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1. (a) Let X1, X2, X3 be independent N(0, 1) random variables. Find the probability den-

sity function of U = X2
1 +X2

2 +X2
3 . [5]

Solution: We know from class thatX2
i has the χ2

1 distribution,i.e., the Gamma(1/2, 1/2)

distribution. Since X1, X2, X3 are independent, so are X2
1 , X

2
2 , X

2
3 , so U = X2

1 +

X2
2 +X2

3 is a sum of 3 independent Gamma(1/2, 1/2) random variables, and as such

has the Gamma(3/2, 1/2) distribution. Thus

fU(u) =


(1/2)3/2

Γ(3/2)
u1/2e−(1/2)u if x > 0

0 otherwise

The expression can be simplified by noting that Γ(3/2) = (1/2)Γ(1/2) =
√
π

2
.

(b) Suppose that the random vector Y = (Y1, Y2, Y3) is uniformly distributed on the

sphere of radius 1 centred at the origin; that is, Y has joint probability density

function

fY (y1, y2, y3) =

{
3

4π
if (y1, y2, y3) ∈ S

0 otherwise,

where S = {(y1, y2, y3) ∈ R3 : y2
1 + y2

2 + y2
3 ≤ 1} is the sphere of radius 1 centred

at (0, 0, 0). Let V = Y 2
1 + Y 2

2 + Y 2
3 . Find the probability density function of V and

find E[V ]. [5]

Solution: We can find the pdf of V by first computing the cdf of V . For v ∈ [0, 1]

we have

FV (v) = P (V ≤ v) = P (X2
1 +X2

2 +X2
3 ≤ (

√
v)2) = P ((X1, X2, X3) ∈ S√v),

where S√v is the sphere of radius
√
v. Thus, for v ∈ [0, 1]

FV (v) =

∫∫∫
S√v

fX(x1, x2, x3)dx1dx2dx3 =

∫∫∫
S√v

3

4π
dx1dx2dx3

=
3

4π
× Volume of S√v

=
3

4π
× 4π(

√
v)3

3
= v3/2.

We also have FV (v) = 0 for v < 0 and FV (v) = 1 for v > 1. Differentiating, we

obtain the pdf of V as

fV (v) = F ′V (v) =

{
3
√
v

2
for 0 ≤ v ≤ 1

0 otherwise.

Then

E[V ] =
3

2

∫ 1

0

v3/2dv =
3

2

[
2

5
v5/2

]1

0

=
3

5
.
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2. Let X1, . . . , Xn be a sequence of independent random variables uniformly distributed on

the interval (0, 1), and let X(1), . . . , X(n) denote their order statistics. For fixed k let gn(x)

denote the probability density function of nX(k). Find gn(x) and show that

lim
n→∞

gn(x) =

{
xk−1

(k−1)!
e−x for x ≥ 0

0 for x < 0

which is the Gamma(k,1) density. [10]

Solution: The pdf of X(k) is

fk(xk) =

{
n!

(k−1)!(n−k)!
xk−1
k (1− xk)n−k for 0 < xk < 1

0 otherwise.

Let X = nX(k). Then the set of possible values of X (the sample space of X) is {x : 0 <

x < n}. So for x ∈ (0, n), by the (1-dimensional) change of variable formula the pdf of X

is given by

gn(x) = fk(x/n)
1

n
=

(n− 1)!

(k − 1)!(n− k)!

(x
n

)k−1 (
1− x

n

)n−k
and gn(x) = 0 for x /∈ (0, n). Now fix x > 0 and let n > x. Then

gn(x) =
(n− 1)!

(k − 1)!(n− k)!

(x
n

)k−1 (
1− x

n

)n−k
=

(n− 1)× . . .× (n− k + 1)

nk−1

(
1− x

n

)−k 1

(k − 1)!
xk−1

(
1− x

n

)n
→ 1

(k − 1)!
xk−1e−x,

as desired, since

(n− 1)× . . .× (n− k + 1)

nk−1
=

(
n− 1

n

)
× . . .×

(
n− k + 1

n

)
→ 1× . . .× 1 = 1,

(1 − x/n)−k clearly converges to 1 as n → ∞ (for fixed k), and (1 − x/n)n → e−x as

n→∞ (from calculus). Since gn(x) = 0 for x < 0 it is obvious that gn(x)→ 0 as n→∞
if x < 0.
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3. Let X1, . . . , X6 be independent random variables uniformly distributed on the interval

(0, 1). Find the pdf of U = min{max(X1, X2),max(X3, X4),max(X5, X6)}. [10]

Solution: Let Y1 = max(X1, X2), Y2 = max(X3, X4), and Y3 = max(X5, X6). Then

Y1, Y2, Y3 are independent and identically distributed random variables, each with cdf

FY (y) = P (X1 ≤ y,X2 ≤ y) = [P (X1 ≤ y)]2 =


y2 for 0 < y < 1

0 for y ≤ 0

1 for y ≥ 1.

and pdf

fY (y) =

{
2y for 0 < y < 1

0 otherwise.

Then U = min(Y1, Y2, Y3) has cdf

FU(u) = 1− P (min(Y1, Y2, Y3) > u)

= 1− P (Y1 > u, Y2 > u, Y3 > u)

= 1− (1− FY (u))3

=


1− (1− u2)3 for 0 < u < 1

0 for u ≤ 0

1 for u ≥ 1.

By differentiation, then, U has pdf given by

fU(u) =

{
6u(1− u2)2 for 0 < u < 1

0 otherwise.
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Formulas:

• The volume of a sphere of radius r is
4

3
πr3.

• Uniform distribution on the interval (0, 1) has pdf

f(x) =

1 if 0 < x < 1

0 otherwise

• The standard normal distribution has pdf

f(x) =
1√
2π
e−x

2/2 for x ∈ R

• Beta density with parameters α and β:

f(x) =


Γ(α+β)

Γ(α)Γ(β)
xα−1(1− x)β−1 if 0 < x < 1

0 otherwise

• Gamma density with parameters r and λ:

f(x) =

 λr

Γ(r)
xr−1e−λx if x > 0

0 otherwise


