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3.2.  Lifting a parabola 
 
Here and in the following two sections we present “exercises” in which we move or rotate a curve or a line 
and observe how that changes its interaction with another curve or line.  We have two objectives, both of 
which begin investigations into significant mathematical themes.  The first is to investigate the close corre-
spondence between the geometry and the algebra, between what we see from the diagram and what the 
equations say.  And the second is to investigate the way in which the number and nature of the zeros of an 
equation depend on the value of a certain parameter.   
 
At the right is the graph of the parabola   

y = (x+1)(x–3) 

which opens up and has zeros at x=–1 and x=3.   Now sup-
pose the parabola is translated upwards parallel to the y-axis.  
What happens to the number of zeros, that is, to the number of 
intersections with the x-axis?  
 
Answer this question in two ways––geometrically and alge-
braically.  Geometrically, find the answer by studying the pic-
ture.  Use the equation of the original parabola to provide as 
much detail as possible.  Algebraically, find equations for the 
family of parabolas you generate, and count the zeros for 
each.  Finally compare your two results. 
 
 
Geometric analysis.   
As we lift the parabola, its vertex slides up the vertical line 
x=1 (that value chosen as being halfway between the zeros –1 
and 3).  As long as this vertex is below the x-axis, there are 
two intersections with the x-axis (hence two zeros), and when 
the vertex gets above the x-axis, there are no zeros.  The tran-
sitional case is when the vertex sits right on the axis, and in 
this case there is exactly one zero––at x=1. 
 
How far do we have to lift the parabola to get the transitional 
case?  The answer to that will be the vertical distance between 
the original vertex and the x-axis.  And that’s found by putting 
x=1 into the equation.  We get  

y(1) = (1+1)(1–3)  =  (2)(–2)  =  –4. 

Of course the answer is negative because the vertex is below 
the x-axis.  But the vertical distance is 4.  Let’s summarize our 
findings: 

lift the parabola less than 4  # zeros 
=  2 

lift the parabola exactly 4  # zeros =  1 
lift the parabola more than 4 # zeros =  0 

-3 -2 -1 0 1 2 3 4 5

-3 -2 -1 0 1 2 3 4 5

How far do we have to  
lift the parabola  

to get the transitional case? 
I put that question to the class 
and am met with silence.  Nor 
does a little coaxing seem to 
help.  That sets me back on my 
heels.  Is this just a bad morn-
ing or what?  We just might 
have some work to do here. 
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Algebraic analysis––some special cases.   
Here we want to describe the different parabolas with a family 
of equations.  Now the algebraic way to “lift” a function graph 
is to add a constant to the equation of the graph.  For example, 
if we lift the original parabola by 1 unit, it will have equation: 

y = (x+1)(x–3) + 1 . 

So a general equation to describe the whole family of parabo-
las will be obtained by adding a general constant to the first 
equation.  Let’s use k for this.  The family of equations is: 

y = (x+1)(x–3) + k         (k≥0). 

The original parabola is the case k=0, and then to make the 
parabola move up, we increase k above zero.   
 
What we have to do is to be able to count, for each k, the num-
ber of zeros of the parabola, that is, the number of solutions x 
of the equation: 

(x+1)(x–3) + k  =  0            (k≥0). 

It’s helpful to begin with the analysis of a few particular k-
values.  Now from our geometric analysis, we know that the 
transitional case is k=4, so let’s choose that value of k, and 
two others, one less than that and one greater.  For example, 
let’s take k=2, 4 and 6.   
 
The analysis is done below.  Note that in each case we find the 
zeros with the quadratic formula, first writing the equation in 
standard form.    
 

Analysis of three special cases 
 

k=2 k=4 k=6 

(x+1)(x–3) + 2  =  0 

x2–2x–3+2 = 0 

x2–2x–1 = 0 

2
82

2
442 ±
=

+±
=x  

The + and – give us  
two different answers. 

We get 2 roots. 
 

(x+1)(x–3) + 4  =  0 

x2–2x–3+4 = 0 

x2–2x+1 = 0 

2
02

2
442 ±
=

−±
=x  

The + and – give us  
the same answer. 

We only get 1 root. 

(x+1)(x–3) + 6  =  0 

x2–2x–3+6 = 0 

x2–2x+3 = 0 

2
82

2
1242 −±

=
−±

=x  

We need the square root of a 
negative number. 
We get no roots 

 

We call x and y variables be-
cause when we change them 
we trace out a particular 
curve.  But if we change k we 
move to a different curve and 
for this reason k is given a 
special name––it is called a 
parameter.  It acts like a name-
tag, identifying different 
curves.   

The quadratic formula 

ax2 + bx + c = 0 

x  =  
a

acbb
2

42 −±−  
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Algebraic analysis––the general case.   
 
Now we do the calculation for “general” k: 

(x+1)(x–3) + k  =  0 

x2 – 2x – 3 + k  =  0 

x2 – 2x + (k–3)  =  0 

2
)3(442 −−±

=
k

x  

2
4162 k−±

=  =  
2

)4(42 k−±
 =  k−± 41  . 

 
The two final simplifications are not necessary, but when do-
ing algebra it often pays to tidy things up as much as possible.   
 
The question we are interested in is this: how does the number 
of x-solutions depend on k?   
 
And the key lies in the discriminant, the expression under the 
root sign: 

D=4–k. 

• If D is positive, the square root will be a positive number, 
and the ± sign will give us two solutions,  

• if D is zero, the square root will be zero, and we’ll get 
only one solution,  

• if D is negative, the square root won’t exist, and we won’t 
get any solutions.  

 
Rewriting this as a condition on k: 

if k < 4, we have two solutions  
if k = 4, we have one solution  
if k > 4, we have no solutions. 

And since k is the amount we lift the parabola, this is exactly 
the same as the geometric condition we obtained above. 
 
 
 

Recall the analysis of the 
three special cases.  The 
difference between them 
hinged on the number under 
the square root sign.  A 
positive number gave two 
roots; a negative number 
gave no roots; and zero 
gave exactly one. 

I wrote this section many years ago.  Reading it now, it strikes me as quite 
straightforward (but with important basic ideas!).  There’s nothing wrong with 
straightforward examples, but I found myself wondering whether I might have 
made too heavy weather of it.  Have I “gone on” a bit much with this example?  
I’m not sure.  I sometimes worry that it’s been too long since I taught a high 
school course (1998 at KCVI).   
 
I do realize that I’ve set a high bar with most of the material in these notes.  
That’s deliberate.  These are the sort of things the kids should grapple with 
(just as they should read sophisticated books in English class).  Some of it, but 
only some, they should be expected to learn well, to master.   
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Problems   
 
1.  Draw the graph of the parabola  y = x(x–6) which opens up and has zeros at x=0 and x=6.  As the pa-
rabola moves up in the positive y-direction, how does the number of zeros change (that is, the number of 
intersections with the x-axis)?  Answer this question in two different ways––geometrically and algebrai-
cally.   
 
(a) Geometrically, guess what the answer will be by studying the picture.  Calculate the height of the vertex 
of the original parabola, so you can guess what the transition point should be.   
 
(b)  Algebraically, find a family of equations, indexed by a suitable parameter, to describe the parabolas, 
and count the number of zeros in terms of the parameter.  Compare the results of the two approaches. 
 
 
2.  Draw the graph of the parabola  y = –(x–2)(x–4)  which opens down and has zeros at x=2 and x=4.  As 
the parabola moves both up and down in the positive y-direction, how does the number of zeros change 
(that is, the number of intersections with the x-axis)?  Answer this question in two different ways––
geometrically and algebraically.   
 
(a) Geometrically, guess what the answer will be by studying the picture.  Calculate the height of the vertex 
of the original parabola, so you can guess what the transition point should be.   
 
(b)  Algebraically, find a family of equations, indexed by a suitable parameter, to describe the parabolas, 
and count the number of zeros in terms of the parameter.  Compare the results of the two approaches. 
 
 
3.  On the same set of axes, draw the graphs of the parabola  y = x2, and the line  y = x.  Note that the ver-
tex of the parabola is at the origin and that’s also a point on the line.  Now move the parabola so that the 
vertex travels up and down the line.  Argue from the picture how the number of intersections with the x-
axis should change as the parabola moves.  Now introduce a parameter that allows you to describe this 
family of parabolas with a family of equations.  In each case, find the zeros of the equation, and check your 
results with geometric conclusions.   
[Having trouble describing the family algebraically?  Take the special cases in which the vertex moves to 
(1,1) and (2,2) and write the equations in these special cases.  Step back and generalize.]  
 
 
4.  Look more closely at the analysis of the two special cases k=4 and k=6.  In both cases we used the 
quadratic formula to find the number of roots.  In the case k=4, factor the expression to show there's only 
one root.  In the case k=6, complete the square to show convincingly that there are no roots. 
 

Assignments 
Students are not used to having assignments in which there are explanations to be 
given, entire “stories” to be told.  Our approach here is to take an exploratory 
problem like the one of this section, do a substantial free-ranging exploration in 
class, and give them a complete write-up of the example.  Then, as an assignment, 
give them a task which is very like the problem we have worked on in class, and 
suggest that they model their submission on the write-up of the class example.   
 
Painters, musicians, and writers learn by imitating previous works, and then, in 
time, introducing their own variations.  


