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3.3.  Parabola and parallel lines 
 
This example is similar in spirit to the last, except this time the 
parabola is held fixed and a line of slope 2 is moved parallel 
to itself.  The objective is to see how the number of intersec-
tions changes.   
 
At the right is the graph of the parabola   

y = x(6–x) 
and the line  

y = 2x. 

 
 
 
Finding the intersections 
We begin by finding the points of intersection of the parab-
ola and the line. We have two geometric objects here, and we 
emphasize that by putting labels on the two y’s.   

yP = x(6–x) 

yL = 2x. 

So at any x, yP is the height of the parabola at that x, and yL is 
the height of the line.  Now at any point where the parabola 
and the line intersect, the graphs will have the same height.  
So we want the values of x for which  

yP  =  yL 

and that gives us the x-equation   

x(6–x)  =  2x 

and what we want are the solutions.  
 
We expand the LHS to get 

6x–x2 = 2x 

–x2 + 4x = 0 
Factor: 

x(–x + 4) = 0 

x(4–x) = 0 

and we get the solutions x=0 and x=4.   
 
Note that these make sense from the picture, as we expect 
intersections at the origin and at some point between x=3 and 
x=6.   
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How do we solve the equation? 

x(6–x)  =  2x ? 

The class instructs us to cancel the 
x’s: 

6–x  =  2 
4–x  =  0 

and we get the solution x=4.  
That’s fine  but isn’t there another 
intersection––x=0?  What hap-
pened to it?  We “lost” it when we 
cancelled the x’s. 

When we ask the students how to 
go about finding the intersec-
tions of the parabola and the 
line, we are a bit dismayed by 
their answers. Most of them pro-
duce a bunch of half remem-
bered fragments from too long 
ago.  That prompts us to intro-
duce the labels yP and yL.  That 
helps them to recall that an 
equation is actually a set of in-
structions––in this case instruc-
tions to find the height of the 
parabola or the line at any x.  
And what we want are the values 
of x at which these two heights 
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Moving the line ––geometric analysis. 
Now move the line parallel to itself.  What that gives us is 
the family of all lines of slope 2.  We ask the question:  
How does the number of intersections between the line and 
the parabola change as the line moves?  
 
We begin with a conjecture based on the information we get 
from the picture:  
 
Geometric conjecture:  Exactly one of the lines is tangent to 
the parabola and has one intersection with it.  Those lines 
that are below this tangent intersect the parabola twice, and 
those that are above the tangent don't intersect it at all.  
 
 
Moving the line ––algebraic analysis. 
Now we describe the family of lines algebraically, and verify 
the correctness of the geometric conjecture.  
 
Since the lines all have slope 2, they are described by the 
general equation  

yL = 2x + b. 

The parameter b we have used here to keep track of the dif-
ferent family members is the y-intercept of the line.   
 
Let’s hit the algebra.  For each line (for each b), we want to 
find the points of intersection with the parabola  yP = x(6–x).  
As before we equate the y-expressions  

yP  =  yL 

x(6–x) = 2x+b. 

If we expand the LHS, we have a quadratic equation in x: 

6x–x2 = 2x+b. 

Collect like terms and put everything on the left: 

–x2 + 4x – b = 0. 

Actually, we generally like the coefficient of x2 to be posi-
tive: 

x2 – 4x + b = 0. 

We want the solutions of this equation––the values of x for 
which it holds.  Let’s just first notice that the b is still there 
and that’s important because we expect that the solutions will 
depend on b.  Indeed what we want to study is the question 
of exactly how the solutions depend on b.  
 

Parameters 
Again we have a parameter, 
and this time it serves to keep 
track of the different lines.  It’s 
always nice when the parame-
ter has a physical or geometric 
interpretation, and here it is 
simply the y-intercept of the 
line. Our interest is in discover-
ing how the results of our 
analysis (the number of inter-
sections) change as the value of 
the parameter changes.   
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Because of the b we cannot factor this expression anymore, 
so we find the solutions with the quadratic formula:  

2
4164 bx −±

= . 

The precise question we are interested in is this: for each 
particular b, how many solutions do we have?   
 
The key lies in the discriminant, the expression under the 
root sign.  If this is positive, the ± sign will give us two solu-
tions, if it’s zero, we’ll just get one, and if it’s negative, we 
won’t get any.  Thus: 

if 16–4b > 0 we have two solutions  
if 16–4b = 0 we have one solution  
if 16–4b < 0 we have no solutions.  

Solving for b:  
b < 4 two solutions  
b = 4  one solution  
b > 4  no solutions.  
 

And this fits exactly with our geometric conjecture.  It tells 
us that low lines have two intersections and high lines have 
none, and the transitional case turns out to have y-intercept 4.  
That seems to match the diagram.  
 
 
A tangent of slope 2 
Use your results to find the value of x at which the tangent to 
the parabola has slope 2. 
 
The value of x at which the parabola has slope 2 will be 
found at the point of contact of the tangent line.  Now the 
quadratic formula has already given us the x-coordinates of 
the intersection points of the line (for any b) and the curve.  
So we just need to use that for the case b=4, which is the 
transitional case.  We get: 

2
4164 bx −±

=  =  
2

04 ±  =  2 . 

When we set b=4 we get a zero discriminant.  Of course––
that’s what gave us the tangent in the first place.  The value 
of x that we get is 2, and this checks out with the diagram. 
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There’s that b still hanging 
in.  That’s good––different 
b’s give different lines, and 
different intersection 
points.  
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How do we find the intersection 
point of the tangent?  Well that's 
exactly what the x-formula at the 
top of the page does––it gives us 
the x-coordinates of all intersec-
tion points.  The tangent is the 
case b=4. 
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Problems   
 
1.  On the same set of axes, draw  the graph of the parabola y = x2  and the line  y = 4x.  Observe that the 
line intersects the parabola exactly twice, once at x=0 and once at x=4.  What you are to do is imagine the 
family of all lines of slope 4 and ask yourself the question––how many intersections does each line have 
with the parabola?  
 
(a)  Study your picture and make a conjecture which answers the question.  
 
(b)  Describe the family of lines algebraically, and verify the correctness of your conjecture.  Illustrate your 
solution with a picture.  
 
(c)  Use the result of (b) to find the value of x at which the tangent to the curve has slope 4.  
 
 
2.  Consider the parabola  y = (x+1)2 + 1  and the family of lines of slope –2.  
 
(a)  Introduce a parameter to describe this family of lines, and find, in terms of the parameter, the number 
of intersections between the line and the parabola.  Illustrate your solution with a picture.  [Hint: the form 
of the equation of the parabola allows you to find its vertex at a glance.] 
 
(b)  Use the result of (a) to find the value of x at which the tangent to the curve has slope –2.  
 
 
3.  At the right is the graph of the curve   

y = 1/x   
and the line   

y = –x/4.   

Observe that the line fails to intersect the curve.  What you are 
to do is imagine the family of all lines of slope –1/4 and ask 
yourself the question––how many intersections does each line 
have with the curve?  
 
(a)  Study the picture and make a conjecture which answers 
the question.  
 
(b)  Describe the family of lines algebraically, and verify the 
correctness of your conjecture.  Illustrate your solution with a 
picture.  
 
(c)  Use the result of (c) to find two values of x at which the 
tangent to the curve has slope –1/4.  
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4.(a) Find in terms of b the number of intersections of the curve  

x
xy
+

=
1

 

with the line   
y = x+b.   

 
(b) Use the above to find all values of x at which the curve has slope 1.  
 
(c) Perhaps you've done this problem "blind" so far.  If so, now is the time to try to illustrate your results on 
a sketch of the graph.  Now you may find the prospect of drawing the graph y = x/(1+x) a bit daunting.  
But #3 above contains a picture of y=1/x and you might note that this graph is closely related––all you 
need are translations and sign changes.  Indeed:  
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Can you take it from here?  
 
5.  Find in terms of b the number of intersections of the circle 222 =+ yx . with the line  y = b–x.  Draw a 
picture to illustrate your solution and show that it is geometrically expected.  
 
6.  Sketch a number of members of the family of parabolas 2)1( −−= xky , indexed by k.  In terms of k, 

how many intersections are there with the parabola 2xy = ?  In particular, for what k are the curves tan-
gent?  Use your diagram to illustrate your solution. 
 
7.  How do different members of the family kxy += 2  of parabolas 

intersect the circle 122 =+ yx ?  Before you do the algebraic analysis, 
use your intuition to try to guess the form of the answer.  Illustrate your 
solution with a picture.  
 
8.  In terms of the parameter a, when does the pair of equations  

x2 – y2  = 0  

(x–a)2 +y2  = 1  

have 0, 1, 2, 3, 4, or 5 solutions?  
 
[It’s important to get the right picture.  The first equation is simpler 
than it looks––write it as  x2 = y2 and take square roots.  And the sec-
ond equation is a moving circle.] 
 
9.  Find the radius of the largest circle that lies above the x-axis and 
underneath the parabola 24 xy −=   .  [Answer: r = 3/2]  
 
10.  Find the value of k for which the parabolas kxy += 2  and 

2yx =  are tangent.  [Answer: k = 3/(44/3) ]  

The last 4 problems are all 
challenging, and any one 
of them can make a great 
project. 
 
#8 is an interesting prob-
lem because it appears in A 
Source Book for College 
Mathematics Teaching 
(Mathematical Association 
of America 1990, Alan 
Schoenfield, Ed.) as an 
example of a problem with 
which most students, armed 
with the traditional calcu-
lus skills, will not really 
manage to make much 
headway.  But that's not us. 


