
Practice Problems for Final Exam
--

& (a) Find a causal filter 990, a ....., ape with as to for;=0, ..., 6

Candas- for; 2011 ..., 63) that passes arbitrary quadratic
polynomials and eliminates seasonal components with period 5.

Lol. First, apply the filter 1+B+B"+B+B", which will eliminate

the seasonal component withperiod 5. Then apply a lengths filter
& 60, 6,623 to get the composite filter

<both, BHLBY (1+ B+ B"+B+B") =.a, B"
where 90 = bo

a= botb,
ac = botb, tbz
as = bot b, +2

94= bot b, tb

95 = b, + b2
96 =b2

By part (i), the filter 900a.. .. , 903 will pass arbitrary quadratic
↑ olynomials if

5 (bo +b +b2) =1
1060 +156, +2062 =

0

3 obo + 55b, + 906c =0

These equations have solution (boob,62)=11,-1.2, i4)". Then the
filter dara

.., asis given by
&90,9.. ... 963 = 91,1,2,2,2,2, i8,43,

(Remark:One might try to eliminate the seasonal component first
using the lays difference operator Dg:1-35. However, any causal
filter we then apply to the output can only have a coefficients to and by
cotherwise the filter would have powers of a greater than 6). You will find
that with only board, you will not be able to come up

with an overall
filter 290.9, . ...as that satisfy the requirements.)



(b) Find a symmetric filter [9.z,9-219.1,90,9,92, 9s3 where

9) to for i
=-3, ...,3 and 9.j=9j that passes arbitrary cubic

polynomials and eliminates seasonal components with period either 2 or 3.

101. By Problem 1.12, the desired symmetric filter should have
coefficients do, a, an,as that satisfy
D 90 + 29, +29, + 293 = 1

② 94 49u+993 =0

when applied to a seasonal component asis the output will be
93 St-y t92St-2 +9,St-, +9oSt +9,St++92Strz + 9sSt+s
a
(90+ 293) S+ + (9, +a21St-l+ (9, +an)St- if period is 3aS 190+ 2927S+ +219,+9s)St-1 if period is 2

From the above, to eliminate a seasonal component with eitherperiod
& or 3, it is sufficient to impose the further constraints
⑨ &ot 295 = 9, + 92

# do + 292
=

2 (9, +93)

The solution to the system of 4 linear equations given by D-B is
T

1.43055, 29861,03472, =,04861) =

190,9,92, 93):
Then, the desired symmetric filter is given by
= 104801,103472, 29861, 73055, 29861,03472,:,01803a 3 -2 a.9. a, a2



②

(a) Let 35x3 be an MAC process with parameters 0.,02 and "

* = zx +0,2x., + 022zz, where 92x) is a zero-mean WN104.

Find UCh) and PACh), the ACVF and Act, respectively, of 34+3
or h =0, 11,12. . . .

St. We have

Var (4) = 0+0.0" + 0.8"=0"1+0 , +0.),

CON(X+, Xt-) = Cov(2x t0,zz- +0zZzz2, Zt-1 +0.2+-z +0zZzg)

- Cor10,2t-1, Zz-) + Cor10rEt-c , 0,Zzra)

~ 0.0" + 0,020= 040(1 + 02)

Cor(X+,7zz) =CovLZe t0,Zz., t0zZzz,Zz- +0,Zz-s +0zze-p)

- CorC02Zt-2, Et-2)
= 0,0"

Then 5x (h) - 0F(1+0"+0?)
h =0

at0(1 +02) b =1 lS8"Or h = 12

otherwise

and
-

· h =

0

=oltoane
h = l

IxCh)

S
O

otherwise

h = I2



(6) Let 32x) be a zero mean WNCO4 process, and let dix3

be the MACD process 45:zx+Zzz-. Let 4+= YtaYt-1,

where a is a
constant. Show that X-3 is an MAC) process and

find the parameters 0, and On of this process interms of a. Find a

so that [Xx3 has Arwith 9 - 10=1, $911:5 and $x) ==5.

ot.Wehaveant-= zx + Ezzr +a(zz, +Ezzul
- Ex +a+11zz-++fzz-c,

Thus, Ath is an MAC2) process with parameters 0,:at 5 and O2=3

& rom part(a), if we want px(i= - 5 and pals =
-5, then we need

1) ttoui = -5 and (2)OR = -5

In terms of a, 1) is illite--
·raititi=-of
·treith=-5 (3)

and

(2)isartatanin (4)

Using Eg. 14, we have - 6a= 5+5"+49 o-59"#loa +5 =

0

or a"+29 +1 =

0

or (a +1 =0

=a =

- 1

check that a =- 1 satisfies (3):

I

#2ts = -

0 0
=5

5 a =-1 satisfies both (3) and (4). So we can conclude that [X+3

with a =- has the given ACA.



③ Suppose SX3 is an MAR) process
with parameters 0,02 and ot

↑e.4t= 2x +0,zz. +02zzz, where CE) is a zero-meau WNCO2).

ca) Let got be the ACE of CA-3. Show that IDXC1) I E and

19x1)) for any 0,02, and 8
"

O2
1. First, we have that $xC

=ior and $xk)=-EFtO.
First, consider (=). We first note that we should have 0230 to

maximize $x(2). Further, for any 0230, PxC) will be maximized
over 8, by taking 8, = 0. Therefore, the maximum of PR is

mato. Taking the derivative wort. On and setting this to o

gives=0.20= 0
#I0"-20=0 E 1=i

So 02 F+1 (and 0,=0) maximizes (x2) .

The maximum value is

=1. Therefore IPxK2 :I

Now, consider P2C1. First, letus note that to maximize $xLl
over 0, and Oc we can assume that 0F-1 because when O2F-1,
+11) =0 (which is clearly not the maximum).
For a fixed OzF-1, differentiating [xLi w.r.t. 8, and setting to 0

gives(IOd- 0,110210=0
1 t0,"+0122

=> I t0 " +0?=20. Since Octo

=> I t0?"= 0," d

Thus, we get that
0=
E* will potentially maximizesLI) for a given

value of 02. Let DxLIIO2) be the maximum value of$x(1) for
the given 12. Thus, we wish to maximize PXCIIOd over 02,



For a fixed on, when we play in the values 0.: INTO We

of INFO+023 We wish to maximize thisI-
Y to

over O2F-1. Rather than maximizing the above over O2, we will

maximize the square
of the above over 02, since the square is

· monotone function so the value of on that maximizes the square
also maximizes the above. Thus, we wish to maximize

(A(-oSIor"Or,oftenatit
We have already computed that & is maximized at 02 =1,
and the maximum value of tolost. Therefore, (*) is maximized
at 02:1, and its maximum value is ItE=1.
Since (A) is the

square of SSD at a given O2. Therefore, the
maximum value of Daliis I, which gives that the maximum
value of AC) is on. Therefore, ID = 11) =.



4) Let [xx) be an ARMACI,1) process
with parametersD: E and

0:E, and 8=1, i.e., *-**:zx+ 1zz-, where

223 is a zero-man WNL1). The ACUF of the ARMACIs 1) process

is UxC0) =0F), +e with $ =1, 0 =1,0:=1

Ux (i)
=

0"PO+ytOD) I 4 (0)=
UK (L) = 0. 15x11) has aST-h"E

(a) Give PCX217.), the best linear predictor of to in terms of X,

this is also denoted by P. X2) · Compute the mean squared error
of PCA2/X.).

01. Recall, PCAult.) = aX, where a satisfies

&10) 9 = WC1), or at Etls3=
So PIX217)

=371. The minimum mean squared error is

ECCAn-PSAn1x.172) = U30) - EUx11 =

5-1E)() =2"= 9.

(b) Find P1As/Xz,7). Compute the MSE of PCAs1z,A.).

201, PCAs172, X. )
=

9,7z +92X, where a = 10.,92)" satisfies

UcoSUC,YlaT:(OrL] atll 5,(a =5Yis
of

( if 1011"1"in
The solution is

(1)" (iv ii)
"

[57:5(% is)/.)"sto)"(ja
Then P1,172, 4.) = 542-57. The minimum MSE is

EC14s-P14s17n, 5.71) = 5-LLTE) - FelET)
=both59 A x 1,03125,



(P Compute PCAn 172, X) and give the minimum MSE.

Compute the limit of this MSE as n+D.

2PCAn 17a, t,) = a,Ar+9nt, where a =19,92)" satisfies

IP 5i)a=loris
=

IrsTSin
Or #i) () = (**()

Then ():Cths)"[i]
=

TINT)
done in part (b)

ThePIXn172, X. ) = (E)" (5th
- 5 X.)

The minimum MSE is

ECK-PAnlucAll":WeCoIBITIst -ListE)
= 5-112n-65

As ntp, ECCAn-PCAn1s,xill")+


