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Doubly parametrized series of groups

What about decomposable representations?

Example. V =F3, R=TF,[V ¢ V]V3Fa):

q= 2 3 45 ...
generators: 12 16 e
structure: | Gorenstein | depth = 4 e

We consider F,[V & V*]Un(Fq) (Un(IFq) = {upper unipotent matrices}).

— K[V@V*]G useful for computing invariants in Weyl algebras.
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The case n =2

Set
IE4“6][‘/ @ V*] — Fq[ZC]_, 2,Y1q, y2]7
J1 =1, g1 = Y2,
Jo = 11 h, go = 1] h,
heUs(Fq)-zo heUs(Fq)-y1
ug = x1Y1 + Toyo (corresponding to idy € End(V)) .
Then
FolV @ VY2 = Fo[f1, f2, 91, 92, uo]
subject to

~1
ud — (f191)9 “uo — fig2 — 91 f2 = 0.



Set

fi= 11

n
J
uj= > i yg,
k=1

h

Y

The general case

9i = 1] h

heUn(Fg) Yn—it1

n .
_ q’
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(7 = 0).



The general case

Set
fi= Il h  a= 11 h
hEUn(Fq)CBZ hEUn(Fq)-yn_i+1
mn j mn ]
ui= Y T Yk u—j = > TkY}
k=1 k=1

Theorem (Bonnafé, Ke 2010):

(7 = 0).

IEFC][‘/ > V*]Un(]Fq) — FQ[fla ey fnagla ey dn,UD_py .. 7un—2]

(4n — 3 generators), subject to 2n — 3 relations.

This is a complete intersection!



The case n =3

Relations:
—1 ~1 -
uly — (@9 + g8 Dud + (9192)  ur — flgz =0,  (R1)
1 1 _
ud — g7 “ur — f{ Tu—1+ (f191)? Lug — 290 = 0, (R2)

(ff(q Dyy )uo + (f1f2)? tu_q1 — f3gf = 0. (R3)
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Sketch of the proof

e Calculate in the algebra A defined by relations.

e A is a complete intersection; f1, fo, f3,91,92,93 € A form an
h.s.0.p.

° A(flfQ) and A(9192) are localized polynomial rings.

e SO A is a domain, and the singular locus has codimension > 1.

e By Serre’s criterion, A is normal.

e [ he invariant field is

FQ(V D V*)U3(]Fq) — IE?(] (f17 f27 f37 d1,92, 393, uO) .

e It follows that A — Fy[V & V*Unlle) is an isomorphism.
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The invariant field

Let G C GL(V) be finite. Then K(V & V*)& is generated by:

e K[V]C,
o K[V*]&, and

® uQ.

The proof uses Galois theory.
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How do we get relations between the f;, g;, and u; for n > 37

Lemma:
kE nt+l—-k n
(_1)i-|-j-|-n-l-1
z=I j=1 ZZI

- det
bj+1

a1
= det

a1

/ b1,1

bj-1,

\bn+1:—

Relations

( ai1

a;—1,1
a;+41,1

\ acs

bL?—k \

a;1bjny1- - det

1 o bi—in—k
1 o bjirin—k
k1 bn+1—km—k)
ai b1.1
: - det :
Ak k bp41—k1

b1 n+1—k

bpt1—knt1—k



Relations

1—1

Substituting a; ; = =7

(:xl o . . 1% \
o I T T

a:q’ xqt gth

1 2 k

\of af o)

the lemma vields

k—1 n—k

Z Z(— 1 )i+j+”+1u§f‘;.“’”

i=0 j=0

and b;; =y,

dkﬂ

1

:— det

Yy
(&

qg!
YUn
i+1

Y

1, and setting

Yn—1
q
yn_l

g
yn':ll
ql
yn — 1

f
yn_l

Ch—14 Apn—kj = Chk * Ang1—knt1—k-



Relations

1—1 1—1
Substituting a; ; = a:? and b; ; = ny+1_j and setting

( T Ty - Tk \ ( YUn  Yn—1 - yn—|—1—k\
q q q q q e q
L1 Lo Tt Ly Yn Yn—1 Yn+1—k
qzel qifl q.ifl qifl qul i
cr; .= det | 3 T ERR 8 , dkﬂ' = det | Yn Yn—1 " Ypai1-k
! q11+1 qi—f-l qi+l qz‘+1 qi—i-l i+
Ty L3 T Ty Yn Yn—1 " Ynt1-k
q* q* _ q’“) -q’“ q’-“ qk-
\ L1 Lo L, \ Yn  Yp_1 yn+1—k:)
the lemma vields
k—1n—k
. . 1 min{s,j} .
E E (—1) 7+t ul 5 Ck-1i Aok = Chk  dnt1-knt1—k-
i=0 j=0

Now express ¢ ; in di; in terms of the f; and g;.
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The Borel group B,

Bn(F;) = {upper triangular matrices}. Set

~

fi= 1l h  a= 11 h

hEBn(Fq)'mi hEUn(Fq)’yn—z’—l—l
mn j mn ]
_ q _ q
wi= ) T Yk U = > Ty,
k=1 k=1

Theorem (Bonnafé, Ke 2010):

FQ[V s> V*]Bn(]Fq) — FC][fl? .. '7fn7§17 S 7§n7u1—n7 c e ,’U,n_]_]

(4n — 1 generators), subject to 2n — 1 relations.

This is a complete intersection!
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Other groups

Observation: For G € {Un(Fy), Bn(Fg)}, IB‘q[V@V*]G is generated
by Fq[V1C, F[V*]C, and some u;’s. Does this generalize?

Conjecture: F,[V @ V*]GLn(Fq) is generated by the Dickson in-
variants in the z; and in the y;, and by u1_,,...,un_1.
The invariant ring is not a complete intersection.

The corresponding statement is not true for SL>(F3) (and ap-
parently for no SLy,(Fy)).



