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e PLEASE NOTE: Proctors are unable to respond to queries about the interpretation of exam ques-
tions. Do your best to answer exam questions as written.

Simple calculators (type Casio fx-991, gold or blue sticker) are permitted.

Solve Problems 1-6 listed on p.2. Each Problem is worth 20 points.

SHOW YOUR WORK CLEARLY. Correct answers without clear work showing how you got there
will not receive full marks.

This material is copyrighted and is for the sole use of students registered in Math 221 and writing
this examination. This material shall not be distributed or disseminated. Failure to abide by these
conditions is a breach of copyright and may constitute a breach of academic integrity under the

University Senates Academic Integrity Policy Statement.
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Green’s Theorem

1. a) Let C be a simple closed plane curve bounding a region D in the zy-plane. Suppose that C' is
oriented so that D appears on the left as one goes along C. Show that the line integral of F = zj
around C is equal to the area of D.

b) Let C be the plane curve parametrized by z(t) = 1 — 2, y(t) =t — 3, —1 < ¢t < 1. Sketch
the region D bounded by the curve C. When ¢ increases from —1 to 1, is C oriented as required
in Part a)?

c) Find the area of the region D in Part b).

d) Using Green’s theorem, calculate fc(sinx + 6y) dz + (8z + €¥) dy, where C is the curve from
Part b).

Divergence Theorem

2. Let W be the region between the spheres 22 + ¢ + 22 = 1 and z? + y? + 22 = 9 and inside the
positive octant z > 0, y > 0,z > 0. The boundary of W is a closed surface S. Suppose that S is
oriented outward. Find the flux of the vector field F = 29?1+ y2%j + z2%k out of S.

3. Let W be the region bounded by a closed cylinder S of radius a and length 2L, with the central
axis in the z-axis between z = —L and 2 = L. Suppose that S is oriented outward.

a) Let F(z,y,2) =logyi+yj+ (—z — 1)k. Show that [(F-dA =0.
b) Find the flux of F through the top and bottom of the cylinder S.
c) Use Parts a) and b) to find the flux of F through the side of the cylinder S.
4, Denote r = zi + yj + 2k, and let ¢ = c;i + c3j + csk be a constant vector field.
a) Find div (r X ¢).
b) Find the flux integral [((r X ¢) - dA where S is a sphere or radius R centered at the origin.

Stokes’ Theorem

5. a) Let C be a circle of radius 1 in the plane x — y + z = 3, centered at (1,—1,1) and oriented
clockwise when viewed from the origin. Denote by S the disk enclosed by the circle C. Sketch
the circle C. :

b) Find the unit orientation vector n to the disk S compatible with the given orientation of C.
c) Compute the line integral

/(:c3 + 33 + 23)dz + 3z dy + 3(y + z22) dz.
c

6. Let S be the part of the sphere 22 + y? + 22 = 4 contained in the octant £ < 0,y <0, z > 0,
oriented outward, and let C' be the boundary of S with the induced orientation (thus, C is a

simple closed curve consisting of three arcs). Compute the line integral

/ydw—mdy+zdz.
c



