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1.  Exponential and Logarithm 
 
1.1  Exponential growth and decay.   
Two modes of growth––additive and multiplicative.  Suppose we have 
a quantity that’s growing.  Maybe it’s the size of an organism or of a 
population.  Or maybe the value of an objet d’art.  Our quest will al-
ways be to understand the process and maybe even to predict where it 
is headed.  And we will do this by trying to use mathematics to build a 
simple model of the process.   
 
Now in the real world, things always grow in a complicated way, but in 
seeking to understand the growth we always compare it with two fun-
damental modes of change: additive and multiplicative.   The reason 
these are fundamental is because they correspond to the two fundamen-
tal operations of arithmetic: addition and multiplication.   
 
Example 1.  A year ago I bought a mint condition Paul Anka 45 rpm 
vinyl for $100.  I went back to the dealer the other day and was told it 
was worth $120.  What do you think its value might be after another 
year? 
 
I put the question to the class and I get a free-ranging discussion.  A 
point that is clearly made is that it’s a chaotic world out there and 
there’s just no telling what might happen: fads, trends, demographic 
changes, and then changes in the interest rate, the falling dollar etc.  
For sure, for sure.  But let’s ignore all that for now and go for a simple 
“first cut.” 
 
In one year, its value has increased from $100 to $120.  What will 
happen over the following year?  Describe the “rule” you used and 
continue it over the next few years. 
 
Basically, I get two answers.  [Other than the ones that are totally off 
the wall.] 
 
Additive growth.  Here’s the simplest one––its value next year should 
be $140.  It increases by $20 in the first year, so it should increase by 
$20 in the second year.  The pattern is a constant increase of $20 each 
year.  I ask the class to formulate the recursive equation for this mode 
of growth.  Let z be the size at any time t.  It has the simple form: 

nextz  =  z  +  20 

The values generated with this equation are tabulated and graphed at 
the right.  The points lie in a straight line, and for this reason this is 
often called linear growth.   
 
And it’s easy to write a formula for the size after any number of years.  
Each year we add 20, so over t years we add 20 a total of t times: 

z  =  100 + 20t. 

This is of course the equation of that straight line.  It is called a linear 
equation.

t z 
0 100 
1 120 
2 ? 

Additive growth 
t z 
0 100 
1 120 
2 140 
3 160 
4 180 
5 200 
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We begin this chapter with a few 
technical sections.  In part this 
represents a reinvention of your 
study of exponential functions in 
Grade 11, and in part it gives you 
a chance to consolidate your 
skills.  To get a good understand-
ing of the topics and problems 
discussed in this chapter, you will 
need a sure-footed mastery of a 
few basic ideas and techniques.   
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Multiplicative growth.  An alternative to this mode of constant growth 
rate is the idea that as the record gets more valuable, the yearly increase 
should get larger.  That seems reasonable.  The simplest version of this 
is that the increase should be proportional to the value.  That’s equiva-
lent to saying that the percentage increase should always be the same.  
What does that give us? 
 
Let’s do the calculation.  Starting with z(0) = 100 we have an increase 
of 20.  That’s an increase of 20%.  That gives us z(1) = 120.  Then a 
20% increase from that gives us  

z(2) = 120 + 0.20×120 = 120 + 24 = 144.  

Let’s keep going.  What’s the value after yet another year?  I let the 
class work on that for a few minutes.  Some do it the way we argued 
before––start with 144 and add 20% of that: 

z(3) = 144 + 0.20×144 = 144 + 28.8 = 172.80.  

Essentially, they are using the recursive formula: 

nextz  =  z  +  0.20z 
 
But others did it another way.  A 20% increase is the same as multipli-
cation by 1.20.  So the next value is  

z(3) = 144×1.20 = 172.80.  

Essentially, these students are using the recursive formula: 

nextz  =  z × 1.20 

 
There might not seem to be much difference but this second way has 
enormous computational power.  The reason is that we can easily iter-
ate it and get a formula for the size after t years.  If each year we multi-
ply by 1.20, then to move t years we simply multiply by 1.20 t times: 

z(t) = 100×(1.20)t 

That’s so neat you have to stop for a moment and catch your breath. 
 
What we have is a formula for z after any number of years.  Just plug 
the number of years in for t.  Because the variable t occurs in the expo-
nent, this type of growth is called exponential.   
 
Look at the graph.  Additive growth gave us a straight line, but multi-
plicative growth gives us a concave-up graph.  The increase in z is 
higher each year than it was the previous year.  That’s because the per-
centage increase is constant and each year there’s more to increase.     
 
One crucial thing I want you to notice in the table.  The z-values are 
increasing multiplicatively, but the indices on the multiplier are 1, 2, 3, 
4, 5 and are increasing additively.  This will provide a crucial link be-
tween the two modes of growth and will lead us to an understanding of 
the logarithm.   
 

Multiplicative growth 
t z 
0 100 
1 100×(1.2) = 120.00 
2 100×(1.2)2 = 144.00 
3 100×(1.2)3 = 172.80 
4 100×(1.2)4 = 207.40 
5 100×(1.2)5 = 248.80 
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An awesome reformulation 
We have two different algebraic for-
mulations of the recursions: 
• z increases by 20% each day 
• z is multiplied by 1.20 each day 

Those two statements mean the same 
thing, but there’s a world of difference 
between them.  The first is a pain to 
iterate but the second lets us see easily 
what happens to z over many years––it 
just gets multiplied by 1.20 again and 
again.   
 
Simple and obvious though this step 
might appear, it confers enormous 
power.  It allows us to obtain a gen-
eral formula for z. 



1.1exp change 9/5/2007 3

Example 2.  Your car is currently worth $10,000.  In one-year’s time 
its value (with the current level of use) is estimated to be $8800, a loss 
of $1200.  What do you suppose it will be worth after another year? 
 
Now we have an object whose value is decreasing.  Again there are 
two fundamental modes of decrease.   
 
Additive (constant rate of decrease):  Each year it loses the same 
amount 1200.  After another year it will be worth $7600. 
 
Multiplicative (constant percentage rate of decrease):  Each year it 
loses the same percentage, 12%.  After another year it will lose 12% of 
$7600 which is $912, giving us 7600–912 = $6688.  Under this scheme 
we lose less in the second year because the starting value is less.   
 
In this situation, the multiplicative model seems to be the most reason-
able.  Can you see why?  [Hint: look at the graphs, below.] 
 
To iterate the multiplicative scheme over many years, we must again 
convert the percentage decrease to a multiplier.  We have an annual 
decrease of 12%.  What multiplier will accomplish that?   
 
Pay close attention to this step.  I’ve known many students to get it 
wrong.  A decrease of 12% is the same as multiplication by 0.88.   
 
Do you see why?  If you have trouble, do the analysis.  Starting with z, 
a decrease of 12% gives us: 

nextz  =  z  –  0.12z 
             =  z(1 – 0.12) 
             =  z(0.88) 

and that’s multiplication by 0.88.   
 
So the general formula for the value after t years for each model is: 
 
Additive: z  =  10000 – 1200t. 
Multiplicative: z  =  10000×(0.88)t . 
 
You can see form these formulae why the additive model is unreason-
able.  After 7 years the car is worth 10000–8400 = 1600.  You would 
certainly not expect it to lose as much 1200 in the following year.  And 
if it did, and was then worth only 400, is it to lose another 1200?... 
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Example 3.  Let’s return to that 45 rpm vinyl which increases in value 
at a constant percentage rate of 20% per year.  If it starts at $100, how 
much is it worth  
(a)  after 12 years? 
(b)  after 1 month? 
(c)  after 8 months? 
(d)  Find a formula for its value after t years where t can be any posi-

tive real number. 
(e)  In the first year the vinyl gained $20 in value.  How much does it 

gain in the first half-year?––$10? 
 
(a)  We multiply by 1.20 twelve times:  z(10) = 100×1.2012  =  $891.61.   
 
(b)  This is at first not so clear.  However, unless we are told something 
different, it seems reasonable to assume that the constant percentage 
increase model will apply to any time interval, we just have to find the 
right percentage that applies.  Of course to do this we work with multi-
pliers.  The 1-year multiplier is 1.20.  What is the 1-month multiplier?   
 
Well, let it be k.  Then in 1 year (12 months) it will be multiplied by 
k12.  This then must be the 1-year multiplier: 

k12  =  1.20 
k  =  1.201/12 

The 1-month multiplier is 1.201/12 .  After 1 month the vinyl is worth  

100×1.201/12  =  101.53.   

It gained $1.53 in value.   
 
(c)  To find its value after 8 months we hit the starting value with the 1-
month multiplier 8 times: 

z  =  100×(1.201/12)8  =  100×(1.208/12)  =  112.92.   

 
(d)  Generalize the above pattern.  The multiplier for 8 months is 
1.208/12.  Now 8 months is t = 8/12 of a year.  This works in general: 
the multiplier over a period of t years is 1.20t, whether t is an integer or 
a fraction.  The value at time t years is  

z(t)  =  100×1.20t.   

The graph is plotted at the right.     
 
(e)  In the first half-year, does it gain half of what it gains in the whole 
year?  The answer is no.  The starting value at the beginning of the 
second half-year is greater than that at the beginning of the first half-
year, and so the increase during the second half year has to be greater.  
Thus, of the total $20 gain, it must gain less than $10 in the first half 
and more than $10 in the second half.  
 
Indeed, the value after half a year is  

z  =  100×1.201/2  =  1.09.54. 

So after half a year it will be 46 cents short of the half-way value.  
Thus it must gain $10.46 in the second half year.   
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With the assumption that the constant 
percentage increase model applies to 
any time interval, we have turned a 
discrete set of points into a continuous 
curve. 

This is a key argument.  If the 
multiplier over a unit interval is 
r, then the multiplier:  
--over 12 units is r12,  
--over 1/12th of a unit is r1/12 
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Example 4.  The intensity of a beam of light passing through murky 
water decays with distance traveled at a constant percentage rate.  If it 
loses 5% every centimeter traveled, what percentage does it lose in 
traveling 
(a)  10 centimeters? 
(b)  1 millimeter? 
 
Solution.  Think in terms of what the intensity is multiplied by.  Over 1 
centimeter it is multiplied by 0.95.  Thus  
 
(a)  over 10 centimeters it is multiplied by (0.95)10  =  0.60.  Thus it 
loses a fraction 0.40 which is 40%. 
(b)  in 0.1 centimeters it is multiplied by (0.95)0.1  =  0.9949.  Thus it 
loses a fraction 0.0049 which is 0.49%.   
 
 

Exponential growth and decay 
Some folks think that exponential growth is a term used to describe very fast growth, 
or growth that increases at an accelerating rate, or something vague like that, but ac-
tually the term has a very precise meaning.  Growth is said to be exponential if z fol-
lows an equation of the form 

z  =  Art . 
Here A is the starting value (plug in t=0 and get z=A) and r is the multiplier––over 
each unit time step, z is multiplied by r. 
 
For example, suppose  

z  =  400(1.06)t . 

where t is measured in weeks.  Then z starts with size 400 and is multiplied by 1.06 
each week.  Another way to think of this is to say that z is increased by 6% each week.  
Thus exponential growth is often thought of as growth at a constant percentage rate.   
 
Of course, we can have a situation in which the multiplier is less than 1.  In that case, z 
is decreasing and we talk of exponential decay.  For example, suppose 

z  =  400(0.96)t . 

Then z decreases exponentially by 4% over each time period.   
  
Why is this such an important and widespread mode of growth and decay?  Well that’s 
an interesting question and it has an important answer.   
 
Suppose you have a process which causes the number of “individuals” in the system to 
change.  Suppose that this change is caused by the action of these individuals, and the 
contribution of each one to the change is independent of the action or existence of the 
others.  In that case, the overall change ought to be proportional to the number of indi-
viduals acting.  That is, the amount of change per individual should always be the 
same.  Well that’s change at a constant percentage rate.  And that’s exponential 
change. 
 
Examples?  Biological populations grow this way when birth and death rates are inde-
pendent of population size.  Financial investments sometimes grow this way too.  And 
decay?––an interesting example we will look at is the decreasing pressure as the air 
escapes from a hole in your tire.   
 

 

In both parts I am reporting the answer 
to 2 significant digits.  Which seems 
about right.   
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Problems 
1.  A $100 pair of shoes is reduced in price 3 times by 10%.  What is the final sale price? 
 
2.  A car is reduced in price by 20%.  By what percent must it be increased to sell again for its original 
price? 
 
3.  Over a 1-week period, the price of silver jumped from $6.25/g to $7.05/g.  What was the percentage 
increase during this period?   
 
4.  Over a 2-week period, the price of gold jumped from $30.20/g to $37.50/g.  Suppose that the percentage 
increase during the first week was one-half of the percentage increase during the second week?  What was 
the price of gold after the first week? 
 
5.  A basketball card has initial value $40.  One year later it is worth $46.  Suppose it increases in value at a 
constant percentage rate.   
(a)  What will its value be after another year has passed? 
(b)  What will its value be 8 years after the initial time? 
(c)  What is the percentage increase in value over that 8-year period? 
 
6.  A painting increases in value by 15% every year.   
(a)  By what percentage does its value increase in 3 years?   
(b)  Today it is worth $750.  What was it worth 3 years ago? 
(c)  What was it worth 3 months ago? 
 
7.  An island colony of seabirds increases in size by 5% every year.  Today it has 1200 birds.   
(a)  How big will the colony be in 10 years? 
(b)  How big was the colony 6 months ago? 
(c)  A student answered part (a) by saying that an increase of 5% per year for 10 years makes an increase of 
50% and that should turn 1200 into 1800.  Right?  Explain carefully what you think about this reasoning.   
 
8.  A colony of mighty mites grows at a constant percentage rate and triples in size in 30 days. What is its 
percentage increase over (a) a day? (b) a week?  (c) an hour? 
 
9.  A population of size 6240 has been growing at a constant rate of 7% per year.  How big was it  (a) 4 
years ago? (b) 4 weeks ago?  
 
10.  Which would you rather have, a bank account which pays 13% each year, or one which pays 1% every 
month?   
 
11.  A piece of sculpture increases in value by 5% per year.   
(a)  If it increased by $100 last year, by how much will it increase in value next year?  
(b)  What was it worth a week ago?  
 
12.  An antique wine maker increases in value at a constant percentage rate.  Can you tell me its value to-
day if I tell you that over the next year it will increase in value by $20, and over the year after that it will 
increase in value by $21.  
 
13.  An exponentially growing population requires two days to increase by 100 grams, but needs only one 
day for the next 100 gram increase.  How big is it after this second 100 gram increase? 
 
14.  My bike tire has a slow leak and loses pressure at a constant percentage rate.  I measure it at noon, at 1 
PM at 2 PM and at 3 PM.  During the second hour it lost 80% of what it lost during the first hour and dur-
ing the third hour it lost 48 kPa.  What was the pressure at noon?  


