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1.3 The log laws 
 
Inverse functions.  We have defined logx as the index needed to write 
x as a power of 10.  For example: 
 
since    101.82  =  66.07 
we have   log66.07  =  1.82 
 
Note that what this says is that the functions  

f(x)  =  10x  
and  

g(x)  =  logx 

are inverse functions: 10x maps 1.82 into 66.07 and logx maps 66.07 
into 1.82.  Putting this into a diagram: 

10x:     1.82   →  66.07 
logx:  66.07   →  1.82 

That’s the big idea: that taking logs is the inverse of exponentiation.  
Another way to express this is to write 

10logx  =  x. 

If you put a positive number x into your calculator and than hit it with 
the LOG button and the 10x button, you’ll get x back again.   
 
The log laws.  Whenever a new function comes into your life, one of 
the first things you want to know is how does it work?  What can I do 
with it?  What properties does it have?  In particular, we are always 
interested in algebraic properties as these allow us to rewrite expres-
sions and solve equations.  For example, are there any nice laws 
around?  What can you say about log(x+y), log(xy), log(xr), etc.   
 
Well, let’s use the big idea above: logx is the inverse of 10x.  We have 
nice algebraic laws for 10x––the exponent laws.  If we “invert these” 
we’d surely get some nice algebraic laws for logx.  Let’s try it.   
 
Example 1.  (The product law)  Take the addition law for exponents: 

10a+b  =  10a 10b  

What log law can you extract from that? 
 
How should your thinking run?  Well, you have to keep hold of the big 
picture.  The two functions we are working with here, 10x and logx, are 
inverses.  That means that the inputs for one are going to be the outputs 
for the other.  In the law of exponents that I wrote above, the a and b 
are the inputs for 10x so they will be outputs for logx.  However, the 
log laws we are looking for will have to involve the inputs of logx and 
these won’t be a and b, rather they’ll be the outputs of 10x, which are 
10a and 10b .  So, to effectively use these as inputs, we have to give 
them names and those names won’t be a and b.  That’s the key first 
step, and that’s how the following argument has to begin.   
 

This is a lovely section.  It has 
a big idea (log and exp are in-
verses) and a big technique 
(carving log laws out of exp 
laws) and when these are put 
together we get some cool for-
mulae.   
 
So there’s a lot going on and 
that can be intimidating.  
Here’s some good advice: stay 
close to the numbers.  Notice 
how I have done that.  Instead 
of using too many symbols 
right away, I have focused at-
tention on the relationship be-
tween the numbers 66.07 and 

This is an excellent problem to 
try to get the class to “take on,” 
all working together with the 
teacher coordinating from the 
front.   
 
Students find this task difficult.  
In many ways, however, the 
problem is essentially nota-
tional.  For example if I start 
them off using a and b as argu-
ments for 10x, they’ll want to 
use a and b as arguments for 
log(x) as well, and that will 
surely give them grief.  The key 
is to choose good notation. 
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The argument.  The addition law for exponents is  

10a+b  =  10a 10b  

and at the right I have put it in a box. 
 
I like this box representation because it emphasizes the function acting 
as a transformation and that gets you thinking: if I do such and such to 
the inputs, what happens to the outputs?  In this case, the box says that  

if the inputs are added, the outputs are multiplied.   

Now the function log(x) is the inverse of 10x, so it can use the same 
diagram but the arrows should be reversed.  That means that the ob-
jects on the right are the inputs so we need to give them names.  Let’s 
set: 

10a  = A 
10b = B. 

The new version of the box is the second one at the right, and under-
neath that is the log(x) box with the arrows going the other way.   
 
The first box says that the function 10x maps sums into products and 
the second box says that the function log(x) maps products into sums.  
That’s the multiplication law for logarithms: 

log(AB)  =  log(A) + log(B). 

 
 
Example 2.  (The exponent law).  If we take the product law for logs. 
and set A=B, we get a significant variant.   

log(AA)  =  log(A) + log(A) 

log(A2)  =  2log(A). 

This generalizes readily to any positive integer, n: 

log(An)  =  nlog(A). 

In fact n can be any real number r.  The argument is contained in the 
two boxes at the right.  The first box displays the exponential power 
law: 

10ra  =  (10a)r  

and the second box presents the corresponding log law: 

log(Ar)  =  rlog(A). 

 
 
 

This two-box setup is wonderful.  
It encapsulates the back and forth 
between the two functions, and, 
for my money, offers just the 
right proof of the log-laws.   

The log laws 

log(xy)  =  log(x) + log(y)   

log(xr)  =  rlog(x)  

log(x/y)   =   log(x) – log(y) 

log(1/x)   =   – log(x) 

The last two, the quotient law and the reciprocal 
law, can be derived from the first two, but they are 
stated for convenience.    
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Example 3.  Solve the equation:      

20x = 1200. 
 
Solution  Take logs of both sides: 

log(20x)  =  log1200. 

x log(20)  =  log1200. 

x  =  
log20

log1200    ≈  2.37 

 
We could have solved this equation and those below 
in the last section, but with a more basic approach––
converting everything to base 10.  The power law for 
logarithms gives us a welcome short-cut.   
 
 
 
 
 
Example 4.  Solve the equation  3x = 2x+1. 
 
Solution. Take logs of both sides: 

log3x = log2x+1 

x log3 = (x+1)log2 

x(log3 – log2)= log2 

x  =  
2log3log

2log
−

≈ 1.71. 

 
 
Example 5.  A population grows at the rate of 4% per day.  Over what 
period will it grow by 40%? 
 
Solution.  The 1-day multiplier is  1.04.  The x-day multiplier will be 
(1.04)x.  We want to choose x so this is  1.40 (because an increase of 
40% is the same a multiplication by 1.40).   

1.04x = 1.40 
Take logs of both sides: 

log(1.04x)  = log(1.40) 

x log(1.04)  = log(1.40) 

x  =  
log1.04
log1.40    ≈  8.58 

It will grow by 40% over a period of 8.58 days.   

I begin with an estimate.  This 
will give me a good check on 
my answer at the end.  If I put 
ten 4% increases together one 
after the other I’ll get a 40% 
increase.  Right?    
 
Wrong!  Because of the com-
pounding, I’ll get an increase of 
more than 40%.  So that tells 
me that the time needed for an 
increase of exactly 40% is just 
a bit less than 10 days and our 
answer is consistent with that. 

In the previous section we did not have the 
log-laws but we could still have solved this 
equation by writing everything as a power 
of 10:  

0792.3

3010.1

1012000792.3)1200log(
10203010.1)20log(
=⇒=
=⇒=  

Then the equation becomes: 

0792.33010.1 10)10( =x  

The exponential power law gives us: 

0792.33010.1 1010 =x  

37.2
3010.1
0792.3

≈=x  
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Example 6.  The intensity of a beam of light passing through murky 
water decays with distance traveled at a constant percentage rate.  Sup-
pose the beam loses 5% every centimeter.  Over what distance will its 
intensity be cut in half? 
 
Solution.  A loss of 5% is the same as multiplication by 0.95, so this is 
the 1-cm multiplier.  Then the x-cm multiplier is (0.95)x.  We want to 
choose x so that this equals 0.50. 

(0.95)x  =  0.50. 

log(0.95x)  =  log0.50. 

x log(0.95)  =  log0.50. 

x  =  
log0.95
log0.50    ≈  13.5. 

The intensity will be cut in half over 13.5 cm.  
 

Example 7.  Solve the equation  12 +x  = 20 . 
 
Solution. Take logs of both sides: 

( ) 20log2log1 =+x  

2log
20log1 =+x  

2

2log
20log

1 ⎥
⎦

⎤
⎢
⎣

⎡
=+x  

x  = 1
2log

20log 2
−⎥

⎦

⎤
⎢
⎣

⎡
 ≈ 17.68. 

 
This is a good problem in that it forces the student to analyze the struc-

ture of the expression.  When my students first look at 12 +x  they see 
two nasties (or goodies?)––a square root and an exponentiation.  So 
there two things to be undone, but which do we undo first?  Do we 
square both sides or take the log of both sides?  They look at me plead-
ingly, waiting to be told.  
 
I find the following conceptualization useful.  Think of the expression 

12 +x  as the effect of putting x in a sequence of boxes, each one con-
taining the one before.  And to identify the sequence, you imagine you 

have x entered in your calculator, and you have to calculate 12 +x  by 
pushing the right sequence of “buttons.”  What do you do?  Well, you 
add 1, and then you take the square root and then you exponentiate 
with base 2.  Each button corresponds to putting what you already have 
into a new box.  Now to solve the equation you want to unwrap x and 
you do that by opening the boxes one at a time.  And which box do you 
open first?––the outside one, the last one you closed up.  So which step 
do you undo first?––the exponentiation.  So the first thing to do is take 
the log of both sides.   
Problems 

I can almost guarantee that half 
my class will begin  

12 +x  = 400.   
Is that valid?  What have they 
done?  They’ll pause on that, 
not exactly sure what they have 
done.  I guess I’ve squared both 
sides.  Really? 
 
These problems are easy if you 
follow the rules, but follow the 
rules! 

Constructing 12 +x out of x 
Step # Operation Result 

0 Begin x 
1 Add 1 x+1 
2 Square root 1+x  
3 Exp (base 2) 12 +x  

Again start with an estimate.  If 
I put ten 5% decreases together 
one after the other I’ll get a 
50% increase.  Right?    
 
Wrong!  Since the intensity is 
decreasing, the loss over each 
cm will decrease, and over 10 
cm the loss will be less than 50 
cm.  So that tells me that the 
distance needed for a decrease 
of 50% is more than 10 cm. 
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1.  Without the use of a calculator, simplify the following expressions.  All logs are base 10. 
10log13   
100log13   
log(10013) 
(log100)13 
log(1/100) 
log4 + log25 
log20 – log2 

)2500log(2log 4/1+  
 
 
2.  Solve the following equations for x.  All logs are base 10. 
 
log 1+x  = 2.   
log (x2+2x) = 2 
21–x  =  6 

xx 22
5 +  = 100 

2)(log5 x  = 100 
 
 
3.  If log(178) = b, what is log(1.78) in terms of b? 
If log(c) = 1.78, what is 1017.8 in terms of c? 
 
 
4.  The following “identities” are all invalid.  Many arise from taking two transformations and applying 
them one after the other to x, first in one order and then in the other, and setting the two results equal.  This 
seldom works.  However, it’s always possible that there are one or two values of x for which the equation 
just happens to be true.  In each case, find all such values of x.  Your answers should be written as simply 
as possible. 

(a)  xx 22 =  
(b)  2x+3  =  2x + 23 

(c) 23x  =  23 2x 

(d)  log(3x)  =  3 logx 

(e)  22/ 10/1010 xx =  

(f)  2)2( )10(10 xx =  
(g) log(3x)  =  (log3)(logx) 

(h)  log(3+x)  = log3 + logx 

(h)  log(x3)  =  (logx)3  

(i)*  log(2x)  =  2logx 
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5.(a)  An exponentially growing population triples in size in 3 years.  How long does it take to double in 
size?  
(b)  An exponentially growing population doubles in size every 7 days.  What is the daily percentage in-
crease?  How long does it take to triple in size?  To quadruple?   
 
6.  An exponentially growing population increases in size by 4% every 4 hours.  How long does it take to 
increase in size by 8%?  By 2%?   What is the “doubling time” (the time needed to double in size)?   
 
7.  My tire has a slow leak and loses pressure at a constant percentage rate.  At noon it has 400 kPa and at 1 
pm this has dropped to 360 kPa.  At what time will it get to 100 kPa? 
 
8.  A battery loses 5% of its power for every hour of use.  It needs to be recharged when its potency has 
dropped to ¼ of its fully charged value. For how many hours can it be used between rechargings?  
 
9.  The intensity of a beam of light passing through murky water decays with distance traveled at a constant 
percentage rate.  Suppose a beam loses 20% every meter.    Over what distance will its intensity be cut by 
90%? 
 
10.  In my discount warehouse I can sell 50 Tragically Hip disks per week at the regular price of $10, and 
the number of sales will increase by 8% for every 2% decrease in price.  How many will I sell per week if I 
price them at 20% off?  
 
11.  Two sunflowers grow side by side, both increasing in height at a constant percentage rate each day.  
Sam starts at height 10 cm and has growth rate 5% per day, and Coral starts at height 5 cm.    
(a)  How long until Sam is 1 meter tall? 
(b)  After 20 days, Sam and Coral are the same height.  What is Coral’s percentage growth rate?  
 
12.  For years I've had an exponentially decaying population quietly eeking out the remains of its natural 
life in the hollow trunk of my old oak tree.  I remember one frosty Christmas some time ago when the 
population decreased by 2% in one week and then by 100 g during the very next week.  But just this morn-
ing I went out and found a decrease of only 8 g since my last measurement 7 days ago.  How deep is the 
snow this morning?  
 
13.  An exponentially growing population requires two days to increase by 100 grams, but needs only one 
day for the next 100 gram increase.  How long will it need for the third 100 gram increase?  
 
14.  A decreases in value at the rate of 10% per year whereas B decreases in value at the rate of 5% per 
year.  If A starts off twice as big as B, how long until A is half the size of B? 
 
15.  The value z of an Alex Colville painting increases by 10% every 18 months.  If I plot log(z) against 
time, I will get a straight line.  Find the slope of this line.  [Measure time in years and use base 10 for the 
logarithm.] 
 
16.  My bike tire has a tiny hole and I notice that every day it loses 10% of its pressure P.  If I plot log(P) 
against time, I will get a straight line.  Find the slope of this line.  [Measure time in days and use base 10 
for the logarithm.] 
 
17.  My bike tire has a tiny hole and I notice that the pressure P is cut in half every 5 days.  If I plot log(P) 
against time, I will get a straight line.  Find the slope of this line.  [Measure time in days and use base 10 
for the logarithm.] 
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Multiplication through addition 
The logarithm 

 
Put yourself back in the year 1616.  You are Johannes Kepler and you are attempting to calculate the orbit 
of the planet Venus.  You have masses of observational data to work with, collected by the dedicated ef-
forts of your predecessor Tycho Brahe, and you are driven by your own ingenious and awesomely simple 
theoretical constructions.  But for all that inspiration, the huge bulk of your work is not the happy reorder-
ing of beautiful conceptual structures, but hour after hour of tedious arithmetical manipulations, done with 
as much accuracy as the given data will allow. 
 
Now imagine that a colleague comes along and gives you a simple scientific calculator, and shows you 
how to multiply two 6-digit numbers at the touch of a button.  Imagine how you would feel, being given 
such unimaginable computational power.  You’d be blown away, right out into the orbit of one of your 
beloved planets.   
 
Well that didn’t happen, but something just as spectacular, at least to Kepler, did.  In 1614 a Scottish land 
baron named John Napier published an extensive table which reduced the multiplication of two 7-digit 
numbers to a much simpler addition.  He was at the time 64 years old, and he had spent the past 20 years of 
his life on the construction of this table.  To Kepler, this table was a miracle and according to Laplace, it 
probably doubled the amount of scientific work he was able to do.   
 
The idea behind Napier’s table was simple enough.  [Interestingly enough, the idea behind almost all revo-
lutionary advances is simple.]  Take a number c that’s just above 1, and consider the sequence: 

1, c, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, … 

Suppose you had two numbers in that list, say c3 and c7, and you wanted to multiply then together.  Well, if 
you had possession of the list you’d simply have to know the indices that they belonged to, 3 and 7, and 
add them together to get 10, and then look up the number c10.  So possession of the table would allow you 
to multiply any two numbers in the table essentially by adding their indices.  Now if the base number c 
were very close to 1, the numbers cr would grow slowly and the list would contain a fairly dense packing 
of numbers, so if you started with any two numbers which you wanted to multiply, you could find two 
numbers in the list which were very close, and multiply them.   
 
That’s essentially how Napier’s table looked and the reason it took him 20 years is because he had to do all 
those calculations by hand.  An interesting way to look at what happened is that one man did a huge num-
ber of tedious calculations but recorded the results in a systematic way that allowed any number of others 
to do their calculations much more easily.   
 
Within a few years an important simplification (using base 10 and fractional exponents) was introduced by 
an English geometer Henry Briggs and the table was rewritten, giving us the form of the “Table of Com-
mon Logarithms” which I was required to worked with as a high school student in the 1950’s, 300 year 
after the birth of Napier.  .   
 
This invention of Napier came out of the blue.  Nothing seems to have prefigured it.  But once published, 
its use spread quickly throughout the world.  Within a few years it was realized that the idea could be in-
corporated into a mechanical device and hence was born the slide rule, which was the “hand calculator” 
which we all used as university students in the 60’s.  Mine came in a leather case with a slot through which 
a belt could pass, and thus we carried this device around with us as we went from class to class just as cal-
culators are carried around today.  There are still lots of slide rules around in old drawers and cupboards 
and boxes.  Ask your math teacher or your parent to find you one and see if you can figure out what they 
have to do with logarithms.  We gave that challenge to our students and they found it difficult.   
 
A new ending to an old joke. God said to the creatures in the Garden, “Go forth and multiply!” to which the 
adders replied: “We can’t, we’re adders.”  And so that the adders might thrive, God created Napier.   
 


