > ()1, (_ . (3.7)
[T, (- pT) \ 52 1— pl—17y

Therefore from (3.4) and (3.7), we have

i g(dy, ... dy)
S1 o .. Sk
dy,...,dr=1 dy dy,

1 Ty —1
— - - _1\HI,l -1 pdir=2
H 1+ — Z (=) (1 _ p|11TI>

i1 (1= pT3) g ey

0AIC[Kk]

( II ¢Gr=11+1) ) EGsi,. .. s0). (3.8)

Here,

E(Slv"'usk)

Y o1c (DM T T 1) To s (1M1 T)
=TIt II a-p""'1)+ ) 17
p \OAICI[K] [, (1—-pT})

D0 ICH] (=D)HIpHI=tTy (pl1Ty—1) Hw;éli%[k] (1-pl/I=11))

= (1-p" ')+
1;[ @;é];C[[k] 14+ 3 g (DI Ty

From this explicit expression, the region of absolute convergence for E(s1, ..., sk) is not
immediately clear and thus, we have opted for the more expedient method in the proof
of our theorem.

4. Non-negativity of f(ni,...,n%)

In this section, we will show that f(n1,...,nk) is a non-negative function, thus paving
the way for an application of the Breteche Tauberian theorem.

Theorem 4.1. f(ni,...,nx) >0 for all (n1,...,nx) € N¥.

Proof. Since f is a convolution of two multiplicative functions, it is also multiplicative.
Therefore, to prove the lemma, it suffices to show for each prime p,

fp,p, ... p") >0, V1y..., U > 0.

Since f is symmetric, we can suppose without any loss of generality that v1 > vo > ... >
vi. We proceed by induction on k. For k = 1, the result is clear. We may also suppose
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that all v; > 1 for otherwise, we are again done by induction. If v; > v, then noting
that

Il
—

b

—_
~—

f,p*, ..., p")

P pY* 1 p” p*
do) -+ u(d oL | = U1 —_— .,
Z H( 2) lu‘( k) {g <p ’ do ; ; dr, ) g (p y do ’ 3 i )}a

da|p2,....dk|p"k

we have

and

(i Y S (1 (e [
e ¥ N L=}

We see in this case that the ged in both cases is the same and so the term in braces in
(4.1) above is zero. Now suppose that v1 = vy = -+ vy > Vg1 > - -+ > vi. We have

FO o p) = D uldh) - p(dr)g(p™ /dus - pt [dy).
di|p,...,dk|p

Noting that in the sum over divisors that each d; can only be 1 or p, we arrange the
sum as follows. We write d; = p® where e; = 0 or 1. We can then identify each tuple
(di,...,dy) with a subset I C [k] where I = {i: e; = 1}. Our sum becomes

f(p’vl’ o ,pvk) — Z (_1)|I|p87|1\7max(vifei:1§i§k)’
IC[k]

where
S=1v1 + -+ V.

We let Ip = {1,2,...,¢} and set s’ = vy + -+ 4+ vi. We split the sum on the right into
three parts:

P D DD D

I:INIo=0 L:0£INI £]y I:1DI

Letting J = {¢ +1,...,k}, the first part is equal to

k—¢
, , 1

> (=M = pe (1 - —) ,
P

ICJ
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because in this case max(v; —e; : 1 <1i < k) = v;. In the second part, we again have
max(v; —e; : 1 <14 < k) = v; so that the second part is equal to

=1, 1\ F
(= 3 ( ) (~1)ip (1 - —) |
I:0AINTo#Io = M D
Finally, in the third part, max(v; —e; : 1 <i < k) = v; — 1 so that the third part equals
1\ F
121, p
Notice that the first part and the second part combine to give
-1 k—¢
y ¢ _ 1
w3 () (1-2)
=\ p

since the term corresponding to j = 0 is the contribution from the first part. Putting
everything together gives

Qe () ) ()
j=0

J

This simplifies to

, 1 k 1 k—¢ , ,
ps (1 _ _) + (71)16 <1 _ _) <pS +1-—¢ 7ps — ) .
p p

Noting that ¢ > 2, we see that this is certainly positive if ¢ is even. If ¢ is odd, the term

k k—¢
’ 1 1 ’ _ s/ —
v (1-3) -(-5) ),

We easily see that this reduces to checking that

is equal to

p (p—1)=>pt (ps Tl ps ‘e) =p*(p—1),

which is evidently true. This completes the proof of non-negativity. O
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5. Average order of f(ni,...,ng)

The average order of the function f(ni,...,ng) is the most essential step in the proof
of Theorem 1.1. In this section, we estimate an average of f(nq,...,nx) as an application
of Theorems 2.1 and 2.2.

Theorem 5.1. Let k > 3. There exists a 8 > 0, such that as x — oo, we have

Z fni,....nk) = 2*Q(logz) + O (zF77),

MY yeney N ST
where Q € R[X] is a polynomial of exact degree 28 — 2k — 1.

Proof. In Theorem 4.1, we proved that f(n,...,nx) is non-negative and in Theorem 3.1,
we proved f(ni,...,n,) has an absolutely convergent series F'(s) for Re(s;) > 1 for all
1 < i < k. This shows f(ni,...,ng) satisfies (1) of Theorem 2.1. Next, we show that
f(ni,...,ng) also satisfies (2) of Theorem 2.1. Write 1 = (1,...,1) then, F(s+1) is an
absolutely convergent series for Re(s;) > 0. Therefore, for the linear forms sy for I C []
and |I| > 2, define the function

H(s):=F(s+1) H Sy
IC[k]
1>2

Since ¢; = 1 forall 1 < i < k, we take ¢’ = 0 in the notation of Theorem 2.1. Furthermore,
for any ((s1 + -+ s¢+ 1) in F(s+ 1), there is a linear form (s; + - -+ + s¢) such that

(81+"'+Sz)<(51—|—"'+84—|—1)

has analytic continuation on the plane Re{(s1 + -+ s¢)} > —¢, where € > 0 and for
I C K, we have |I| = ¢ > 2. Therefore, H(s) also has analytic continuation on the
plane Re {(s1 + -+ +s¢)} > —e. Consider h'(s) = s;, set §; = 63 = €. Moreover, from
Lemma 3.1, E(s + 1) has analytic continuation on the plane Re {(s1 + -+ s¢)} > —e.
We know that for Re {s;} > —1 and for all ¢, > 0

SIC(l + 81) K¢ (1 + |SI|)17% min(O,Re{SI})Jreo'

The above argument shows that H(s) satisfies (2) of Theorem 2.1 with d2 = 1/2. There-
fore, we have as x — o0,

Z f(ny,...,np) = 2FQ(log x) +O(1:k_9) ,

N yene N ST

where Q(log x) is a polynomial of degree at most 2¥ — 2k — 1.
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Next, ¢; > 0 for all 1 < ¢ < k, this implies w = 0. Again, it is easy to see that for k > 3
the rank of the collection of linear forms s; is k and the interior of the cone generated
by linear forms is the set B = Zle Bier for B = (Bi,...,B) € (0,00)F and e} (s) = s;.
Also, as s — 0, s;¢(sy +1) — 1 and hence H(0) # 0. More precisely, we have

H(O) = sliigo ( H (1 _p—l—sr)

1<i<k P \Q#£IC[K]

I£J

+
L+ 3 g epcp (DI Elp=er

Z(Z);élg[k}(‘Umlflisl(pfsl =D Ilozscm (1 — p1547)>

k k
1N 1 1\*>? —1)lp=sr(p=sr —1
=11 (1——) +—<1——) lim ) D7 ‘L_)
" p p p ]1+Z@¢Lg[1¢](*1) pek

s;—0
1<i<k 0#IC[k
(5.1)

Indeed, noting the denominator in the summation in (5.1) is

k < : )
1- Py 9
1 p

J

and the summation of the numerators is

I(-5) T 2) =110 )

Jj=1 Jj=1 J

we deduce that the limit in (5.1) is

wo-m[(-) 20

Now, from Theorem 2.2, deg(Q) = 2¥ —2k—1. Next, we evaluate the polynomial Q(log z)

using Theorem 2.2. From the definition of H(s), there exists a function G which satisfies
the first assumption of Theorem 2.2 and there is no subfamily £ of the set of linear
equations Lo such that B € Vect(£) and #L£ — Rank(L) = #Ly — Rank(Ly). Therefore,
we have

Q(logz) = H(0)a"I(x) + O((logz)"™"),
where p = 2% — 2k — 1 and

dyy .. .dyq,
¢ 1-10(c)’
ez Hi=1Yi

I(x) :=
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with

q )
C(x) = {y € [1,00)%: Hyé()(c) <zforalll<j< k},

i=1

where 1) (¢) < k for all 1 < i < q. We therefore see that H(0) is positive and as I(z) is
positive, the lead term in the polynomial @ is also positive. This completes our proof. O

6. Higher moments of Ramanujan sums

In this section, we provide a proof of Theorem 1.1 using the average order of
f(n1,...,ng) obtained in the previous section.

Proof of Theorem 1.1. From the definition of Ramanujan sums, we have

Sewy) =3 | 2 ealn) k—z > Zdw(gi)...zdkﬂ(z)

n<y \g<z n<yY q1,..,q6 ST di|q1 di|qk
di|n di|n
q1 qk
= E § dy-dpp () op [ 2 E 1
dy dg
q1,--,qk <z d1|q1,....dK|qx n<y
[d1,...,dx]|n

5 S a3 () o)

q1,--qk <T d1|q1,...,dk |qk

y ¥ ) %N<%>...u

| @,
Q1596 <T d1|q,...,dk |qr

The inner sum is precisely f(qi,...,qr) in our notation by virtue of (3.1). Thus, from
Theorem 5.1, for 0 < 8 < 1, we have as x — oo

Sk(z,y) = yz*Qlog x) + O (yz* =% + 2*)
where Q(log x) is a polynomial of degree 2¥ — 2k — 1. This completes the proof. O
7. Moments of Cohen Ramanujan sums

In [9], Cohen generalized the Ramanujan sums in the following way:

Jn q
cg(n) = Z e(q—ﬁ>:Zd5M(a).
1<5<q” dlq
(4,0%)p=1 d’|n
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We refer to these sums as Cohen-Ramanujan sums. Here, (m, n)z denotes the generalized
ged which is the largest 1° dividing both m and n. In [25], Robles and Roy estimated the
averages of moments of Cohen-Ramanujan sums but their result is correct only for the
first and second moments. For higher moments, it is false. Our analysis of the previous
sections is amenable to treat this general case too. Therefore, applying our method to
obtain the higher moments of these sums, we get:

Theorem 7.1. For k > 3 and y > *B+tD/2 45 & — oo, we have

k
S| =yt HEQog ) + O (yak D20,

n<y \q<z
where Q(log ) is a polynomial of evact degree 28 — 2k —1 and 0 < 0 < 1.
One can prove Theorem 7.1 by slightly modifying the proof of Theorem 1.1, taking

into account the (minor) differences in the definitions between Ramanujan sums and the
Cohen-Ramanujan sums.

8. Concluding remarks

There is undoubtedly a deeper significance of our main theorem to our current un-
derstanding of the Riemann hypothesis. Indeed, Ramanujan (see formula (7.2) in [23])
showed that

) S S
d|n

valid for Re(s) > 1. As the left hand side admits a meromorphic continuation to the
entire complex plane with poles located at the zeros of the zeta function, we can see
from standard analytic number theory that the Riemann hypothesis is equivalent to the
estimate

3 eo(n) = O(a3+),

q<z

for any ¢ > 0 and for any fixed n. The implied constant in the estimate depends on n
and a careful analysis gives O((zn)2*¢) as the final estimate for the sum. We therefore
can expect O(y'tk/2tegh/2+¢) ag a final estimate for Sy(z,y) assuming the Riemann
hypothesis. What our result shows is that this is unconditionally true if y is around x.
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