
Final Exam Practice Problems (Part 2)
-

③ Topics B
,
C
,
D

Suppose {Xt} is an MAG) process
with parameters 0

, , Oz and 02 ,

i
-
e

.

, Xt = Zt to , Zt - , to, Zt - z ,

where {Ztt is a zero - mean WNLOY
.

(a) Let exch) be the Acf of LXI ,

show that Ipx G) I s Fs and

I 8×141 E I for any Oi
,
Oz
,
and o'

.
I 1

Sod
.

First
,
we have that excel = 9167¥ and PxG) = ,f¥qi

.

First
,
consider Park) .

We first note that we should have On > o to

maximize Pdz) .

Further
,
for any Osso , PxG) will be maximized

over 0 , by taking O
,
= 0

.

Therefore
,
the maximum of pics) is

ifaf 7¥ . Taking the derivative went
. Oa and setting this too

gives citation = o
⇐ it Oi - 205=0 ⇐ I = of

( Ito's)
'

So 02=1-1 ( and 01=0) maximizes Pxlz) .

The maximum value is

¥+7 = IT
.

Therefore I pxG) I Etz .

Now
,
consider Px 4) .

First
,
let us note that to maximize px 4)

over 0 , and Oz we can assume that Os t - I because when 0<=-1
,

$+4)
-

- o ( which is clearly not the maximum) .
For a fixed Os t - I , differentiating Pali ) w .

rt
.
O

,
and setting to 0

gives Clt 0,705) ( Ita)
- O

,
l l to2) 20 ,
- =O

C l to
,
't Oi) -

⇐ I t Of TOE = 20,2 since it Oz to

⇐ I tot =Of d

Thus
,
we get that

O
,
= ITt will potentially maximizep×4 ) for a given

value of Oz .
Let px Li 102) be the maximum value of p× Ci ) for

the given Oz .

Thus
,
we wish to maximize All 102) over Oz .



For a fixed or ,
when we plug in the values 0

,
- tMtf we

±Ft Clt Os)
we wish to maximize thisget-

I tht Oi ) +OF
•

over Os t - I
.

Rather than maximizing the above over Oz ,
we will

maximize the square
of the above over Oz

,
since the square is

a monotone function so the value of Oz that maximize, the square
also maximizes- the above . Thus

,
we wish to maximize

( I t OE ) ( It Os )
'

Cl t 025
=

( I t OT)t 202Ctx) Tato
-
-

Tito ¥i=Yt%o⇒
we have already computed that E- is maximized at 02=1

,HOI
and the maximum value of is I .

Therefore
,
CH) is maximized

at 02--1 ,
and its maximum value is ¥ t Etz = I .

Since Ctx ) is the square of pics) at a given Oz . Therefore
,
the

maximum value of 53×45 is I , which gives that the maximum
value of 1. Px CDI is ¥

.
Therefore

, Ipx Cdl ELF .

(b) Let { Xt} be an MAK) process
with MA parameters 0

,
= - I and

O
,
= - I

.

Let gift and pics) denote the sample auto correlations

based on Xi . . . ., Xh .

Find the approximate variances of pili ) and pics)
and construct 959. confidence intervals for 4x4 ) and pxcz) based on

these
.

§ .
From Section 2.4.2 ,

the approximate variance of

pili) is ht Wii
,
where

Wii
-

- £7
,

(Pxckti ) t pick - i) - zpxcilpxck))
'

we wish to compute wi , and was .



For the MAG) process with parameters 0
,
and Oz

pill = ,%tI and PxH=i¥oI
with O

,
= - I and Oz = - I

,
we have .

A "
-

- iEE± -

-

'

II . - ÷ ,
AH - IEEE -

-

'

II
.

.
. 's

So
,

to evaluate Wii = €7 ( Pxlkti) tpxlk - i) - Zpxlilpxck))
'

,
we have

for I = I
-

!

W
,# +G) tpxlo) - 28×45)

'

t (PED - zpxlilpxlz) ) 't 5h14
'

forty .

Wu = ( excl ) - zpxlslpxli ))
'
t ( Pirlo) - 20×125)'t fall )

'

t pay
'

Plugging in pxci ) = - to and Px 14 = - Y we have

Wii = C - T t l - 23T)
'

t C - T - 2 it)
'

t f
= t ( ET tf = '"5#=Y = ¥-2.5617

Wu
-

- f - f - it)
-

t ( l - 24) ' t TT t t
= 1¥12 + Eff tf tf = 254934-9+31--344=1 =

.
Gob

Therefore
,
Val pili )) E

'56hL and Va- C CH) E '90hL

From Section 2. 4.2
,
we have that

Eci) is Nlpxci ) ,
'SII) and pits) * ( p×H

,
-9ft)

So
pics - Px Cil

Pf - habe < 1.96) I.95
and Bark) - pxcz)
PC- l . 96 -¥-51.96) E.95

The 95% confidence intervals based on these approximations are then
For excl) : §×Li) I 1.965.567717 = PIG ) I 1.4691in
For Park) ! ⑤*(2) I i. 96 IT = PIC2) I l . 776kt e



④ Let {Xtt be an Arnall , l) process with parameters 0 = I and

O = I
,

and o' = I
,
i.e.
,
Xt - I Xe - i = Zt t I Zt - i , where

{Ze} is a zero - mean WN Ll ) .

The ACVF of the ARMA CI , I ) process

is 8×61=04 it )

) giftof,
'
O'±

.
d- I

8×41=040+04918102) sea, = Ez
8× Ch) = 0h

- '
8×11) h 22 . Why = E)

h - '

(E)
(a) Give PCXZIX ,) , the best linear predictor of Xz in terms of X

,

( this is also denoted by P
, Xz ) . Compute the mean squared error

of PCXLIX
,
)

.

Sol
.

Recall ,
P (Xslt ,) = a Xi ,

where a satisfies

8×6) a = 8×4 ) ,
or a = = 5,31=7 ,tho)

So P (Xsl X
, )

= SIX , .

The minimum mean squared error is

F-[ (X . - PRIX .))' ) = 8×10) - 78×41=3 - (F) (5) = = f-
,

(b) Find PCX, I Xs ,X , ) . Compute the MSE of PLX , I Xz
,
X ,
)

,

SI
,

P (X, I Xz
,
X ,
) = a , Xz t az X , ,

where a = la .
, as IT satisfies

e.¥: :*:X:.IE: Tis: :D
⇐

⇒

c: :*.it:1
The solution is

Lainie:
"

Est
'

.tt:
'

'

of ÷I
Then PCX

, I Xs
,
X

,) = FT Xa - EX , .

The minimum MSE is

Elks - PCX, IX. , x.DY = Z - HEHE) -ENID
=
224-15-0+25 = 9¥ = }{- I 1 . 03125 .

96



(c) Compute P ( Xn IX.
,
X , ) and give the minimum MSE

.

Compute the limit of this rise as n → A .

Sod
.

P ( Xn IX.
,
t

,) = a.K t a 2X ,
where a = La , , a. IT satisfies

Eisiiix:.ie:c: it
or LY. i:) t⇒"

Then e'⇒" Li : it
' ' '⇒" I:})
-
done in part (b)

Then Plknlxs
,
X

,
) = C'⇒
" (YIK - FX ,)

The minimum MSE is

Ekin - Pkn IX. it , ) )
'

] = 8×6) - CE)
"
- ' a'FKF) - LEHI))

= } - (E)
uh -615,06--25

=3 - ft)
" - b '

II
.

As n
-so

,
E [ ( Xn - PL Xu IX . ,X ,))

'] → I
.


