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1 (6.1.2, p. 379). Calculate

/fds

where f(x,y,z) = zyz and x(t) = (t,2t,3t), 0 <t < 2.

/fds—/f DI dt.

f(x(t)) = t(2t)(3t) = 6t* and
x'(t) = (1,2,3), hence||x'(t)]| = vVI+4+9=13.

Solution. By definition,

We have

Therefore,

2 2 23 _
/fds:/ 6t2\/1_3dt=6\/ﬁ/ t2dt:6\/ﬁTO:16\/ﬁ
X 0 0

/xfds,

where f(x,y,z) = 2z — y"/? +22% and x(t) = {

2 (6.1.5, p. 379). Calculate

(t,12,0), 0<t<1

(1,1,t—1) 1<t<3. °

Solution. We have

/fds—/f ) (0] dt = /f ) (¢ !dt+/f ) (8] d.

For 0 <t <1,
f(x(t) =2t —(#)Y*+0=t and
x'(t) = (1,2t,0), hence ||x'(¢)|| = V1 + 4t2.

Therefore,

1
() [ (0] dt = /t\/1+4t2dt.

0 0
Changing variables to u = 1 + 4t?, du = 8t dt, the last integral is equal to

1 [° 1[2 |
- du= = |Zu??| = —=(5*%-1).
8/1‘/5“ 8{3“ il )

For1 <t <3,

fx)=2—-1+2(t—-12*=1+2(~-1)* and
x'(t) = (0,0,1), hence ||x'(t)|| = 1.

Therefore,

/f ) X' (D)] dt = /13(1+2(t—1)2)dt:(3—1)+/132(t—1)2dt.
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Using the change of variables u =t — 1, du = dt, the last integral becomes

3 2 201?16 64
20— 1)0dt = | 2u’du=|—
[ [oeas ] <55

Hence,
64 88
dt = 2 +

|BCOIT] ==

and 3o
88 5%/2 487
ds = —(5%2 — 1 o rol

/f 5= 10 TR

3(6.1.17, p. 379). Let F = (2z° —Sxy)l—x j+2%2k. Calculate the line integral of F around
the perimter of the square with vertices (1,1,3), (—=1,1,3), (=1,—1,3) and (1,—1,3), ori-
ented counterclockwise about the z-axis.

Solution. Let’s parametrize the sides S (the one going from (1,1, 3) to (—1,1,3)), Ss, S5
and Sy of the square as follows:

Sl le(t):(l—t71,3) 0<t<?2
SQ ZXQ(t):( ]_, ) OStSQ
Sy :xa(t) = (—1+ 13) 0<t<2
Sy xa(t) = (1,— 1+t3) 0<t<2

Then the line integral of F around the perimeter of the square is equal to

/F-ds—l—/ F~ds+/ F-ds+/ F - ds.
X1 X2 X3 Xa

We have
g F(xi(t)) xi'(t) | Fxi(t))-xi'(t)
1] (2:3°=3(1—-1),(1-t2%3(1—-1t)?) |(-1,0,0) | =2-3°+3(1 —¢t)
2 (2-3°+3(1—1t),-1,3) (0,—-1,0) 1
3 (2-35+3(t—1),—(t—1)2 3(t—1)%)| (1,0,0) | 2-354+3(t—1)
4 (2-3°=3(t—1),-1,3) (0,1,0) —1

Hence,

/F-ds:—/F-ds and /F-ds:—/F-ds

and so the line integral of F around the perimiter of our square is equal to 0.

4 (6.1.22, pg. 379). Calculate fc zdx + xdy + ydz, where C' is the curve obtained by
intersecting the surfaces z = x* and x* + y* = 4 and oriented counterclockwise around
the z—axis (as seen from the positive z— axis).

Solution. The coordinates of points on C' will simultaneously satisfy the equations z = z2
and 22 + 3% = 4. In particular, z 4+ y? = 4, hence y?> = 4 — z. We see that we can split
C' into four paths C (the one above the first quadrant), Cy, C3 and C}, parametrized as

follows:
Cr: x1(t) = (VA—t,Vt,4—1), 0<t<4
Cy: Xo(t) = (=t VA —1,1), 0<t<4
Cs: x3(t) = (—Vd—t,—V/t,4—1t), 0<t<4
Cy: x4(t) = (Vt, =4 —1,1), 0<t<4
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Write F(z,y, z) = (2,2,y). We have

J F(xi(t)) xi'(1) F(xi(t)) - xi'(t)

1| U—tvVI—tVh) | (i id )| L + 18T Vi
2| (-VEVESD | Chg v D | vt agn VAT
31—t —VI—L V)| Gy~ 1 | 3y H30 4 VI

4 VE=VISYD) | QL) | dh i - Vit

Adding up the integrands over the four components, we see that most cancel, except for

two terms both equal to 1 5 F and two terms both equal to 1 V4 \/ Therefore,

/F go= [ YV
V4 Vi \/4t—t2

completing the square, we have 4t —t? = 4 — (t* — 4t +4) = 4 — (t — 2)%. Using the change
of variables u =t — 2, du = dt, the last integral above is equal to

4 / > du
2V 4 — u2'
Finally, using the trigonometric substitution u = 2sin €, du = 2 cos 6 df, the last integral
is equal to
/% 2cos 6 df ™% 2 cos 6 df 2
4/ | o —a | a=4(T+7) =4
—n/2 \/4 — 4sin*0 —x/2 V4cos? 0 —/2 2 2

Alternative Solution. We begin by finding a parametrization the curve C. We know that
we can parametrize the points of the cylinder z? + y? = 4 as (2cos0,2sin6, z), 0 < 0 <
27, z € R. Since the points of the curve C also satisfy z = 22, C may be parametrized
as x(0) = (2cos6,2sinf,4cos? ), 0 < 6 < 2. The tangent vectors are

x'(0) = (—2sin6,2cosf, —8cosfsinh), 0 < 6 < 2.
Writing F(z,y, z) = (2, z,y), we have

F(x(#)) = (4cos?6,2cosf,2sinf) and
F(x(0)) - x'(0) = —8cos® §sinf + 4 cos®  — 16 cos O sin” 6.

Therefore,

2
/F~ds:/ —8cos?fOsinf + 4cos®>h — 16 cos O sin?  db.
C 0

Now, we claim that the following equalities hold.
2 2
/ cos?fsinfdf =0 and / sin @ cos 6 df = 0.
0 0

To begin, we have cos(d + ) = —cos(f) and sin(f + 7) = —sin(#) for all § € [0, 27].
Therefore, cos?(f + 7) = cos? § and sin?(f + 7) = sin® . We now show the first equality.
Breaking up the integral,

2 ™ 2
/ cos® 0sinf df = / cos? fsin 0 df + / cos® @ sin 6 db,
0

0 g
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and making the change of variables u = 6§ — 7 in the second integral, we have
/ cos® 0 sin 0 d9+/ cos? (u+) sin(u-+m) du = / cos® fsin 6 d@—/ cos? usinu du = 0.
0 0 0 0
The other equality is shown similarly. Therefore,
2 2m
/ —8cos? O sinf + 4 cos® § — 16 cos fsin® 6 df). = / 4 cos? 0 db.
0 0

Now, using the identity cos? § = (cos 26 + 1)/2, the last integral becomes

2 27 27
/ 2(00820+1)d9:2/ 00520d9+2/ df =0+ 4m = 4.
0 0 0



