
Invariants of a Vector and a Covector

Gregor Kemper (joint work with Cédric Bonnafé)
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Doubly parametrized series of groups
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Doubly parametrized series of groups

What about decomposable representations?

Example. V = F3
q , R = Fq[V ⊕ V ]U3(Fq):

q = 2 3 4,5, . . .
generators: 12 16 ?
structure: Gorenstein depth = 4 ?

We consider Fq[V ⊕ V ∗]Un(Fq)
(
Un(Fq) = {upper unipotent matrices}

)
.

→ K[V ⊕ V ∗]G useful for computing invariants in Weyl algebras.
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The case n = 2

Set

Fq[V ⊕ V ∗] = Fq[x1, x2, y1, y2],

f1 = x1, g1 = y2,

f2 =
∏

h∈U2(Fq)·x2

h, g2 =
∏

h∈U2(Fq)·y1

h,

u0 = x1y1 + x2y2

(
corresponding to idV ∈ End(V )

)
.

Then

Fq[V ⊕ V ∗]U2(Fq) = Fq[f1, f2, g1, g2, u0]

subject to

u
q
0 − (f1g1)

q−1u0 − f
q
1g2 − g

q
1f2 = 0.
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The general case

Set

fi =
∏

h∈Un(Fq)·xi

h, gi =
∏

h∈Un(Fq)·yn−i+1

h (i = 1, . . . , n),

uj=
n∑

k=1

x
qj

k yk, u−j =
n∑

k=1

xky
qj

k (j ≥ 0).

Theorem (Bonnafé, Ke 2010):

Fq[V ⊕ V ∗]Un(Fq) = Fq[f1, . . . , fn, g1, . . . , gn, u2−n, . . . , un−2]

(4n− 3 generators), subject to 2n− 3 relations.

This is a complete intersection!
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The case n = 3

Relations:

u
q
−1 − (gq(q−1)

1 + g
q−1
2 )uq

0 + (g1g2)
q−1u1 − f

q
1g3 = 0, (R1)

u
q
0 − g

q−1
1 u1 − f

q−1
1 u−1 + (f1g1)

q−1u0 − f2g2 = 0, (R2)

u
q
1 − (fq(q−1)

1 + f
q−1
2 )uq

0 + (f1f2)
q−1u−1 − f3g

q
1 = 0. (R3)



Sketch of the proof

• Calculate in the algebra A defined by relations.

• A is a complete intersection; f1, f2, f3, g1, g2, g3 ∈ A form an
h.s.o.p.

• A(f1f2)
and A(g1g2)

are localized polynomial rings.

• So A is a domain, and the singular locus has codimension > 1.

• By Serre’s criterion, A is normal.

• The invariant field is

Fq(V ⊕ V ∗)U3(Fq) = Fq (f1, f2, f3, g1, g2, g3, u0) .

• It follows that A → Fq[V ⊕ V ∗]Un(Fq) is an isomorphism.
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The invariant field

Let G ⊆ GL(V ) be finite. Then K(V ⊕ V ∗)G is generated by:

• K[V ]G,

• K[V ∗]G, and

• u0.

The proof uses Galois theory.
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Relations

How do we get relations between the fi, gi, and ui for n > 3?

Lemma:

k∑
i=1

n+1−k∑
j=1

n∑
l=1

(−1)i+j+n+1ai,lbj,n+1−l · det


a1,1 · · · a1,k−1
... ...

ai−1,1 · · · ai−1,k−1

ai+1,1 · · · ai+1,k−1
... ...

ak,1 · · · ak,k−1



· det


b1,1 · · · b1,n−k
... ...

bj−1,1 · · · bj−1,n−k

bj+1,1 · · · bj+1,n−k
... ...

bn+1−k,1 · · · bn+1−k,n−k


= det

a1,1 · · · a1,k
... ...

ak,1 · · · ak,k

 · det

 b1,1 · · · b1,n+1−k
... ...

bn+1−k,1 · · · bn+1−k,n+1−k

 .
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Relations

Substituting ai,j = x
qi−1

j and bi,j = y
qi−1

n+1−j and setting

ck,i := det



x1 x2 · · · xk

xq
1 xq

2 · · · xq
k... ... ...

xqi−1

1 xqi−1

2 · · · xqi−1

k

xqi+1

1 xqi+1

2 · · · xqi+1

k... ... ...

xqk

1 xqk

2 · · · xqk

k


, dk,i := det



yn yn−1 · · · yn+1−k

yq
n yq

n−1 · · · yq
n+1−k

... ... ...

yqi−1

n yqi−1

n−1 · · · yqi−1

n+1−k

yqi+1

n yqi+1

n−1 · · · yqi+1

n+1−k
... ... ...

yqk

n yqk

n−1 · · · yqk

n+1−k


,

the lemma yields

k−1∑
i=0

n−k∑
j=0

(−1)i+j+n+1uqmin{i,j}

i−j · ck−1,i · dn−k,j = ck,k · dn+1−k,n+1−k.

Now express ck,i in dk,i in terms of the fi and gi.
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The Borel group Bn

Bn(Fq) = {upper triangular matrices}. Set

f̃i =
∏

h∈Bn(Fq)·xi

h, g̃i =
∏

h∈Un(Fq)·yn−i+1

h (i = 1, . . . , n),

uj=
n∑

k=1

x
qj

k yk, u−j =
n∑

k=1

xky
qj

k (j ≥ 0).

Theorem (Bonnafé, Ke 2010):

Fq[V ⊕ V ∗]Bn(Fq) = Fq[f̃1, . . . , f̃n, g̃1, . . . , g̃n, u1−n, . . . , un−1]

(4n− 1 generators), subject to 2n− 1 relations.

This is a complete intersection!
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Other groups

Observation: For G ∈ {Un(Fq), Bn(Fq)}, Fq[V ⊕V ∗]G is generated

by Fq[V ]G, Fq[V ∗]G, and some ui’s. Does this generalize?

Conjecture: Fq[V ⊕ V ∗]GLn(Fq) is generated by the Dickson in-

variants in the xi and in the yi, and by u1−n, . . . , un−1.

The invariant ring is not a complete intersection.

The corresponding statement is not true for SL2(F3) (and ap-

parently for no SLn(Fq)).
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