Queen’s University
Department of Mathematics and Statistics

MTHE/STAT 353
Homework 7 Solutions, 2022

e For each question, your solution should start on a fresh page. You can write your
solution using one of the following three formats:
(1) Use your own paper.
(2) Use a tablet, such as an ipad.
(3) Use document creation software, such as Word or LaTeX.

e Write your name and student number on the first page of each solution, and number

your solution.

e For each question, photograph or scan each page of your solution (unless your so-
lution has been typed up and is already in electronic format), and combine the
separate pages into a single file. Then upload each file (one for each question), into

the appropriate box in Crowdmark.

Instructions for submitting your solutions to Crowdmark are also here.

Total Marks : 30


https://mast.queensu.ca/~stat353/crowdmark_instructions.pdf
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(5 marks) Let X; and X, be random variables and Y a random vector. Use the Law of

Total Expectation to show the following generalization of the conditional variance formula:
Cov(X1, X3) = E[Cov((X1, X5) | V)] + Cov(E[X; | Y], E[X, | Y]).

Here, Cov((X1, X5) | Y) = E[X1 X5 | Y]—-E[X; | Y]E[X; | Y] is that function of Y whose
value when Y = y is the covariance between X; and X, with respect to the conditional

joint distribution of X; and X, given Y = y.

Solution: By the Law of Total Expectation

E[Cov((X1,X2) | V)] = E[E[XiXs|Y]]— E[E[X, | Y]E[X: | Y]]
= E[X1X,] - E[E[X, ’ Y]E[X, ! Y]] (1)

Furthermore,

Cov(E[X, ! Y], E[X; ‘ Y]) = EE[X, | Y]E[X; ‘ Y]] - E[E[X, ‘ Y]E[E[X, ’ )
= EB[E[X:|Y]E[X: | Y]] - B[X1]E[X)] (2)

—

again by the Law of Total Expectation. Summing up (1) and (2) gives

E[Cov(Xy, X5) | Y]+ Cov(E[X; | Y], E[X2 | Y])
= B[XiXo] - E[E[X) | Y]E[X: | Y]]+ E[E[X) | Y]E[X: | Y]] - E[X)]E[X:]
= E[XiX5] — E[Xi]E[X;]
= Cov(X1, Xs).
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2. (6 marks) A coin, having probability p of coming up heads, is successively flipped until at

least one head and one tail have been flipped.

(a) (3 marks) Find the expected number of flips needed.

(b) (3 marks) Find the expected number of flips that land on heads.

Solution:

(a) Let X denote the number of flips required until at least one head and one tail have

been flipped and let Y indicate the outcome of the first flip:

v — 1 if the first flip is heads
] 0 if the first flip is tails.

Then we have E[X | Y = 1] = 1+ E[Wy] and E[X | Y = 0] = 14 E[Wy], where Wy
and Wy are, respectively, the number of flips required, starting from the second flip,
until a tails or a heads is flipped. Clearly, W7 has a Geometric(1 — p) distribution
and Wy has a Geometric(p) distribution, so E[Wy| = 1%;; and E[Wy| = %. By the
Law of Total Expectation we have

EX]|=EX|Y=1PY =1)+EX|Y=0PY=0=1+—+—=.

(b) Let Z denote the number of flips that land on heads and let Y again denote the

outcome of the first flip. Then conditioning on Y we have
E[Z)=E[Z|Y =1]p+ E[Z |Y =0](1-p).

If the first flip is heads then the expected number of heads will be 1 plus E[Z; — 1],
where Z; is the number of flips starting from the second flip required to first flip
a tails. This is Geometric(l — p) with mean 1%;;' Therefore, E[Z | Y = 1] =
1+ 1%27 —1= 1%}). If the first flip is tails then the total number of heads flipped will

be just 1 (the last flip) so that E[Z | Y = 0] = 1. Putting this together we have
1-p?+p _1-p+p’ ’

=1 .
I1—-p I—p +1—p

ElZ]= —+ 1)1 -p) =
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3. (7 marks) Let X;, i > 1, be independent Uniform(0,1) random variables, and let X, = x,
for some z € [0,1]. Define N(z) by

N(z) =min(n > 1: X, < X,,_1).

In words, N(x) is the first “time” that an X value is smaller than the immediately
preceding X value. Let N(z) = E[N(z)], for 0 <z < 1.

()
(b)

(4 marks) Derive an integral equation for N(x) by conditioning on X.

(3 marks) Differentiate both sides of the equation derived in part(a) and solve the

resulting equation obtained (note that there is a boundary condition N(1) = 1).

Solution:

()

Conditioning on X7, we have

N(z) = B[N ()] = /O EIN(2) | X, = ffx, (£)dt = /O EN() | X, = fdt,

since fx,(t) =1 for 0 <t <1 for a U(0,1) distribution. For E[N(z) | X; = 1], if
0 <t < xthen N(z) =1 (because at time n = 1 we got a decrease). If x <t <1,
then N(z) is equal to 1 (for X;) plus the additional number of X’s we need to
observe until we see a decrease. But this latter number has the same distribution

as N(t) (it’s as if we started with Xy = ¢). To summarize,

EWW@\ngﬂ:{ 1 fo<t<z

1+ E[N(@)] ifz<t<1.

Plugging this back into the integral equation, we get
o x 1 . 1 .
N(x) :/ (1)dt+/ (L+ N(t)dt =1 +/ N(t)dt
0 x x

Differentiating (with respect to z) the integral equation obtained in part(a), we
obtain N (z) = —N(z). We also have a boundary condition N(1) = 1 because
N(1) = 1 with probability 1 (because X; will be less than 1 with probability 1). The
solution to the differential equation from part(b) is easily seen to be N(x) = ce™®,
for some constant c¢. The boundary condition N(1) = 1 gives ce™* = 1, which

implies ¢ = e. Thus, the final answer is

N(z)=e"" for0<z<1.
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(6 marks) A fair coin is tossed successively. Let K, be the number of tosses until n
consecutive heads occur for the first time. By conditioning on K,,_; express E[K,| in
terms of E[K,_1], then solve this recursion (note that E[K;] = 2) and find E[K,].

Solution: Suppose that K, 1 = ¢ is given. Then the first time that n — 1 consecutive
heads occurred was on toss i. Therefore, if toss 141 is also heads then n consecutive heads
occurred for the first time on toss ¢ + 1 and we have K,, = i. If toss i 4+ 1 is tails, then
we have to start over and the additional number of tosses we need to get n consecutive

heads has the same distribution as K,,. Thus,
. . 1 , 1
ElK, | Ky1=1=(i+ 1)5 +(i+1+ E[Kn])i,
which gives
1 1
ElK, | Kna] = (Kpoi+1)5+ (Ko +1+ ElK.])5

2

1
= K, 1+1+ 5E[Kn].

Taking expectation and using the Law of Total Expectation, we have
1
E|K,) = EEK, | K,-1]] = E[K,1] + 1+ 5E[Kn]
or

E[K,] =2+ 2E[K,_1].

We can now solve the recursion. We have the initial condition that E[K;] = 2 (since K
has a geometric(1/2) distribution). Then,

E[K,] = 2+2E[K, ]
= 24202+ 2E[K, ,))
= 2+22 4+ 2?F[K, ]
= 2422+ 23+ 2PF[K,,_4]

= 2422425+ 42" 4 2 E[K]
n—1

— 2+22+23+...+2"*1+2":222k:2
k=0

1—2"_
—9

. 2(2" — 1).
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5. (6 marks) Let X and Y be continuous random variables with joint density function

) %e*y(‘”“) forx>0,y>0
1:’ = .
Y 0 otherwise.

Find Var(X) using the conditional variance formula.

Solution: To find Var(X) using the conditional variance formula, we need the mean and

variance of the conditional distribution of X given Y = y. The marginal pdf of YV is

00,3 3 0 3 1 9
fr(y) = / Y pstort gy — ¥ g / R A S
0 2 2 0 2 Yy 2

fory > 0 and fy(y) = 0 for y < 0 (that is, the marginal distribution of Y is Gamma(3, 1)).
Then the conditional pdf of X given Y =y is
flz,y) _ (y*/2)evt+h

Yy) I
M)~ e T
for z > 0, and f(x ‘ y) = 0 for x < 0. That is, the conditional distribution of X given
Y = y is Exponential (y). The mean and variance of this conditional distribution are
E[X ‘ Y =y]= i and Var(X ’ Y =y)= y%, respectively. Thus we have

flz]y) =

1

E[X|Y]_% and Var(X‘Y):ﬁ.

The conditional variance formula is Var(X) = E[Var(X | Y)]+ Var(E[X | Y]), where the
mean and variance are computed with respect to the marginal distribution of Y. Thus,

we have

v - §) ] - 8] -]+ ] -se - =4

As Y ~ Gamma(3,1), we have

0 ] g2 SRR 1 3
Var(X) =2 | —=Levay — Y eyl =122,
ar(X) /0 w2t W Vo y2©o W 171



