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1. (a) Let X1, X2, X3 be independent N(0, 1) random variables. Find the probability den-

sity function of U = X2
1 +X2

2 +X2
3 . [5]

(b) Suppose that the random vector Y = (Y1, Y2, Y3) is uniformly distributed on the

sphere of radius 1 centred at the origin; that is, Y has joint probability density

function

fY (y1, y2, y3) =

{
3

4π
if (y1, y2, y3) ∈ S

0 otherwise,

where S = {(y1, y2, y3) ∈ R3 : y2
1 + y2

2 + y2
3 ≤ 1} is the sphere of radius 1 centred

at (0, 0, 0). Let V = Y 2
1 + Y 2

2 + Y 2
3 . Find the probability density function of V and

find E[V ]. [5]
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2. Let X1, . . . , Xn be a sequence of independent random variables uniformly distributed on

the interval (0, 1), and let X(1), . . . , X(n) denote their order statistics. For fixed k let gn(x)

denote the probability density function of nX(k). Find gn(x) and show that

lim
n→∞

gn(x) =

{
xk−1

(k−1)!
e−x for x ≥ 0

0 for x < 0

which is the Gamma(k,1) density. [10]
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3. Let X1, . . . , X6 be independent random variables uniformly distributed on the interval

(0, 1). Find the pdf of U = min{max(X1, X2),max(X3, X4),max(X5, X6)}. [10]
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Formulas:

• The volume of a sphere of radius r is
4

3
πr3.

• Uniform distribution on the interval (0, 1) has pdf

f(x) =

1 if 0 < x < 1

0 otherwise

• The standard normal distribution has pdf

f(x) =
1√
2π
e−x

2/2 for x ∈ R

• Beta density with parameters α and β:

f(x) =


Γ(α+β)

Γ(α)Γ(β)
xα−1(1− x)β−1 if 0 < x < 1

0 otherwise

• Gamma density with parameters r and λ:

f(x) =

 λr

Γ(r)
xr−1e−λx if x > 0

0 otherwise


