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2.7  Two wheels 
 
In the diagram at the right the big circle has centre at the ori-
gin and radius 2, and the small circle has centre at (3,0) and 
radius 1.  Thus the small circle is tangent to the big circle at 
the point (2,0).  Now here’s what happens.  The small circle 
rotates counterclockwise and travels without slipping around 
the big circle.  Suppose it takes exactly 1 minute to make a 
complete revolution, so that at t=1, the small circle is back 
exactly as shown in the picture.  The problem is to find the 
locus of the point P on the small circle which starts at (4,0).  
Specifically, find the x and y-coordinates of P as functions of 
time t.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a)  Let α be the angle from the centre of the big circle 
through which the centre of the small circle has rotated and let 
β be the angle from the centre of the small circle through 
which the point P has rotated.  Find formulas for x and y in 
terms of α and β.     
 
 
 
(b)  Examine the configuration at the intervals of ¼ minute.  
Through how many revolutions does the small circle rotate in 
one minute in traveling completely around the big circle?  
What is the angular velocity of the small circle?  Use this to 
find α and β in terms of t and you should have your formula.  
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This seems like a hard problem.  When I show this to teachers, they tell me there might be one or 
two students in the class that could solve it.   
 
But hard can mean different things.  Some problems seem hard not because they require a leap 
of genius, but because they require careful well-organized persistence.  Part of that is a question 
of design––the solution requires the design a good strategy.  When a student can’t solve this 
problem, it’s often because he lacks the capacity for that kind of design. 
 
But you learn design by being given good designs to work with.  This is a good problem because 
a good design can be given to the student––this is mostly done in (a) and (b) below.  The student 
will be able to follow it, and learn. 
 
This is also a good problem because it works with the important notion of a parametric curve, a 
curve in the plane which is specified by giving x and y as functions of time t.  As t changes, the 
point P = (x, y) traces out a path, and that’s the curve.   
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Solution.   
(a)  This problem provides a natural extension of the formulae 
we developed in the wheel analysis; we simply analyze the 
trajectory as the sum of the motions of two wheels.  First we 
find the x and y coordinates of the centre of the big wheel and 
then we find the displacements of P from the centre of the 
small circle.  The sum of these two will give us P.   
 
First the coordinates of the centre of the small circle are: 
  x1  =  3 cosα  

y1  =  3 sinα 
and secondly the displacements of P from the centre of the 
small circle are 
  x2  =  cosβ 

y2  =  sinβ 
 
To get the final displacements, these need to be added.   
 
  x  =  x1 + x2  =  3 cosα + cosβ 

y  =  y1 + y2  =  3 sinα + sinβ 
 
(b)  The small circle has half the circumference of the big cir-
cle.  So after ¼ minute, the point of contact will have moved 
to the top of the big circle, and the first quarter of the big cir-
cle will have interlocked with the first half of the small circle.  
Thus the point P will be at the contact point with the big circle 
and the small circle will have turned through ¾ of a revolu-
tion.   Thus in 1 minute, which is the time for the point of con-
tact to make 1 revolution, the small circle will do 4 such turns, 
each through ¾ of a revolution, for a total of 3 revolutions.  
Thus the angular velocity of the small circle is is 3 rev/minute 
or 6π radians per minute, and β = 6πt.  Put these in to the for-
mulae above: 
  x  =  3cos2πt + cos6πt 

y  =  3sin2πt + sin6πt 
 
 
 
 
Problems 
 
1.  The arm OA has length 1 and is rotating counterclockwise 
about O with a period of 40 seconds.  At the same time a 
spherical rabbit runs at constant speed back and forth between 
O and A with period 10 seconds.  That is it takes the rabbit 10 
seconds to go from O to A and back to O again. Suppose at 
t=0, the rabbit starts at O and the arm starts horizontal with A 
to the right of O. 
(a)  What is the period of the entire motion? 
(b)  Make a sketch inside the circle of the trajectory of the 
rabbit over one complete period. 
(c)  Take the origin of the coordinate system to be at O.  Find 
equations for the x and y coordinates of the rabbit as functions 
of time.   
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