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3.7.  Vertex and tangent 
 
Example 1. At the right we have drawn the graph of the cubic 
polynomial  

f(x)  = x2 (3 – x). 

Notice how the structure of the graph matches the form of the 
algebraic expression.  The zeros are at x=0 and x=3, with a 
double zero at x=0 so that the graph doesn’t cross the axis at 
the origin.  Our interest here it in the “vertex” which is the 
maximum point on the “hump” between 0 and 3.  In the dia-
gram it seems to be at the point (2,4).  But is it?  Exactly?  
Might it be at (2.01, 3.99)?  Your job is to settle this question 
algebraically.  Show that the vertex is exactly at (2,4).   
 
Solution.  First of all, we note that the point (2,4) is indeed on 
the graph.  If we put x=2 into the formula, we get 

f(2)  = (2)2 (3 – 2)  =  4 

and that shows that the height of the graph at x=2 is exactly 4.   
 
So to solve the problem, all we have to show is that the graph 
never gets higher than y=4 on the interval [0,3].  That is, we 
have to show that 

4  >  f(x) 

for x between 0 and 3 (except at x=2).  A nice idea is to look 
at the difference 

4 – f(x) 

=  4 – x2 (3 – x) 

=  x3 – 3x2 + 4 

We want to show that this is > 0 for x between 0 and 3 (except 
at x=2).  How do we do that? 
 
Well one idea is to factor it.  To get a sense of what to expect, 
let’s make a sketch of its graph.  How do we do that?  Starting 
with the graph y = f(x) at the top of the page, can you draw the 
graph of y  =  4– f(x)?   
 
Well, it’s the distance from the horizontal line at height 4 
down to the graph of f.  This is graphed at the right.   
 
One look at the graph tells us that (x–2) ought to be a factor.  
In fact, it ought to be a double factor.  Dividing, we get: 

x3 – 3x2 + 4  =   (x–2)2(x+1) 

Is this positive for x between 0 and 3?  Yes it is.  That’s im-
mediate from the factorization.  [See 3.5].   
 
Notice the route we took.  To show that f(x) was less than 4 
we formed 4–f(x), factored it (after getting clues about the 
form of the factorization from its graph) and used the factori-
zation to show that it was ≥ 0.  

Often in mathematics our problem 
reduces to demonstrating a certain 
inequality: 

A < B. 
Very often it turns out that the best 
strategy is to rewrite this as 

A – B < 0. 

Simple though it is, this transforma-
tion can make a great difference.  
Zero is a nice number to have as 
part of the action. 
 

Show that the vertex is exactly at 
the point (2,4).   
 
This is the problem we throw out 
to the class.   
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Example 2.   At the right we have drawn the graphs of the 4th 
degree polynomial  

yP = x2 (9 – x2) 
and of the line 

yL = 12 + 4x. 

Show that the line is tangent to the curve at x=2.  [That is, 
show that the curve contacts the line, but stays on one side of 
it, at least "locally."] 
 
 
Solution.  I guess the first thing to note is that the curve does 
contact the line at x=2.  Indeed,  

yP(2) = 22 (9 – 22)  = 20 

yL(2)  = 12 + 4(2)  = 20 

so at that point they both have height 20.  And for other values 
of x, the line appears to be above the curve, at least for posi-
tive x.   
 
We follow the approach of Example 1.  Look at the difference 
yL – yP which is the distance from the line down to the curve: 

    yL – yP  =  (12 + 4x) – x2(9 – x2) 

= x4 – 9x2 + 4x + 12. 

We want to show that this is positive for x>0, x≠2.   
 
And of course the way to do that is to write it in factored 
form.  Now how do we do that?––we need to find some zeros.   
 
Okay––using the same argument as Example 1, we expect a 
double zero at 2 (sketch the graph of yL – yP!).  And judging 
from the graph above, it certainly looks as if there’s a zero at 
x=3.  And another at x close to –1.  We calculate: 

(x–2)2 (x+3) (x+1)  =  (x2–4x+4) (x2+4x+3) 

=  x4 –9x2 + 4x + 12 

and our guess of the factorization is correct.   
 
Now we can easily analyze the sign of the factored expres-
sion.  For all x>0, every term in the factorization is positive.  
Well, there’s one exception––the term (x–2)2 is positive ex-
cept at the one point x=2.  So the entire expression  yL–yP  is 
positive except at x=2, and that tells us that the line is above 
the curve for positive x, and must be tangent to it at x=2.   
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This might strike you as a difficult prob-
lem for grade 12, but in fact it's quite 
wonderful.  The steps and ideas are all 
simple applications of standard mate-
rial, for example the factor theorem, 
ideas about change of sign and the con-
ditions which ensure that one graph is 
above another.  But when everything is 
put together in the right order, which 
requires clear thought and organization, 
we get a sophisticated result. 

We can easily verify that –3 and –1 are 
zeros of yL – yP.  Just evaluate yL and yP 
at each of these points: 
 
yP(–3) = (–3)2 (9 – (–3)2)  = 0 
yL(–3)  = 12 + 4(–3)  = 0 
 
yP(–1) = (–1)2 (9 – (–1)2)  = 8 
yL(–1) = 12 + 4(–1)  = 8 
 
So their difference is zero at both points.  
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Example 3.  At the right we have drawn the graph of the 4th 
degree polynomial  

yP = x2 (x2 – 4) 

and of the line 

yL = 16(x–2). 

Show that the line is tangent to the curve at x=2. 
 
 
Solution.  The curve and the line clearly intersect at x=2 as 
they both cross the x-axis at this point.  For other values of x, 
the curve appears to be above the line.  That's what we want to 
verify, and as before, our strategy will be focus on the separa-
tion between the two graphs.  Algebraically that's the differ-
ence between the two y-expressions: 

yP – yL  = x2 (x2 – 4) – 16(x–2) 

= x4 – 4x2 – 16x + 32. 

We want to show that this is positive for x≠2.   
 
As before, the way to do that is to write the expression in fac-
tored form, and the key step here is to identify the zeros.  
These are the points at which the line and the curve intersect, 
and we have x=2 as such a point.  In fact, if the curve indeed 
does not cross the line at this point, x=2 will have to be a dou-
ble zero, and that would give us a factor of (x–2)2. 
 
Are there other intersections?  Well if there are they don't ap-
pear in the diagram, and the way the curve is curving away, it 
doesn't look as if there ever will be.   
 
What to do?  Well let's try to divide out the factor (x–2)2  and 
see what we get: 

x4 – 4x2 – 16x + 32  =  (x–2)2 (   ???    ) 

To find the last term we first expand the square. 

x4 – 4x2 – 16x + 32  =  (x2–4x+4) (   ???    ) 

We could use long division to find what goes in the last 
bracket, but we prefer to write it down by inspection.  Look at 
the expression on the left: the x4 at the beginning tells us that 
the bracket begins with x2, and the +32 at the end tells us that 
the bracket ends with +8.  So we need only work out the x-
term in the bracket: 

x4 – 4x2 – 16x + 32  =  (x2–4x+4) (x2 + ?x +8) 

From the fact that the expression on the left has no x3-term, we 
deduce that the x-term in the bracket must be +4x.  We get: 

x4 – 4x2 – 16x + 32  =  (x2–4x+4) (x2+4x+8) 

and we can now check that this holds by expanding the right 
hand side. 
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This is a rather more demanding example, 
but I find its beauty irresistible. 

As in Example 1, the way to see this is to 
think of the graph of yP–yL against x.  It 
hits the x-axis at x=2, but doesn't cross it.
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Let’s not lose sight of what we’re trying to get––and that’s the 
complete factorization of the 4th degree polynomial on the left.  
So far we have: 

x4 – 4x2 – 16x + 32  =  (x–2)2 (x2+4x+8) 

and to finish things off we need only the factorization of the 
quadratic on the right: 

y  =  x2+4x+8. 

Nothing obvious presents itself, so we use the quadratic for-
mula to find its roots.  We get: 

x  =  
2

32164 −±−  

and the discriminant is negative!!  So there are no zeros.  So 
the 4th degree polynomial is already fully factored.   
 
What we want to know about is the sign of the whole expres-
sion.  Well since the quadratic polynomial x2+4x+8 has no 
zeros, its graph can't cross the axis.  What does that mean?––
that its graph must either live above the axis or below the axis, 
and therefore the expression must either always be positive or 
always be negative. 
 
It's not hard to decide which of these is the case.  The quad-
ratic takes value 8 at x=0, so it must always be positive.  [Al-
ternatively, you can verify directly that the vertex of the pa-
rabola is at (–2,4) and it opens up, so it will clearly always be 
positive.] 
 
We are finished.  The distance between the curve and the line 
is: 

yP – yL  =  x4 – 4x2 – 16x + 32  =  (x–2)2 (x2+4x+8) 

The square term (x–2)2  is positive except at x=2 and the last 
quadratic is always positive, so the whole expression is posi-
tive except at x=2.  And we are done––the curve is above the 
line except at x=2, and therefore the line is a tangent.   
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Problems   
 
1.  At the right we have drawn the graph of the degree-4 poly-
nomial  

f(x) = x3 (4 – x). 

Our interest here it in the “vertex” which is the maximum 
point on the “hump” between 0 and 4.  In the diagram it seems 
it might be at the point (3,27).  But is it?  Your job is to settle 
this question algebraically.  Show that the vertex is exactly at 
(3,27).   
 
 
2.  Let  

f(x) = x3 – 6x2 + 9x – 2. 

Verify that f(2) = 0, and use this fact to find all three zeros of 
the polynomial and sketch a reasonable graph of f(x).  Now 
use the methods of this section to show that the graph has ver-
tices at x=1 (a max point) and at x=3 (a min point). 
 
 
3.  At the right we have drawn the graph of the degree-4 poly-
nomial  

y = x2 (8 – x2). 

Our interest here it in the “vertices” which are the maximum 
points on the two “humps”.  In the diagram these seem to be at 
x = ±2.  But are they?  Your job is to settle this question alge-
braically.  
 
 
4.  You already know how to find the vertex of the parabola  

y = x (8 – x). 

Verify using the methods of this section that this is the highest 
point on the curve.   
 
 
5.  Observe that  

f(x) = x4 – 8x2 + 20 

has value 4 at x = ±2.  Verify that this is the minimum value 
attained by f(x), that is, that f(x) ≥ 4 for all x.   
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6.  Check that the factorizations of Examples 2 and 3 both 
hold by expanding the right hand side.  In each case show 
clearly the intermediate step in which the 9 different terms of 
the expansion are displayed.   

Example 2: x4 –9x2 + 4x + 12  =  (x2–4x+4) (x2+4x+3) 

Example 3: x4 – 4x2 – 16x + 12  =  (x2–4x+4) (x2+4x+3) 

. 
 
7.  Find a quadratic polynomial  yP = ax2+bx+c  which is tan-
gent to the line  

yL = 2(x–1) 

at the point x=2.  [Hint:  First draw a rough picture of the line 
and the parabola so you can see what you're heading for.  
Then think about the graph of the difference  z  = yP – yL , and 
attempt to find an equation for it.  From that you can find yP as  
z+yL .] 
 
 
8.  At the right we have drawn the graph of the cubic polyno-
mial  

y = x (9 – x2). 

And of the line 

y = 16 – 3x. 

Show that the line is tangent to the curve at x=2.  [That is, 
show that the curve contacts the line, but stays on one side of 
it, at least "locally."] 
 
 
9.  Show that the line  

3x + 4y = 25 

is tangent to the circle 
x2 +  y2 = 25. 

Start by drawing a picture.  Find the point where they inter-
sect.   
(a)  Following the methods of this section.  Solve the equa-
tions of both the line and circle for y in terms of x, and do 
what you have to do to show that the line is always above the 
circle except at the one point.] 
(b)  Using geometry.  Show that the line is perpendicular to 
the radius of the circle drawn to the point of contact. 
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10.  Draw a rough sketch of the parabola  

yP = x2. 

Show that the tangent line to the curve at x=1 has slope 2.  
[That is, show that the line of slope 2 which intersects the pa-
rabola at x=1 is tangent to the curve.] 
 
 
11.  Draw a rough sketch of the graph of the cubic polynomial  

yP = x3. 

Show that the tangent line to the curve at x=2 has slope 12.  
[That is, show that the line of slope 12 which intersects the 
curve at x=2 is tangent to the curve.] 
 
 
12.  Draw a rough sketch of the graph of the 4th degree poly-
nomial  

yP = x4. 

Show that the tangent line to the curve at x=1 has slope 4.  
[That is, show that the line of slope 4 which intersects the 
curve at x=1 is tangent to the curve.] 
 
 
13.  In Example 2, we considered the function  yL – yP   which 
at any x was the vertical distance between the line and the 
curve, where this distance is taken as positive if the line is 
above the curve and negative otherwise.  Draw the graph of 
this function and use it to explain why it has x=2 as a double 
zero. 
 
 
 
 
 
 
14.  At the right we have drawn the graph of the 4th degree 
polynomial  

yP = x3 (x+2). 

Show that the tangent line to the curve at x=1 has slope 10.  
[That is, show that the line of slope 10 which intersects the 
curve at x=1 is tangent to the curve.] 
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In Problems 10-12 we ask you to 
draw rough sketches.  How are 
you supposed to know how to 
handle x3  and  x4 ?  But there are 
a number of features you can use 
as a guide.  Where it's positive or 
negative or zero, where it in-
creases or decreases, bilateral 
symmetry, etc. 
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