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5.4  Alpha and Beta 
 
(a)  You have $200 dollars to invest and you want to know 
how to allocate it between two possible entrepreneurs, Alpha 
and Beta, in order to maximize your total annual return.   
 
Alpha:  If you give x dollars to Alpha, your annual return is 
A(x) dollars graphed at the right.  Note that A(x)=0 for x ≤ 40.  
Alpha requires $40 starting capital before it is able to offer 
you any return at all.   
 
Beta:  If you give x dollars to Beta, your return is B = 0.10x 
dollars per year.  That is, Beta simply pays you annual interest 
at rate 10%.   
 
The problem is to determine the optimal allocation––how 
much should you invest in each business to maximize your 
total annual return.  I want a purely graphical argument mak-
ing careful constructions and measurements on an exact copy 
of the A-graph.   
 
(b)  What is the solution to the problem for other Beta interest 
rates?  In particular obtain the optimal allocation for interest 
rates of 5% and 15%.   
 

 
 
 
Solution: 
(a)  Perhaps a good first step is to put the graphs of the Alpha 
and Beta returns on the same set of axes.  This allows us to 
visually compare the two rates of return.  The Beta graph is 
just a straight line of slope 0.10.   
 
For example, it’s clear that if you decided to give the whole 
$200 to one or the other, then B will give you the higher re-
turn ($20 per year as opposed to $16).  But what about split-
ting the $200 between A and B?  How do we decide if that’s 
better?  Do we compare the slopes of the two graphs?  The A-
graph has a higher slope at the beginning and a lower slope at 
the end.  What does that mean?  In fact some careful thinking 
is needed here.   
 
 

This is an excellent problem and deserves time and care.  There are many different ways to tackle it, 
and different approaches often yield different insights.  Thus I am reluctant to give my students too 
much guidance at the beginning.  However, one approach I am certainly expecting to see uses the rate 
of change ideas we encountered in the two previous sections.  That is, supposing you decide on an allo-
cation of x to Alpha and (200–x) to Beta, imagine the effect of increasing the allocation to Alpha.  That 
will give you more revenue from Alpha and less revenue from Beta.  For that shift in allocation to be 
profitable, you want the increase from Alpha to exceed the reduction from Beta.  If that’s the case, your 
total revenue will increase as x increases, and that’s an indication that the x-allocation can’t be optimal. 

Note that the horizontal line along 
the x-axis on the interval [0, 40] is 
part of the graph.  A(x) is defined on 
the whole interval [0, 200] and is 
zero on [0, 40].     
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A technical warm-up.  Some of my students have trouble 
with the argument below.  To get them thinking locally, I 
give them the following specific problem. 
 
You can see from the graph that A(100) = 12.  That is, if 
you invest $100 in A, your return will be $12 per year.  
By making careful measurements on the graph, provide 
your best estimate of your return if you invest $101 in A.   
 
Well one idea is to try measuring the height of the graph 
at x = 101.  But that’s definitely NOT the way to ap-
proach the problem.   
 
Rather ask for the rate at which A(x) increases as x in-
creases above 100.  Now that’s the slope of the tangent to 
the A-graph at x = 100 and that’s measured to be (20–
4)/200 = 0.08.  This tells us that the extra dollar invested 
will increase your return by 8 cents.  So your new return 
is  

A(101) ≈ A(100) + 0 08 = 12 08
 
 
It helps to take a particular allocation and ask whether it might 
be optimal.  For example suppose you decide to give $100 to 
A and $100 to B.  Then your total return is  

A(100) + B(100)  ≈  12 + 10 = 22. 

That’s certainly better than giving everything to B.  But is it 
optimal?   
 
Let’s try a local argument.  Suppose you alter the allocation a 
small amount.  Suppose you give a dollar more to A and a 
dollar less to B.  How will your total return change?  Well 
you’ll get a bit more from A and a bit less from B.  But how 
much more and how much less?   
 
Well, that’s what the slope of the graphs tells us.  First. the 
slope of the A-graph at x=100 gives us the rate at which A(x) 
increases and this is measured to be 0.08.  So that extra dollar 
to A will earn you about 8 cents.  Secondly, the rate of return 
through B is constant at 10% so one less dollar will lose you 
1/10 dollar or 10 cents.  So the gain from A is less the loss 
from B.  In transferring a dollar from B to A you have a net 
loss of 10–8 = 2 cents.   
 
Does that show that this allocation can’t be optimal?  Well not 
quite, but there’s a way to turn that net loss into a net gain.  If 
you give one dollar less to A and one dollar more to B, then 
the loss of a dollar to A will give you a revenue loss of about 
8 cents and the extra dollar to B will give us a revenue gain of 
10 cents, for a net gain of  10–8 = 2 cents.   
 
Thus the 100-100 allocation can’t be optimal.  We can do 
better by increasing the allocation to B. 
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What exactly was it that allowed us to deduce that the 100-
100 allocation couldn’t be optimal?  It was the fact that the 
slope of the A-graph at 100 was less than the slope of the B-
line.  The same argument would show that a point at which 
the slope of the A-graph was greater than the B-slope, 
couldn’t be optimal––in that case we could get a better overall 
return by increasing the A-allocation and decreasing the B-
allocation.   
 
The situation is illustrated at the right.  At x=80 the A-slope is 
higher than the slope of the B-line and we can do better by 
putting more money into A.  At x=100 the A-slope is lower 
than the slope of the B-line and we can do better by putting 
less money into A.   
 
 
It would appear that somewhere between x=80 and x=100 we 
should get a maximum return.  And that should be at the point 
at which the A-graph has the same slope as the B-line––in this 
case, 0.10.  Since the graph is concave-down, there’s only one 
such point and the construction at the right shows it to occur 
at just about x=90.  So that’s our optimal allocation––close to 
$90 to A and $110 to B. 
 
What is our total return?  The return from A at this point ap-
pears to be close to $11, perhaps a small amount above.  The 
return from B will be close to 10% of $110 and that’s also 
$11.  The total return is close to but perhaps just above $22.   
 
 
 
 
(b)  Now suppose the B-interest rate is 5%.  The B-graph now 
has slope 0.05 and we use exactly the same construction as 
before with slope 0.05 instead of 0.10.  The argument above 
now gives us an optimal allocation of close to $125 to A and 
$75 to B.  The total return is: 

A(125) + B(75)  ≈  13.5 + 0.05×75  =  17.25. 

Since this is bigger than the return we would get by investing 
the entire amount in either company (in this case, A(200) = 16 
and B(200) = 10) it must be the optimal allocation.  
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Finally we consider a B-interest rate of 15%.  The B-graph 
now has slope 0.15 and the above tangent argument gives us 
an optimal allocation of close to $73 to A and $127 to B.  The 
total return is: 

A(73) + B(127)  ≈  9 + 0.15×127  =  28.05. 

Is this the optimal?   
 
Well, the same argument we’ve used before tells us that it’s a 
“local” optimal.  The reason for that is that if we take an x 
above 73 (say 80) we’ll have a slightly lower slope which 
means we should give less to A, and if we take an x below 73 
(say 60) we’ll have a slightly higher slope which means we 
should give more to A.  So somewhere in the middle we must 
get a maximum and that occurs where the slope of the A graph 
is 0.15.   
 
That makes x = 73 a “local” optimum, it gives a higher payoff 
than any nearby value of x.  But to check that we’ve got the 
“global” optimum, we need to compare with the two “pure” 
strategies that put everything in the same place.  Giving every-
thing to A gives us A(200) = 16 as always, and giving every-
thing to B gives us 0.15×200 = 30.  And that exceeds the 
mixed optimum.  So it’s not a global optimum! 
 
We get the following result: 
 
For a B-interest rate of 15%, the maximum return is obtained, 
not from the optimal split allocation but by giving everything 
to B! 
 
 
At this point a student tells me that she knew this all along.  
How so?  Well I just looked at the picture.  I asked her to ex-
plain and she drew the graph at the right.  She extended the 
vertical scale to 30 so that both the lines intersected the right-
hand side of the graph.   
 
Now, look, she said, the three payoffs are given by where the 
three graphs intersect the right-hand side, at 16, 28 and 30.  
It’s clear that 30 is the best.  You can directly see that the split 
allocation gives you less than giving B the whole amount.   
 
Wow.  What a beautiful solution.  And powerful––no calcula-
tions needed.  Be sure you understand why it works?  Can you 
see why the sum  

A(73) + B(127) = 9 + 0.15×127  = 28.05 

is given by the height of the tangent line?   
 
[To see this, break the tangent line into two parts at the point 
of tangency.  The lower part has height A(73).  The upper part 
has slope 0.15 and the length of the “run” is 127, so it spans a 
height of B(127) =  0.15×127.  So the total height is the sum 
of the two payoffs and is the return from the split allocation.] 
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Problems 
 
1.  This problem refers to the Alpha-Beta example of this section.  Use the given A(x)-graph.   
(a)  Suppose I tell you that your optimal allocation is $100 to A and $100 to B.  What is the B-interest rate?   
Answer with a construction on the graph. 
 
(b)  In the example, the optimal allocation was found for three different B-interest rates r.  Solve the prob-
lem for a general value of the B-interest rate r.  In terms of r, when do I give it all to Alpha, when do I give 
it all to Beta, and when do I split it up?  Display your answer by drawing a rough graph of the optimal allo-
cation x to Alpha against r.  
 
 
2.  I have $100 dollars to invest and I want to know how to allocate it between two possible entrepreneurs, 
Alpha and Beta, in order to maximize my total annual return.   

Alpha:  If I give x dollars to Alpha, my annual return is   A(x)  =  ( )
1000
200 xx − . 

Beta:  If I give the remaining (100–x) dollars to Beta, my return is B(x) = r(100–x) dollars per year.  That 
is, Beta simply pays me annual interest at rate r.   
 
(a)  Take r=12% (that is, r=0.12).  Using the given formula for A(x), find the allocation which maximizes 
the sum of my returns through Alpha and Beta.  Illustrate your solution on a copy of the graph.  [Answ: 
x=40.] 
 
(b)  In case the optimal allocation is split, find a formula for the optimal allocation x in terms of the interest 
rate r.  What interest rates r would compel me to give everything to B? . [Answ: r≥20%.] 
 
 
3.  At the end of the month there is a video game contest I’m thinking 
of entering.  Now I’m way off form so to get any winnings at all I have 
to practice.  I figure that I have 100 hours of disposal time over the 
month and my problem is to know how many of these to devote to 
practicing for the contest.  The more I practice, the more I can expect to 
win, and in fact my expected winnings W(x) are graphed at the right 
against my practice time x.  For example, if I spend the whole 100 
hours practicing, I can expect to win just over $1000.  So why 
wouldn’t I do that?  Well, any time I don’t spend practicing I can do 
yard work for this guy who runs a gardening business, and he pays me 
r dollars per hour.  So the question is, how should I allocate my 100 
hours to maximize my total earnings?  Your answer will be given in 
terms of r. 
 
Provide a complete solution working from the graph.  Consider using 
both local and global arguments.  Make careful measurements and 
write your arguments up in a clear logical style.   
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4.  There's a spring on the Brown farm which produces 900 litres of water per day, which Farmer Brown 
can sell to a bottling company for $0.60 per litre.  But he needs to divert some of this water to irrigate his 
greenhouse sprouts, which he can sell for $2/kg, and he asks you for your advice.  Of course you need to 
know how his daily yield y (kg) of greenhouse sprouts depends on his daily irrigation level x (litres), but a 
quick web search reveals the elegant formula:  

y  =  ( )
1000

1000 xx −                 (0≤x≤500).  

Note the maximum level of 500 litres/day.  Too much irrigation can actually reduce yield.  Given this y-x 
relationship, how can Brown maximize his daily revenue?  That is, how many of his 900 daily litres should 
be sold to the bottling company, if the rest will be retained for irrigation? 
 
(a)  The graph of the y-x relationship is drawn at the right.  Explain the significance of its shape in lan-
guage that Huey the farm-hand can relate to.   
(b)  Working on a copy of the graph (with the vertical axis rescaled) provide a local argument which com-
pares rates of return.  Find a construction on the graph which gives you an estimate of the optimal alloca-
tion and work out  
(c)  Check your graphical estimates algebraically using the equation to do your calculations.  Illustrate your 
solution on a copy of the graph.   
(d)  Now use the above bottled water revenue of $0.60/litre and the above relationship between daily yield 
y (kg) of sprouts and daily irrigation level x (litres), but let the value of the sprouts ($/kg) be a variable k.  
Working with the y-x equation, find a formula for the optimal irrigation level x in terms of the market value 
k of the sprouts.  
(e)  What value of k would prescribe an irrigation level of x = 300 litres/day? 
(f)  Our intuition tells us that the higher is k, the more water you should devote to irrigation.  Check this 
out.  
 
 
  
 


