
Practice Problems for Final Exam
-

Broad list of topics covered by the final exam :

Cat Filters to eliminate or pass trends and/or seasonal components
CBS ACVF and ACF of stationary process .

(c) ARCH , MA (q) ,
ARMAll , l ) processes .

(D) Distributions and properties of sample mean and sample auto correlations .
(E) Linear prediction .

Problems may require
the use of R ,

will not cover

- innovations algorithm
- tests from Section 1.6

Topic A

calf cihow that a causal filter {at;% will pass an arbitrary
quadratic polynomial , say Mt = Co t Gt t Cat

'

,
if the following

3 conditions are satisfied : ;§oaj =L , jaj
-

- O
, . Taj = O .

Sod .
Let aj - o

for j Lo ,
then assuming the conditions are satisfied ,

j§gj = I
, ;Ij9 's

'
- O

, j?j - Aj -- O will hold .

By Problem 1.12
,
the linear filter {ajlj.us will pass arbitrary

quadratic polynomials .

Secondmethod Directly apply the filter to Mt .

The output is

£7 a ; Mt-j ?,§aj ( co t c ,
Lt -j ) t alt -j))

= ( co tat testy
;
aj
- (c

,
t 2Gt)

. jajtc.IETaj
- -

Y o O

= Co to ,
t test'

= Mt

Thus
,
the causal filter {a

⇒ passes arbitrary quadrate polynomials ,



Cii) Find a causal filter Lao , a . .
. . .

, af} with a; to
for j -- o , . . .

, 6

( and aj
' o for j et Loi b - →

63 ) that passes arbitrary quadratic
polynomials and eliminates seasonal components with period 5 .

SI
.
First

, apply the filter It Bt B't B't 134 , which will eliminate

the seasonal component with period 5 .
Then apply a length 3 filter

{ bo
,
b
,
.bz} to get the composite fitter

( bot b ,
B tbs B') ( l t B t B't B't 134) =

;
aj B

"

where 90 = bo

a
,
= botb

,

as = bot b
, tbz

93 = bot b , tbz

94 = bot b
,
tbh

95 = b ,
t be

a f = bz

By part Ci) ,
the filter {ao

,
a . . . . ,

961 will pass arbitrary quadratic
polynomials if

5 Cbo tb , tbd = I
10 bot 15 b

,
t sobs = O

30 be t 55b
,
t 9012=0

These equations have solution Cbo , b , ,
b2)T =L I

,
-1.2

,
i
4)
T

.
Then the

fitter Lao , ai , . . , 96$ is given by
{ a o , ai , . . , ab) = { I

,

-

.
2
, .
2
, .
2
, .
2
,
-

.
8
,

i 4} .

( Remark : one might try to eliminate the seasonal component first
using the lag 5 difference operator Ds =L - 135 .

However
, any causal

filter we then apply to the output can only have 2 coefficients too and b
,

( otherwise the filter would have powers of B greater than 6) .
You will find

that with only b . and b
, , you will not be able to come up

with an overall
filter Lao , ai . - n , and that satisfy the - sufficient conditions from part Ci ) .



E E
(b) Find a symmetric filter { a-3,9-2,9 - i , 90,91 , 92,93 } where

aj to for j
=-3

,
- -

y
3 and a .j=aj that passes arbitrary cubic

polynomials and eliminates seasonal components with period either 2 or 3
,

Sod
. By Problem i. is

,
the desired symmetric filter should have

coefficients 90,9 , , 92,93 that satisfy
① Ao t 29 , t 292 t 293 = I

② a
,
t 49×+993 = 0

when applied to a seasonal component Htt the output will be
93 St- z t AzSt - z ta , St - i t Ao St t 9 , Stt , t Az Stetz t 93 Stetz

=
Cao t 29.3)St t Ca , t a 2) St - i t ca , taz) St- z if period is 3{ E d

if period is 2( Ao t 292)St t 219
, taz) -St- ,

From the above
,
to eliminate a seasonal component with either period

z or 3
,
it is sufficient to impose the further constraints

③ Ao t 293 = Act as

④ Ao t 292 = 2 Ca
, +93 )

The solution to the system of 4 linear equations given by ① -④ is

C.43055 , i 29861 ,
i 03472

,

-

. 04861 I = Cao
,
a

, , as , a3)
T

Then
,
the desired symmetric filter is given by

{ - o 04861 ,
i 03472

,
i 29861

,
i43055

,
. 29861

,
. 03472

,
-

, 0486 I }
a → 9 - z 9 - i Go 9 I 92 93 '

Note .
Another component to this question could be to code the

filter you come up
with in R and demonstrate that it has the

required properties .



② Topics , C

La ) Let { Xt) be an MACH process with parameters Oi
, Oz and o

'

,

Xt = Ze t O , Zt - i t Os Z t -z ,
where { 2-+3 is a Zero - mean WN CO2) .

Find 8×4) and px Ch) ,
the Acvf and Acf , respectively , of {Xt }

for h = 0
,
It

,
I2 , - - -

SI
,

we have

Var (Xt) = o
'

t Oto't 0502=041 t O ,'t OE)
.

Cov (Xt , Xt - i) = Cov ( Zt to , Zt - i t Os Ze- z , Ze - it 0 , Zt -z t Oz Ze -z)

= Cov ( O , Zt - i , Ze - i ) t Cov ( O -Et - z , Oi Zt - z )

= O
,
O
'

t O , 0202--020 ,
l l t Oz)

Cov( Xt , Xt -z) = Cov (Ztt Oi Zt - it 02 ZE -z , Ze - z t O , Ze - z t Os Ze - y )

= Cov ( Oz Ze- z , Zt - z )
= 0202

Then 8×4) = 0411-0,705)
h -- o

h = I l&:&."" i. Ii
.

and
h -- o

pxlh) =
o ! c it Oz) h = I I{÷÷:i : ÷

.



(b) Let { Zt) be a zero mean WNCO ') process ,

and let { Ye}

be the MACH process Yt = Ztt { Zt - i .
Let Xt = Yet a Ye - i ,

where a is a
constant

.

Show that txt 's is an MAK) process and

find the parameters 0 , and Or of this process in terms of a .
Find a

so that txt) has Acf with pxlo) =L , 53*4) = - I and pxlz) = - T
.

Sod .

We have

Xt = Yet a Ye - i
= Zt t I Zt - it a ( Zt - i t I Zt . s)
= Ze t Cat 's)Zt - it I Zt - z .

Thus ,
{Xt) is an MAG) process with parameters 0

,
= at 's and 02=93

.

From part la) ,
if we want pxci ) = - I and pals) = - T ,

then we need
0 , Cl t Os)

a) TEE
=
- I and 4 = - T

In terms of a
,
Cl) is (att ) C Haz)
-

It Cattle t.az
=
- I

4

or at¥tIt#
it a

-
ta tf + af

=
- f

or 5-a t za
'

+2

5t5¥a
=
- I (3)

and G) is F-
- =

- y
l t a

'
ta thy toy

or 29_ ( 4)
5 tea2+45

= - 5

Using Eq .

(4)
,
we have - b a = 5 t 5 a't 49 o - 5 a

'

float 5 = 0

or a
Z
t 2 a t I = O

o - ( at 1)2 = 0

⇒ a = - I

check that a = - I satisfies 13) :

= - T o - I = - to ✓
So a = - I satisfies both (3) and (4) .

So we can conclude that {Xt}

with a = - l has the given ACF
.


