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(a) Let Xi, X5, X3 be independent N(0, 1) random variables. Find the probability den-
sity function of U = X7 + X3 + X2. [5]

Solution: We know from class that X? has the x7 distribution,i.e., the Gamma(1/2,1/2)
distribution. Since X, X5, X3 are independent, so are Xl,X22,X§, soU = X} +

X2+ X2 is a sum of 3 independent Gamma(1/2,1/2) random variables, and as such
has the Gamma(3/2,1/2) distribution. Thus

(/2572 1/20-(1/2)u  if o -0

fulw) = ¢ IO
0 otherwise

The expression can be simplified by noting that I'(3/2) = (1/2)['(1/2) = \/TE

(b) Suppose that the random vector Y = (Y7, Y52, Ys) is uniformly distributed on the
sphere of radius 1 centred at the origin; that is, Y has joint probability density

3 if (y1,ye,y3) €S
fY(ylnyayE) = { am (yl y.2 yg)

function

0 otherwise,

where S = {(y1,92,y3) € R® : y? + 95 + y2 < 1} is the sphere of radius 1 centred
at (0,0,0). Let V =Y?2 + Y2 + Y. Find the probability density function of V' and

find E[V]. (5]
Solution: We can find the pdf of V' by first computing the cdf of V. For v € [0, 1]
we have

Fy(v) = P(V <v) = P(X7 4+ X3 4+ X] < (Vv)*) = P((X1, X2, X3) € S ),

where S is the sphere of radius /v. Thus, for v € [0,

0,1]
Fv(v> = // fX ZL’l,CCQ,ZL‘g dl’ldl’gdx?, // —d[L‘ldIle’g

= x Volume of S /o

47r
_ 3 X47T<\/5) — 32
4 3

We also have Fy(v) = 0 for v < 0 and Fy(v) = 1 for v > 1. Differentiating, we
obtain the pdf of V' as

WU fr 0< v <1
fv(v)ZFé(v)Z{ > T

0 otherwise.

Then
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2. Let Xy,..., X, be a sequence of independent random variables uniformly distributed on
the interval (0,1), and let X3y, ..., X(,) denote their order statistics. For fixed k let g,(x)
denote the probability density function of nX(;). Find g, (z) and show that

k=1 .
lim g,(z) = [k forxz >0
n—o0 0 for 2 < 0
which is the Gamma(k,1) density. o

Solution: The pdf of X, is

o= | 0 o0 <y <
0 otherwise.

Let X = nX(;). Then the set of possible values of X (the sample space of X) is {z : 0 <
x < n}. So for z € (0,n), by the (1-dimensional) change of variable formula the pdf of X
is given by

n n

) = et =i () ()

and g,(z) =0 for z ¢ (0,n). Now fix x > 0 and let n > x. Then

o) = i () (-3
e e )

nk-1 n (k—1)! n
1 k—1_—x
% P
S
as desired, since
n-1)x..x(n—-k+1)  (n-1 v n—k+1
o = " "
S olx..x1=1,

xT

(1 — 2/n)~F clearly converges to 1 as n — oo (for fixed k), and (1 — z/n)" — ™% as
n — oo (from calculus). Since g,(z) = 0 for z < 0 it is obvious that g,(z) — 0 as n — oo

if x <0.
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. Let Xi,..., X be independent random variables uniformly distributed on the interval

(0,1). Find the pdf of U = min{max(Xy, X»), max(X3, X4), max(Xs, X¢)}. [10]

Solution: Let Yy = max(Xi, X»), Yo = max(X3,Xy), and Y3 = max(X;, Xs). Then
Y1, Ys, Vs are independent and identically distributed random variables, each with cdf

y? for0<y<1
Fy(y)=PXi <y Xa<y)=[P(Xi<y={ 0 fory<0
1 fory>1.

and pdf

Frly) = 2y forO0<y<1
YAy = 0 otherwise.

Then U = min(Y3, Ys, Ys) has cdf

Fy(u) = 1— P(min(Y7,Ys,Ys) > u)
= 1-PY1>uYs>uYs >u)
= 1-(1-Fy(u)’
1—(1—u?)? forO<u<1
= 0 for u <0
1 for u > 1.

By differentiation, then, U has pdf given by

6u(l —u?)? for0<u<1
fU(U) = .
0 otherwise.
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Formulas:

4
The volume of a sphere of radius r is gm’?’.

[ J
e Uniform distribution on the interval (0, 1) has pdf
1 if0o<ze<l
flz) = ,
0 otherwise
e The standard normal distribution has pdf
f(z) L 2 jraer
xT) =
s
e Beta density with parameters o and f3:
Lla+B) ,.a—1(1 _ ,\B—1
Fa) = T ® (1—2x) ifo<z<l1
0 otherwise
e Gamma density with parameters r and A:

’\(;) e if x>0

T
0 otherwise

fz) =
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