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Two tanks 
 
Two identical cylindrical tanks X and Y with identical holes 
in the centre of the bottom are placed one above the other.  
Tank X starts with 400 ml of water and tank Y starts empty.  
At t=0 (minutes) the tank X hole is opened and water begins 
to flow from X into Y, and from there to drain into the sink.  It 
takes exactly 100 seconds for tank X to empty.  On the same 
set of axes, draw graphs of the amount of water in each tank 
against time t.   
 
This is a great problem for many reasons.  First we can start 
with a hands-on experiment, with two pop-bottle tanks and 
coloured water and see exactly what happens (Do it!).  The X-
graph is essentially the same graph as in our water-tank in-
vestigation with 800 replaced by 400 (to make the numbers 
easier) but the y-graph has a couple of interesting features 
which force the kids to grapple with rate-of-change ideas.   
 
Finally, when we move to the equations, we can use calculus 
to find an equation for the flow rate out of tank X and there-
fore into tank Y.  With some careful thinking, the students can 
actually use this flow-rate information on a spreadsheet to 
make a fine y-graph.  An excellent accomplishment. 
 
Solution. 
Let x be the amount of water in tank X, and y be the amount of 
water in tank Y.  In our water-tank unit we’ve discovered that 
the z-graph is a parabola and that allows us to write down its 
equation: 

x  =  0.04 (100 – t)2 

and draw its graph.   
 
Now what about the graph of the Y-tank?  The students have 
watched the experiment, so they understand that the Y-graph 
goes up and then down and the tank empties sometime past 
t=100.  I have a few students come to the board and draw 
what they think the Y-graph looks like, particularly as it com-
pares with the X-graph.  In fact the graphs I get fall into two 
categories, depending on whether the Y-graph peaks before or 
after it crosses the X-graph.   
  
 
 
 
 
 
 
 
 
 

Of course we begin by watching the ex-
periment which we perform with two iden-
tical pop-bottles with the tops cut off.  A 
little food-colouring in the water adds to 
the effect. 
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Well, which is it to be?––peak before or peak after?  I ask for 
a show of hands and the result is mixed with a lot of people 
not voting and wrinkling their brows.   
 
Okay, let’s think about the situation.  What causes the change 
in the water level in the Y-tank?  Water flowing in and water 
flowing out.  Right.  And the inflow is   ?––water from tank X.  
And the outflow is   ?––water through the Y-hole.  And the Y-
level goes up when…?––the flow in is greater than the flow 
out.  And the Y-level goes down when   ?––the flow in is less 
than the flow out.  And the Y-peak occurs   ?–– when the flow 
in is equal to the flow out.  Excellent.  Now remind me: the 
flow into the Y-tank is   ?––the flow out of the X-tank.  Right.  
So the Y-peak occurs when   ?–– the flow out of the X-tank is 
equal to the flow out of the Y-tank.   
 
Yes!  And when is that?  What is it that determines the flow 
rate out of a tank?  It’s the amount of water in the tank.  Right.  
So the flow out of X is equal to the flow out of Y when   ?––
there’s the same amount of water in each tank.  Exactly.  And 
what does that tell us about the two graphs?  The peak of the 
Y-graph occurs when it crosses the X-graph.   
 
Yes.  That’s a lovely observation.  So nice that it prompts us 
to run the experiment again and watch for the instant at which 
the Y-level appears to stop increasing and start to go down, 
and see that the two tanks have the same level at that moment.   
 
Excellent.  As a reward for all that fine logic, I showed them a 
copy of the theoretical y-graph.  As we deduced, the y-graph is 
horizontal where it crosses the x-graph.   
 
Then I give them a wonderful challenge.  That y-graph was 
drawn by high school calculus student using only a spread-
sheet, knowing no more than you know now.  Can you figure 
out how she did it?   
 
This is not as difficult as it might first seem but it does take 
careful penetrating thought.  What we know about the y-graph 
is its rate of change, the rate at which the amount of water in 
tank Y increases.  Indeed, the derivative of y is the net rate of 
increase in tank Y, and that’s the flow rate out of tank X mi-
nus the flow rate out of tank Y.   

y’  =  flow rate out of X – flow rate out of Y. 

Now the flow rate out of X can be obtained from the deriva-
tive of x.  We have the x-equation: 

x  =  0.04 (100 – t)2 

and its derivative is: 

x’  =  0.04×2(100 – t)×(–1)  =  –0.08(100 – t). 

This is in fact the negative of the flow rate out of tank X so 
that: 

flow rate out of X  =  0.08(100 – t). 

Can you construct the y-graph from a 
spreadsheet?  This is an excellent problem 
which delivers a sharper understanding of 
the rate-of-change concept.   
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The flow rate out of Y. 
Now what about the flow rate out of tank Y?  This is in fact 
where the “penetrating thought” comes in.  Tank Y is identical 
to Tank X so its outflow must follow the same law as the out-
flow of Tank X.  But what exactly is that law?  Directly 
above, we have an equation for the flow rate out of X.  Is that 
the law we want?  No it is not, because it gives the flow rate 
as a function of time t and the flow rate out of X is not deter-
mined by time; rather it is determined by the depth of water in 
the tank.  If you like, the causal agent behind the flow rate is 
the depth of water in the tank.   
 
In our case, we are working with volume of water and not 
depth, but since the two tanks have the same shape and diame-
ter, they will be proportional.   
 
What we want then is an equation for how the flow rate out of 
the tank depends on the amount of water in the tank, and then 
the same equation will hold for both tanks.   
 
So what we ask is:  

How does the derivative x’ depend on x? 

Well we have  

x  =  0.04 (100 – t)2 

x’  =  –0.08(100 – t). 

Solve the first for (100–t) and put that into the second: 

(100 – t)2  =  x/0.04 

(100 – t)  =  x /0.2 

x’  =  –0.08 x /0.2  =  –0.4 x . 
 
This is the law for X and therefore the same law will apply to 
Y––the flow rate out of Y will be y4.0 . This gives us the 
Tank Y equation: 

y’  =  flow rate out of X – flow rate out of Y. 

=  yx 4.04.0 −  

=  )(4.0 yx −  

This is what is called a differential equation for y.  It gives us 
the derivative of y in terms of t and y (x being a known func-
tion of t).  A standard university course studies how to “solve 
such equations (which means obtain y as a function of t) but 
curiously enough that course won’t help much with this equa-
tion as it can’t be analytically solved!   

When we say that the flow rate out 
of Y is follows the same law as the 
flow rate out of X, the “law” we 
need here is one that involves the 
different factors that determine the 
flow rate.  In fact there are two of 
these: the depth of the water and the 
size of the hole, and the laws of 
physics can tell us precisely how the 
flow rate depends on these.  In our 
case, the two tanks have the same 
size of hole, so the only factor we 
need to consider is the depth of the 
water.    

This is the law we are after.  The flow 
rate out of the tank is proportional to the 
square root of the amount of water in the 
tank.  The conceptual breakthrough here 
was to see that what we needed was not 
how the flow rate depended on t but how 
it depended on x. 

We could write this equation in terms of 
t and y with the substitution: 

x  = 0.2(100–t).  We get 

y’  =  0.08(100–t) – y4.0  
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However, it can easily be “tracked” with a spreadsheet.  All 
we have to do is pretend that the change in y in each 1-second 
interval is given by the rate of change (in ml/s) at the begin-
ning of the interval––that’s certainly a very good approxima-
tion (as the flow rate certainly doesn’t change much in one 
second!).  We can signal that shift by writing the equation as: 

∆y  ~  )(4.0 yx −  

using ∆y as the change in y over a 1-second interval.   
 
Now it’s easy to generate successive y-values.  Once we have 
x arrayed against t, we use the above equation to update y, 
starting at y=0.  For example, y(16) is obtained by adding ∆y 
to y(15): 

y(16)  =  y(15)  +  ( ))15()15(4.0 yx −  

=  75.90  +  0.4 ( )90.75289 −   =  79.22. 
 
It’s worth noting that there’s a pattern shift at t=100.  At that 
point X becomes empty and x remains 0 for the remaining 
period.  Finally, Y runs out at t = 128.   
 
The shift at t=100 has an interesting geometric interpretation.  
What can you say about the final 28 seconds of the y-graph?   
 
Well, during that interval, there’s no flow into the tank and it 
essentially behaves like a copy of the X tank over the final 28 
seconds of it’s life.  That tells us that the tail of the y-graph is 
a translate of the tail of the x-graph.  The last 28 seconds of 
both graphs are horizontal translates of one another.  An inter-
esting observation.   
 
 
 
 
 
Problems.  
 
1.  We perform the same experiment as in the Example, with X starting with 400 ml and Y starting empty, 
except this time water is run into X at the constant rate 4 ml/s.  On the same set of axes as the original x- 
and y-graphs of the Example, sketch the new x- and y-graphs.  Pay particular attention to the asymptotic, or 
long-term level of water in each tank.  How are these obtained from the original graphs?  [Template on the 
next page.] 
 
2.  The argument that the graphs had to cross where the y-slope was zero depended on an analysis of the 
flow rates into and out of the y-tank.  The same considerations can actually allow you to estimate geometri-
cally the slope of the y-graph at any point if you know the heights of both graphs.  As an example of this, 
take the t=30 point.  Relate the slope of the y-graph at this point to certain slopes of the x-graph, and by 
making careful slope measurements on the computer-drawn graph, verify your result. 
 

t x y 
0 400 0.00 
1 392.04 8.00 
2 384.16 14.79 
3 376.36 21.09 
   
   

14 295.84 72.42 
15 289 75.90 
16 282.24 y(16) 
17 275.56  

   
   

98 0.16 41.71 
99 0.04 39.29 

100 0 36.86 
101 0 34.43 

   
   

126 0 0.42 
127 0 0.16 
128 0 0.00 
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3.  Punch punch punch.  Three water tanks, X, Y and Z, identical to the tanks of the Example, are perched 
so that X and Y both drain into Z.  Suppose X and Y both start with 400 ml and take 100 s to empty.  Sup-
pose Z starts empty and the holes in X and Y are both opened at t=0.  Thus water flows out of X and Y 
into Z and then out of Z.  On a copy of the X and Y graphs of the Example, draw the graph of the amount 
of water in Z against time t, being careful with the relationship between the graphs.   
 
4.  More punch punch punch.  Three water tanks X, Y and Z, identical to the tanks of the Example, are 
perched one above the other.  The top tank X starts full and next two tanks Y and Z start empty.  Water 
flows out of X and into Y and then out of Y and into Z and then out of Z.  On the same set of axes, draw 
the graphs of the amount of water in each tank against time t, being careful with the relationship between 
the graphs.   
 
 
  
 


