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1. A family of Yellow-Faced (YF) gophers consisting of 2 parents and 3 children are kept in

a laboratory. In addition to these a family of YF gophers with 2 parents and 4 children,

a family of Big Pocket (BP) gophers with 2 parents and 5 children, and a family of BP

gophers with 1 mother and 4 children are also kept in the laboratory. A sample of 4

gophers is selected at random from among all the gophers in the laboratory. What is the

probability that the sample consists of one adult female, one adult male, and 2 children,

with both adults of the same genus (either both YF or both BP). [10]

Solution: Let X1 be the number of male YF gophers, X2 the number of female YF gophers,

X3 the number of male BP gophers, X4 the number of female BP gophers, and X5 the

number of child gophers in the sample. The sample size is n = 4 and the total number

of gophers in the laboratory is 23. The total numbers of YF male, YF female, BP male,

BP female, and children gophers are 2, 2, 1, 2 and 16 respectively. The joint distribution

of (X1, X2, X3, X4, X5)
T is Multivariate Hypergeometric and the desired probability is

P (X1 = 1, X2 = 1, X3 = 0, X4 = 0, X5 = 2) + P (X1 = 0, X2 = 0, X3 = 1, X4 = 1, X5 = 2)

=
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=

2× 2× 1× 1× 120

8855
+

1× 1× 1× 2× 120

8855
=

720

8855
≈ 0.0813.
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2. Let X1, . . . , Xn, Y1, . . . , Yn be independent Uniform(0,1) random variables. We form n

rectangles, where the ith rectangle has adjacent sides of length Xi and Yi, for i = 1, . . . , n.

Let Ai be the area of the ith rectangle, i = 1, . . . , n, and define Amax = max(A1, . . . , An).

Find the pdf of Amax. [10]

Solution: First note that Ai = XiYi for i = 1, . . . , n, and A1, . . . , An are independent since

the vectors (X1, Y1), . . . , (Xn, Yn) are independent. Also, the Ai are identically distributed,

each with support (0, 1). We first find P (Ai ≤ a) for any a ∈ (0, 1), which is P (XiYi ≤ a).

If Yi ≤ a then the limits for Xi are from 0 to 1. If Yi > a then the limits for Xi are from

0 to a/Yi. The joint pdf of (Xi, Yi) is f(x, y) = 1 for 0 < x, y < 1. Thus we have

P (Ai ≤ a) = P (XiYi ≤ a) =

∫ a

0

∫ 1

0

dxdy +

∫ 1

a

∫ a/y

0

dxdy

= a + a

∫ 1

a

1

y
dy = a + a(ln 1− ln a) = a(1− ln a).

Next, we get the cdf of Amax as

F (a) = P (Amax ≤ a) = P (A1 ≤ a, . . . , An ≤ a) = P (A1 ≤ a)n = (a(1− ln a))n,

for 0 < a < 1. Finally, we obtain the pdf f of Amax by differentiation:

f(a) = F ′(a) = n(a(1− ln a))n−1 [1− ln a− 1] = −n ln a(a(1− ln a))n−1,

which is valid for a ∈ (0, 1), and f(a) = 0 for a ≤ 0 or a ≥ 0.
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3. Let X and Y be continuous random variables with joint density function

f(x, y) =

{
y3

2
e−y(x+1) for x > 0, y > 0

0 otherwise.

(a) Find the marginal pdf of X. [5]

Solution: Integrating the joint pdf over y gives the marginal pdf of X. For x > 0,

we have

fX(x) =

∫ ∞
0

y3

2
e−y(x+1)dy =

Γ(4)

2(x + 1)4

∫ ∞
0

(x + 1)4

Γ(4)
y3e−y(x+1)dy =

3

(x + 1)4
,

as the integrand in the last integral over y is a Gamma(4, x+1) pdf, and so integrates

(over y) to 1. For x ≤ 0, fX(x) = 0.

(b) Find the marginal pdf of Y and E[Y ]. [5]

Solution: Integrating the joint pdf over x gives the marginal pdf of Y . For y > 0,

we have

fY (y) =

∫ ∞
0

y3

2
e−y(x+1)dx =

y2

2
e−y

∫ ∞
0

ye−yxdx =
y2

2
e−y,

as the integrand in the last integral over x is an Exponential(y) pdf, and so integrates

(over x) to 1. For y ≤ 0, fY (y) = 0. We can recognize the marginal distribution of

Y to be Gamma(3, 1), and so E[Y ] = 3/1 = 3.
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Formulas:

• The Uniform(0,1) distribution has pdf

f(x) =

{
1 for 0 < x < 1

0 otherwise.


