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AVERAGE COST OPTIMALITY OF PARTIALLY OBSERVED MDPs:
CONTRACTION OF NONLINEAR FILTERS AND EXISTENCE OF
OPTIMAL SOLUTIONS AND APPROXIMATIONS*
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Abstract. The average cost optimality is known to be a challenging problem for partially observ-
able stochastic control, with few results available beyond the finite state, action, and measurement
setup, for which somewhat restrictive conditions are available. In this paper, we present explicit and
easily testable conditions for the existence of solutions to the average cost optimality equation where
the state space is compact. In particular, we present a novel contraction based analysis, which, to
the best of our knowledge, is new to the literature, building on recent regularity results for nonlinear
filters. Beyond establishing existence, we also present several implications of our analysis that also
are new to the literature: (i) robustness to incorrect priors, (ii) near optimality of policies based on
quantized approximations, (iii) near optimality of policies with finite memory, and (iv) convergence
in Q-learning. In addition to our main theorem, each of these represents a novel contribution for
average cost criteria.
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1. Introduction. We study optimal control for partially observable Markov de-
cision processes (PODMPs) under the average cost criterion. Let X denote a standard
Borel space, which is the state space of a partially observed controlled Markov process.
Let B(X) be its Borel o-field. Let C(X) be the set of all continuous, bounded functions
on X. Here and throughout the paper, Z denotes the set of nonnegative integers,
and N denotes the set of positive integers. Let Y be a standard Borel space denoting
the observation space of the model, and let the state be observed through an observa-
tion channel Q. The observation channel, @, is defined as a stochastic kernel (regular
conditional probability) from X to Y, such that Q(-|z) is a probability measure on the
power set P(Y) of Y for every z € X, and Q(4|-) : X — [0, 1] is a Borel measurable func-
tion for every A € P(Y). A decision maker (DM) is located at the output of the channel
@ and hence only sees the observations {Y;, t € Z>o} and chooses its actions from U,
the action space which is a compact set. An admissible policy -y is a sequence of control
functions {7, t € Z>¢} such that ~; is measurable with respect to the o-algebra gen-
erated by the information variables I; = {Y[o 4, Ujos—11}, t€N, Iop={Yo}, where

(1.1) Ur=vl), te€Zsxo,

are the U-valued control actions and Yjg4 = {Ys, 0 < s <t}, Up—1) = {Us, 0 <
s <t—1}. In the above, the dependence of control policies on the initial distribution
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7o is implicit. We will denote the collection of admissible control policies as I". The
update rules of the system are determined by (1.1) and the following relationships:

Pr((XO,YO)eB):/Bu(dxo)Q(dydxo), BeBXxY),

where p is the (prior) distribution of the initial state Xy, and

PT((Xt,Yt) €B ’ (X,K U)[O,tfl] = (x,ZJ’U)[o,tl]) :/ Q(dyt|33t)7—(d$t|$t717Ut71),
B

B e B(XxY),t €N, where T is the transition kernel of the model which is a stochastic
kernel from X x U to X.
We may let the agent’s goal be to minimize the expected discounted cost

> Ble (X, Uh)

t=0

Jp(p,y) = £}

for some discount factor 8 € (0,1) over the set of admissible policies v € T, where
c¢: X x U — R is the stagewise measurable cost function, and the expectation E}) is
taken over the initial state probability measure p under policy v. The optimal cost
for the discounted infinite horizon is defined as

J5(p) = inf I (ks 7).

The average cost control problem under partial observations is shown as follows
involves finding an optimal policy that minimizes the average cost of the system over
an infinite horizon:

J*(u)ﬂgJ(uw)

where

n—1
c (X, Up)

t=0

1
J(p,7y) =limsup —E7

n—oo N

Contributions.

(i) In the theory of partially observable Markov decision processes (POMDPs),
very few conditions for the existence of solutions to the average cost optimality
equation (ACOE)have been found in the literature, especially in scenarios
beyond those with finite states, actions, and measurements, often restricted
by stringent conditions, as we will discuss in detail. This paper introduces a
novel result concerning the existence of a solution for the ACOE by utilizing
a Wasserstein regularity result (Theorem 2.2), as detailed in Theorem 1.2.
Under Assumption 1, we show the existence of a solution for the ACOE.
We provide a detailed comparison to existing results in the literature and
highlight the explicit nature of our conditions.

(ii) Subsequently, the paper then presents several applications and implications
of the existence of a solution to the ACOE for POMDPs. To the best of our
knowledge, the following lead to new contributions in this area of study:
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1. Subsection 3.1 establishes robustness to incorrect priors under univer-
sal filter stability, demonstrating that an optimal policy designed for an
incorrect prior remains optimal when applied for the correct prior un-
der the average cost criteria, leading to a complete robustness property.
Additionally, the subsection includes an analysis for the discounted cost
setup.

2. Subsection 3.2.1 establishes near optimality of quantized approximation
policies for average cost criteria.

3. Subsection 3.2.2 examines how, under conditions of filter stability, optimal
policies derived from a finite window of measurements and actions for the
discounted cost criteria are near-optimal solutions for average cost criteria
in POMDPs.

4. Subsection 3.2.2 also highlights the use of Q-learning to derive near-
optimal policies applicable for both discounted finite window and dis-
counted quantized approximation scenarios.

1.1. Notation and preliminaries.

Belief MDP reduction for POMDPs. It is known that any POMDP can
be reduced to a completely observable Markov process [35, 27], whose states are the
posterior state distributions or beliefs of the observer; that is, the state at time n is

2n(+):=P{Xn € |Yo,- -, Yn, U0, - - s un—1} € P(X).

We call this equivalent process the filter process. We denote by Z := P(X) the set
of probability measures on (X,B(X)) under the weak convergence topology, where,
under this topology, Z is also a standard Borel space, that is, Z = P(X) is separable
and completely metrizable under the weak convergence topology. The filter process
has state space Z and action space U. Let P(Z) denote the probability measures on
Z, equipped with the weak convergence topology.

The transition probability n of the filter process can be determined via the fol-
lowing equation [14, 27, 35]:

(12) 0120 = [ Vs e P 20),
where
P(-|z,u)=Pr{Yps1 €| Z,=2,U, =u}
from Z x U to Y and
F(z,u,y) =Pr{X 11 €| Zn=2,Up=u,Yni1 =y}

from ZxUxY to Z.
The one-stage cost function ¢: Z x U — R is a Borel measurable function and is
given by

(1.3) é(z,u) ::/Xc(a:,u)z(da:),

where ¢: X x U— R is the stagewise cost function.

This way, we obtain a completely observable Markov decision process from the
POMDP, with the components (Z,U, ¢,n). The resulting MDP is often referred to as
the belief MDP.
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Convergence notions for probability measures. Let {y,, n € N} be a se-
quence in P(X). The sequence {u,} is said to converge to p € P(X) weakly if

(1.4) Aﬂwmwmaéﬂwmm>

for every continuous and bounded f:X — R.
For two probability measures u,v € P(X), the total variation metric is given by

lw—=vlrv:=2 sup [u(B)—v(B)
BeB(X)

[ t@ntan) - [ r@ptdn)

where the supremum is over all measurable real f such that || f||oc =sup,ex |f(2)| < 1.
Finally, the bounded-Lipschitz metric pgr, [31, p. 109] can also be used to metrize
weak convergence as

(1.5) = sup
Fillflle<1

. _ p(da) — d
(1.6) P () l;gqjj (dz) Aﬂ@%x
where
. o 1) = f(@)
s =+ 171 151, = sup HE= L0,

r#x

and d is the metric on X.

When X is compact, one way to metrize Z under the weak convergence topology
is via the Kantorovich-Rubinstein metric (also known as the Wasserstein metric of
order 1) ([1, Theorem 8.3.2]) defined as follows:

(1.7) Wi (v —sup{/f w(dz) — /f ): f €Lip(X, 1)}
w,v € Z, where for k € N,
Lip(X,k) ={f: X =R, ||fll, <k}

DEFINITION 1.1 ([8, eq. (1.16)). For a kernel operator K : S1 — P (S2) we define
the Dobrushin coefficient as

= lnfzmln (K (vaZ)vK(yaAv)) ’
i=1

where the infimum is over all z,y € Sy and all partitions {A;},—_, of Sa.

1.2. Average cost optimality equation. The average cost optimality equa-
tion (ACOE) plays a crucial role in the analysis and the existence results of MDPs
under the infinite horizon average cost optimality criteria. In the framework of the
belief MDP noted above, the triplet (h,p*,~v*), where h : Z — R, v*: Z — U are
measurable functions and p* € R is a constant, forms the ACOE if

hz) +p* = 1nf{ &) /hz1 dz1|zu)}

uelU

(18) — (e + [ Aealdalan’ ()
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for all z € Z. Tt is well known that (see, e.g., [14, Theorem 5.2.4]) if (1.8) is satisfied

with the triplet (h, p*,~*), and, furthermore, if h satisfies

E7[h(Z4))]
t

z

(1.9) sup lim =0 VzeZ,

~er t— 00
then ~+* is an optimal policy for the POMDP under the infinite horizon average cost
optimality criterion, and

J*(z)=inf J(z,7)=p* VzeZ.

vel
We will refer to the function h as the relative value function in the rest of the paper.
Note that there may not be a unique relative value function A that satisfies the
ACOE; however, any h that satisfies the ACOE and the condition (1.9) can be used
for optimality analysis.

1.3. Statement of the main result. Now we state the main result of our
paper.
Assumption 1.
1. U is a compact space, and (X, d) is a compact metric space with diameter D
(where D =sup, ,cxd(z,y)).
2. The transition probability T (- | z,u) is continuous in total variation in (x,u),
ie., for any (zn,un) = (z,u), T (- | Tn,un) = T (- | x,u) in total variation.
3. There exists a € RTsuch that

ITClz,u) =T (2’ w)llpy < ad(z,2)

for every z, 2’ € X, u e U.
4. There exists K; € Rt such that

le(x,u) — e(2,u)| < Kyd(x, ')

for every z,2' € X, u € U.
5. The cost function c is continuous and thus bounded since X is assumed to be
compact.

K, DB ;25@)) -1

where §(Q) is defined as in Definition 1.1.
We thus state the following main theorem.

THEOREM 1.2. Under Assumption 1, a solution to the average cost optimality
equation (ACOE) exists. This leads to the existence of an optimal control policy, and
optimal cost is constant for every initial state.

As can be seen, the testability /verification of these criteria is explicit. We pro-
vide three examples to illustrate this, one in a discrete setting and the others in a
continuous setting.

As we will discuss in more detail in section 3, the theorem provides significant im-
plications for robustness and approximations. By utilizing this theorem, we can derive
near-optimal policies for the average cost criteria in partially observable Markov deci-
sion processes. To the best of our knowledge, obtaining near-optimal policies for the
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average cost criteria is a novel result in the literature on partially observable Markov
decision processes (POMDPs). Additionally, under certain conditions, our findings
contribute a new perspective to the literature on robustness, demonstrating that the
average cost optimization problem is completely robust to initialization errors.

1.4. Examples. The first example will be for the discrete case. For the case
with finite X, consider the discrete metric d defined as follows:

1 if !
d (x’ m/) — % €T # x )
0 ifz=2a.
With this choice of metric, the diameter D is equal to 1.

Ezample 1.1. Let X = {0,1,2,3}, Y = {0,1}, U= {0,1}, e € (0,1/2), and let ¢
be any function from X x U to RT. Now, consider the transition and measurement
matrices given by

/2 1/3 1/6 0 3/4—e 1/4+e

| 0 12 16 13 | 3/4—€ 1/4+e
=1 12 176 0o 1/3 |’ @= 1/4+e 3/4—e€ |’

/3 1/3 1/3 0 1/d+e 3/d—e

1/3 1/2 1/6 0
0 1/3 1/2 1/6
1/2 1/3 0 1/6
1/3 1/3 1/3 0

For this example, please note that §(Q) is greater than 1/2, and the diameter D
is equal to 1. We can choose « to be 1. Hence, according to Theorem 1.2, the average
cost optimality equation (ACOE) has a solution.

Alternatively, if we were to select « to be less than 1, a more relaxed condition
on 6(Q) would suffice. If we can choose a to be less than 2/3, without any other
constraints on the observation kernel, we can assert that the ACOE has a solution.
As we will see in the literature review section, these conditions are new.

The second example will be for the continuous state space case.

Ezample 1.2. Let X =[0,2], Y ={0,1}, and U = [0,12]; let the transition kernel
T (.| z,u)=Unif(0,min(2, 1+((x+u)/7))), where Unif stands for uniform distribution;
let measurement kernel Q(z) = |z]; and let cost function c¢(x,u) =z + u.

17—]::

For this example, we observe that 6(Q) =0. Furthermore, considering any control
input u in the set U and any states z and z’ within the space X such that =’ <z, we
can derive the following bound:

1T (|, u) = T (2", u)lpy < [Unif(0,1+ (2" +u)/7) — Unif(0,1 + (2 + u)/7)[ 7y
/
1 x +u ot
91— + = _o r—x
1+ zfu r+u+7

2
< ?d(x,x’).

We have D =supd(z,z’) =2, and by choosing o = % and K; =1, we can set Ko

to 6/7. This choice ensures that we satisfy the conditions outlined in Assumption 1.
Consequently, we can directly apply Theorem 1.2 to this specific example.

Ezample 1.3. Consider X = [0,1], U = [~p,p|, and the cost function c(z,u) =

x — u. Define the transition kernel 7 (.|z,u) = N(x + u,0?). Here, N(u,c?) denotes
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the truncated version of N(u,0?), where the support is restricted to [0,1] C R. Its
probability density function f is given by
1 ()
x; ’0— —_ — — _ .
T = e En ~a ()

o

Here, ¢(-) is the probability density function of the standard normal distribution, and
®(-) is its cumulative distribution function.

For any 0 <z <y < 1, ‘lT(“y’“);Ti‘lx’“)‘lTV < % This shows that the tran-

sition kernel T satisfies Assumption 1(3) with o = —Y=. If we choose o > 3/v/2m,
Assumption 1(6) is satisfied for every observation channel. Under this condition, by
Theorem 1.2, the ACOE has a solution.

1.5. Literature review and comparison. In the following we present a de-
tailed literature review and also provide a comparison with our results. We will in
particularly highlight the fact that many of the results in the literature are not easy
to verify, which also serves to demonstrate that the problem is a challenging one.

References [26, 12, 28, 16] study the average cost control problem under the
assumption that the state space is finite; they provide reachability type conditions
for the belief kernels. Reference [16] also provides a detailed literature review. An
additional line of argument, via simulation and coupling, was introduced in [2, 3, 5, 4].
Under certain strong continuity requirements of the transition kernel, [30] extends the
positivity condition to Polish spaces. We also note that, via the weak Feller property
of nonlinear filters, the convex analytic methods can also be utilized [33, Theorem
1.2], though the dependence on the initial condition is a limitation.

Borkar and Budhiraja [5] consider X, Y, and U as Polish spaces, where X is a finite-
dimensional Euclidean space (not necessarily compact, unlike ours) and U is a compact
space. In their setup, unlike ours, the observation measurement depends on the
previous time’s state and action. For (z,u) € X x U, the transition probability measure
p(z,u,dz,dy) € P(X x Y) is defined. Reference [5] assumes that p is continuous in a
strong sense as follows: Let A denote the Lebesgue measure on X, and let n € P(Y)
assume a density function p(z,u,z,y) on X x U x X x Y such that p(z,u,dz,dy) =
p(z,u, 2z, y)Ndz)n(dy), with ¢(-) > 0. It is assumed that ¢(z,u,z,y) is continuous.
Note that by Scheffé’s lemma, this implies that the transition kernel, as well as the
measurement kernel, is continuous in total variation. The update rule is then given as

Pr (Xn—i-l S A7Yn+1 e A | X[O7n]a}/[0,n]a U[O,n]) = / / ¥ (Xna Un,z,y) A(dz)n(dy)
rJA

Furthermore, to facilitate a coupling argument, [5] additionally assumes
14¢€9
. o (x,u,2',y) /
1.10 N =2 A(d dy) <
(1.10) [ #ta) (2T i) < o

for some ¢ > 0, where ¢(z,u,2’) = [ p(z,u,2’,y)n(dy). Finally, the following Lya-
punov type assumption is assumed (which always holds when X is compact).

Assumption 2. There exist V € C(X) and V € C(X) satisfying lim ;oo V() = 00

and lim ;o V() = 0o, and under any wide-sense admissible {Z,, },

E [V (Xns1) | Fa| = V(X0) €=V (Xp) + L (Xn),
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_ E [f} (Xn)}
limsup ———— =0,
n—o0o n

where ¢ >0, B={ze€S: |z| <R} for some R>0, and F,, = a(Xi0,n]s Yio,n)> Ujo,n))-

THEOREM 1.3 (Theorem 4.1 of [5]). For the system described above and under
the mentioned assumptions as well as Assumption 2, a solution to the average cost
optimality equation (ACOE) exists. This implies the existence of an optimal control
policy, and the optimal cost remains constant for every initial state.

Compared to this result, we present complementary conditions which are explicit
and testable. Additionally, for the compact setup, we do not have continuity assump-
tions on the measurement kernels, and the condition (1.10) is not needed. Our paper
looks to be the first to utilize contraction properties of filter kernels.

In [26], Platzman addresses the finite state average cost control problem with finite
state, observation, and action spaces under restrictive reachability, subrectangularity,
and detectability conditions.

Runggaldier and Stettner in [28] consider X and Y as finite and U as compact.
They prove that under the following positivity condition [28], ACOE has a bounded
solution.

Assumption 3 (see [28]).
- /
inf inf inf 7T(C‘j,’u )
§,5€X u,u' €U {CEeB(X):[T(Cli,u)]>0} T(C|i,u)

We note that Example 1.1 does not meet this condition.
Borkar [2] employs a coupling argument under the following assumption.

Assumption 4 ([2, Assumption A]). There exist constants Ky € RT and § €
(0,1) such that sup; ;sup., P(1 > n|X'y = i,Xo = j) < Kd" holds for all n > 0.
This supremum is taken over all wide-sense admissible policies, and 7 represents the
coupling time, i.e., 7 =min{n: X', = X, }.

However, verifying this assumption is not simple due to the necessity of taking
the supremum over all wide-sense admissible policies (which is a strict superset of
deterministic admissible policies).

Hsu, Chuang, and Arapostathis [16] consider a finite X and Y and a compact U.
They provide two different sets of assumptions under which ACOE has a solution.

Assumption 5 (Assumption 2 of [16]). Z. = {p € Z : u(z) > e for all z € X}.
There exist constants € >0, ko € N, and o <1 such that if z,(8) € argmin.ez J3(2),
then for each j € [@,1) we have

VB
5 P (B € 20 2

where Zy, is the filter process, and vz is the optimal policy for the 5-discounted horizon
cost problem.

Because checking this assumption can be quite complex, an alternative, easier-to-
verify assumption is provided.

Assumption 6 (see [16]). There exist k> 1 and A > 0 such that, for all admissible
{Ut}a
P(X,=j|Xo=1%,U;-1,Y:,1<t<k)>A VijeX

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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For the second set of assumptions, the conditions are relaxed to some extent when
the cost function ¢ is continuous.

Assumption 7 (see [16]). There exist k> 1 and A > 0 such that, for all y* € Y*
and u* € Uk,

Py (¥ |u*) > A Py (vF b)) VijeX,
exX

where Py (y* | ub) =P (X =4, Y15 =y" | Xo =14, Ujg 1) = u").

THEOREM 1.4 (Theorem 11 of [16]). Under either Assumption 5 or Assumption 7,
the average cost optimality equation (ACOE) possesses a bounded solution.

Finally, Stettner in [30] extends the results of [28] to Polish state spaces and
observation spaces, encompassing both nondegenerate and degenerate observations as
follows: For uy,us € U and p,v € P(X) define

. T (Clv,uz)
A(ug,ug, 4, v) i= inf —.
(1,2, 1, ) {C:T(Cluun)>03 T(Cp,ur)

Then define A(u, v) =inf,cp A(u, u, p, V).

Assumption 8 (see [30]). A (u',uZ,p,vy) — 1 and A (u2,u',v,, 1) — 1 when
u2 — u! and v,, = p. Similarly, assume that both \ (v, ) and X (u,v,) converge to
1 as v, = u (where = denotes weak convergence of probability measures).

THEOREM 1.5 (Theorem 5.6 of [30]). Let X and Y be Polish spaces, U be a
compact space, and ¢ be a continuous and bounded function. Under Assumptions 3
and 8, the average cost optimality equation (ACOE) admits a bounded solution.

In [32], the authors study near optimality of finite window policies for average cost
problems where the state, action, and observation spaces are finite; under the condi-
tion that the liminf and limsup of the average cost are equal and independent of the
initial state, the paper establishes the near optimality of (nonstationary) finite mem-
ory policies. Here, a concavity argument building on [11] (which becomes consequen-
tial by the equality assumption) and the finiteness of the state space is crucial. The
paper shows that for any given € > 0, there exists an e-optimal finite window policy.

With this review, we have both summarized some existing key studies and high-
lighted the fact that our paper presents accessible and testable conditions, compared
with most of the literature reviewed above.

In our paper, we present a contraction based analysis for nonlinear filters, which
is a novel contribution and which we expect will have significant consequences for
learning theoretic and approximation results.

2. Proof of the main theorem. Recently, [22] presented the following regu-
larity results for controlled filter processes.

THEOREM 2.1 ([22, Theorem 7-i, Theorem 7-iv]). Assume that X and Y are
Polish spaces.
i. If Assumption 1(3) is fulfilled, then we have
PBL (77( | Z7u)a77 ( ‘ Zl?“’)) <3 (1 + a) PBL (’272/)

for any z,2' € P(X) and u e U.
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ii. Without any assumptions,

paL (n(-[z,u),n(-|2",u)) < (3=26(Q))(L = o(T))llz = #/llrv
for any z,72' € P(X) and u e U, where §(T) :=inf ,eu 6(T(- | -,u)).

Building on these results and their proof method, the next result follows from
[7, Theorem 5.1], which considered the control-free setup. A proof sketch is given in
Appendix A.

THEOREM 2.2. Assume that X and Y are Polish spaces. If Assumption 1(1) and
Assumption 1(3) are fulfilled, then we have

Wi |0 o) < (220220 oy g

for all zg,2z0' € Z, ueU.

As we assume that X is compact, under the W; (that is, the 1-Wasserstein or
Kantorovich-Rubinstein) metric, Z is compact.

Under Assumption 1(4), we have that ¢ defined in (1.3) is Lipschitz continuous,
since

(2.1) |é(z,u) — é(2' u)| = <K 1Wi(z,2).

/Xc(x,u)z(dx)—/c(x,u)z’(dx)

X

THEOREM 2.3 ([17, Theorem 2]). Under Assumption 1(2), the transition proba-
bility n(- | z,u) of the filter process is weakly continuous in (z,u).

We also highlight that additional recent results are available on the weak Feller
property, such as those in [10]; however, as there are no restrictions on @, this result
[17, Theorem 2] is relevant here.

LEMMA 2.4. Under Assumption 1, for any B the value function Jjj is Lipschitz

. . . _ Kl
continuous with coefficient K, where K = 5

Proof. We adopt the approach in the proof of [29, Theorem 4.37]. Let f €
Lip(Z,k) for some k > 0. Then g = { € Lip(Z,1), and therefore for all w € U and
z,y € Z we have

(22) \ [ smtas |z~ [ a0

/ o(@yn(de | = u) - / g(@)n(de |y, )
Z Z
(2.4) <KW (0| 2 )0 | 9,u)) < kE2Wi (2,9)

(2.3) =k

by Theorem 2.2. Let T be the Bellman optimality operator,
@) =i {etww+5 [ aaninnso ),
yeZ

uclU
We know that Jj satisfies T'J3 = J§ [14, Lemma 4.2.6]. T is a contraction, so by the
Banach fixed point theorem, 7™ f converges to J3 as follows:

IT) - TF) |
< gleag{lé(%u) ey, u)| + B \ [ famtae |z~ [ s@ias v
< KlWl(Zvy) + ﬁkK2W1(Z’y) = (Kl + BkK2) Wl(zvy) = MlWl(Zvy)'
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By induction we have, for all n > 2,
T"felip(Z,M,),

where M,, = K; + SKoM, 1 and thus M, = K; 3" (3Ks)" + k(8K5)". Then,
the sequence M,, monotonically converges to 171;71[(2 since Ko < 1. Hence, T"f €
Lip(Z, 1};%[{2) for all n, and therefore, J3 € Lip(Z, PI;%KZ) since it is closed with
respect to the sup-norm. Taking k < 1}/(871[(2, we certify that the fixed point satisfies
the desired Lipschitz continuity. |

For any B € (0,1), Jj; € Lip(Z, 15—[1(2) Therefore, for any zg € Z,

(2.5) hp(2) = J5(2) = J3(20) <

K,
1— Ky - Ky

In view of the results above, we now introduce a crucial auxiliary result that will
play a pivotal role in establishing our main result.

Assumption 9.
1. The one-stage cost function ¢ is bounded and continuous.
2. The stochastic kernel n(- | z,u) is weakly continuous in (z,u) € Z x U, i.e., if
(g, ur) = (x,u), then n (- | g, ug) = n(- | z,u) weakly.
3. U is compact.
4. Z is o-compact, that is, Z =U,,S, where S,, C S,,4+1 and each S, is compact.
There exist « € (0,1) and N >0 and a state zp € £ such that
5. =N <hg(z) <N for all z€ Z and (5 € [a,1), where

(2.6) ha(2) = J3(2) = T (20)

6. The sequence {hg)} is equicontinuous, where {3(k)} is a sequence of dis-
count factors converging to 1, which satisfies limy_,o (1 — B(k))J5 ;) (2) = p*
for all z € Z for some p* € [0, L].

LEMMA 2.5 ([34, Theorem 7.3.3]). Under Assumption 9, a solution to the average
cost optimality equation (ACOE) exists, leading to the existence of an optimal control
policy, and optimal cost is constant for every initial state.

Proof. See Appendix B. ]

We note that a similar result, with slightly stronger continuity conditions (not
applicable to our setup) under [14, Assumption 4.2.1], can be found in [14, Theorem
5.5.4]. Using this auxiliary result, we are now ready to present the proof of the main
theorem.

Proof of Theorem 1.2. First, we will show that if a partially observable Markov
decision process (POMDP) satisfies Assumption 1, then the corresponding belief MDP
satisfies Assumption 9.

Assumption 9(1) is valid due to equation (2.1). Assumption 9(3)(4) hold because
U and Z are compact. Assumption 9(2) follows from Theorem 2.3, and Assump-
tion 9(5) follows from (2.5).

By inequality (2.5), we know that

K
7 Wiz 20)

he(2) = J5(2) = Tj(20) < 1
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for all 8 € (0,1). Therefore, hg is equicontinuous for all 8 € (0,1). Since this condition
holds for all subsequences, Assumption 9(6) is satisfied.

Thus, if a POMDP satisfies Assumption 1, then the belief MDP satisfies Assump-
tion 9. All conditions of Lemma 2.5 are satisfied, and the proof is completed using
Lemma 2.5. ]

3. Implications for approximations, robustness, and learning. In this
section, we discuss several implications of our results on the existence of a solution to
the ACOE and Wasserstein regularity.

First, we establish robustness by studying how an optimal policy developed for
an incorrect initial prior performs when applied to the correct initial distribution in
the context of the average cost criteria. Under certain conditions, we find that the
average cost optimization problem is robust to errors in initialization.

We then study approximate optimality through the quantization of the belief
space, or P(X). This method yields a near-optimal policy for the original problem.
We then present an alternate method to construct a finite Markov decision process
(MDP). This is achieved by replacing the complete observable Markov process with
the most recent N observations and actions. Within this finite state MDP framework,
we apply Q-learning to obtain a near optimal policy.

3.1. Robustness to incorrect priors for discounted and average cost
criteria. In this section, we discuss the implications of our results on robustness.
Let us first formally define the robustness problem. We have already introduced J*
and Jj in the first section.

An optimal control policy v* for a given prior p is a policy that achieves the
lowest expected cost over all admissible control policies as follows:

J (") = inf J(p,v) = J* (1)
yel’

Consider a scenario where a controller incorrectly assumes that the system’s prior
is v, while in reality it is p. In this case, the controller would implement the policy
~¥, optimal for v, but this results in an expected cost of J (u,v"). If the controller
had used the correct policy, the cost could have been J*(u). In studying robustness,
we are interested in the differences

I (m,g) — J5 (1),
J (1, y") = I ()

for the discounted cost problem and the average cost problem. Here 77 is an optimal
policy for the initial v in the context of discounted cost criteria, while v is an optimal
policy for the initial v in the context of average cost criteria.

In the literature on POMDPs, there are upper bounds on this error cost for dis-
counted cost problem [19], studies on its relationship with filter stability, and attempts
to find uniform upper bounds for average cost problem [25]. There is also work con-
sidering how robustness is affected under different transition kernels for discounted
cost problems [20]. The following builds on [19, Theorem 3.2].

THEOREM 3.1 ([25, Theorem 3.8], [19, Theorem 3.2]). Assume the cost function c
is bounded, nonnegative, and measurable. Let v¥ be the optimal control policy designed
with respect to a prior v. Then we have

I (:7") = T (1) <2 elloollpe = vl
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However, by utilizing filter stability, the bound can be refined, as we will observe
in the following.

DEFINITION 3.1. A filter process is said to be stable in the sense of total variation
in expectation with respect to a policy ~y if for any measure v with p < v we have
lity oo B4 [[127 = 727 1y ] 0.

The filter is universally stable in total variation in expectation if it holds with
respect to every admissible policy v €.

For the average cost criteria, under Assumption 1, asymptotic filter stability is
sufficient for robustness, as the following shows.

THEOREM 3.2 ([25, Theorem 3.9]). Assume the cost function ¢ is bounded, non-
negative, and measurable, and assume the filter is universally stable in total variation
in expectation. Consider the span seminorm,

J|. = sup J* — inf J* ;
(17 A (p1) it (p2)

then we have

J(7") = T () < 17, -

In particular, if ||J*||Sp =0, then the average cost optimization problem is completely
robust to initialization errors.

We note that in [25], the existence of an optimal solution was not shown; our
implication also presents an existence result for optimal policies. Under Assumption 1,
we show that |J*|,, = 0 (Theorem 1.2), meaning that if the filter is universally
stable in total variation in expectation, then the average cost optimization problem
is completely robust to initialization errors.

COROLLARY 3.3. Under Assumption 1 and assuming universal filter stability in
total variation in expectation, we have that

J(p, ") =J"(n) Vp,veZz.

Note 3.1. As mentioned in Note 3.2, [24, Theorem 4.1] demonstrates that if the

condition (1 —46(7))(2—46(Q)) <1 is met, then the filter is universally stable in total
variation in expectation.

In addition to our results on the average cost optimality equation, our analysis
is also consequential for the discounted cost criterion and offers an improvement on
[25, Theorem 3.10]. Utilizing the span seminorm bound derived in our analysis of the
average cost optimality equation, and by modifying the proof of [25, Theorem 3.10]
along with individually bounding equations (1.8), (1.9), and (1.10) from the same
source, we arrive at the following theorem.

THEOREM 3.4. Under Assumption 1 and the condition & := (1 — 6(T))(2 —
0(Q)) < 1, we have the following robustness bound:

(1—p") .. DK
i—5

Proof. A brief proof is provided here.

1 +4C||00(0—[ﬂ)n>

vy 7% <
i) = T30 < (el Dl
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(3.1)
Js (1,75) —_JE(u)

0 i
=E#5 Zﬁidxi,m) — B Zﬁl (X, Us)

2[5y () - 0[5 ()

_ n—1
= M5 Z Ble(X;,Uy) | — E*7 |y Ble(X,, U)

L:=0 B L:=0 i
+ 48" (E“"V; [JB (w“fg,vg,) + JE (WZ;YE) —Jj (wﬁfg)} — EM {J[}‘ (Wsj’g)D

= Br5 Zﬁl (X;,U;) | — B ZB’ (X:,Uy)

+ 8"

/~
s

(3.2)

(6 [ ()] -5 5 ()
(3.3)

e (EH"YE [JB ( ZJBKYQI) I3 (WZJE)]) ’

where v/ = W:Lﬂﬁ , and 'ygl is an optimal discounted policy for v'. As in [25], we

can refer to these three components as transient cost, strategic measure cost, and
approximation cost, respectively. The transient cost (3.1) is upper bound by

n—1 n—1 n—1
” i 9 Bn
E*s Zﬂ c(ziug) | — B 6 Zﬁ c(wi,u; ‘| < HCHOOZﬂ = |lefloo ( 1-8 )"
1=0 =0 =0

The strategic measure cost (3.2) is upper bound by
ﬁn (E}L,’YE [JE (ﬂ-ZfE>j| _ Eliﬁﬂ |:J* ( My ’YB):|) < ﬁn
because of Lemma 2.4. The approximation cost (3.3) is upper bound by
ﬂ E'u 'yﬁ J ”YB ﬂ,;’ylli/ J ”YB <4||C||OO(—/B)n
B\ Tn— 78 B =1-53 @

following the stability criteria from [24, Theorem 4.1]. We establish the desired
result. a

<P TR

/D’Kz

3.2. Approximations and learning. Throughout the rest of this section, we
assume that Assumption 1 holds. Earlier, we already showed that if Assumption 1
is valid for the POMDP, then Assumption 9 is applicable for the belief MDP. The
following theorems assist in finding near-optimal policies for the average cost criterion;
for further analysis see [6, Theorem 5] or [34, Theorem 7.3.6]. In particular, the fact
that a solution to the average cost optimality equation exists and is arrived at via the
vanishing discount method in our analysis earlier is critical for the applicability of the
following result.
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THEOREM 3.5. (a) Under Assumption 9, limg (1 — B)JE (xg) — p*, where p*
is the optimal average cost. Furthermore, if g solves the discounted cost optimality
equation,

3o =iy {c(o) + 8 [ T 100},
then, for every e >0, there exists B¢ € (0,1) such that for 5 € [Be, 1),

J(x,’)/ﬁ) 7p* <€

This implies that the discounted cost optimal policy is near-optimal for the average
cost criterion.

(b) Under Assumption 9, let B. be chosen as above, such that with hg as given in
(2:6),

|p" = (1= Be) Jp. (zo)| < 5 and (1= B) [|hs,

€ €
€ < -,

2 ®© =2

so that g is e-optimal. Suppose that vge is an d-optimal policy for B discounted cost
criteria, satisfying

s, (2,75,) = Jp.(x) <0,
Then,
J(2,75.) = p" <eto.

That is, a near-optimal discounted cost policy is also near-optimal for the average cost
criterion.

Since Assumption 1 for the POMDP implies Assumption 9 for the belief MDP, as
proven in the proof of Theorem 1.2, the above theorem also holds under Assumption 1.
Therefore, under Assumption 1, a near-optimal policy for the discounted cost criteria
is also near-optimal for the average cost criteria. The subsequent subsections will
detail how to establish a near-optimal policy for discounted costs.

We have that U is a compact space. As demonstrated in [29, Theorem 3.2], if the
transition kernel is weakly continuous and the cost function is bounded and contin-
uous, then the optimal policy for a quantized action model in a discounted context
is also near-optimal for the original model. This allows us to consider U as finite to
identify a near-optimal policy.

3.2.1. Near optimality of finite models via quantization for average
cost. In this subsection, we focus on achieving a near-optimal policy by quantizing the
states of the belief MDP, namely P(X). We follow the approach and results from [18].

To create a new finite MDP model, we begin by quantizing the belief states. We
select disjoint sets {Z;}7, such that |J, Z; = Z, and each Z; is distinct from Z; for
any i # j. For each set, we choose a representative state, denoted as z; € Z;. This
results in a finite state space for our model, represented by Z := {z1,...,2a}. The
quantization function maps the original state space Z to this finite set Z as follows:

q(z)=z ifze€Z,.

To define the cost function, we select a weighting measure 7* € P(Z) over Z such
that 7* (Z;) > 0 for all Z;. Under Assumption 1, we know that Z is compact under
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W7 metric. We then define normalized measures for each quantization bin Z; using
the weighting measure as
T (A)
™ (Zi)
This normalized measure, 7}, is specific to the set Z; containing z;.

Next, we define the stagewise cost and the transition kernel for the MDP with

the finite state space Z using these normalized weight measures. For any z;,z; € Z
and u € U, the stagewise cost function and the transition kernel are

c* (zi,u) :/Z é(z,u)7; (dz),

i

7 (A) =

Zi

VYAC Z;, Yie{l,...,M}.

CIEREY ITEAPRIENCA)

After establishing the finite state space Z, the cost function ¢* and the transition
kernel n*, we introduce the discounted optimal value function for this finite model,
denoted as Jg : Z — R. We extend this function to the entire original state space Z by
keeping it constant within the quantization bins. Therefore, for any z € Z;, we define

Jo(2) = Jp(2).

We also define the maximum loss function among the quantization bins as

!
(3.4) L= lzrlnaxMzi}lepZ Wi(z,2").
Assumption 10 ([18, Assumption 4]).

1. Z is compact.

2. There exists a, > 0 such that |é(z,u) — ¢(2',u)| < acd(z,2') for all 2,2’ € Z
and for all u e U.

3. There exists o, > 0 such that Wi (n(-| z,u),n(-|2',u)) < ayd(z,2’) for all
2,7 € Z and for all ue U.

The following theorem states that an optimal policy of the quantized model is
near-optimal for the original model as L — 0.
THEOREM 3.6 ([18, Theorem 6]). Under Assumption 10, we have

. . 20 =
sup |73 (59 = T3 () < TGz —gagy &

where L is defined as in (3.4), and 4 denotes the optimal policy of the finite state
approzimate model extended to the state space Z wvia the quantization function q.

A similar result is presented in [29, Theorem 4.38], offering a slightly weaker
bound.

Under Assumption 1, the belief MDP satisfies Assumption 10 because Z is com-
pact under the W; metric. Due to inequality (2.1), we have |¢(z,u) — é(2',u)| <
K1Wi(z,2') for all 2,2’ € Z and for all u € U. Theorem 2.2 implies W1 (n(- | z,u),n(- |
2 u)) < KoWi(z,2') for all 2,2’ € Z and for all u € U. Thus, for the belief MDP,
quantization provides the following bound:

. . 2K, -
A (T Sk

Furthermore, the quantized model gives a near-optimal policy of the original belief
MDP model as L — 0.
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Q-learning. This section introduces the Q-iteration method for identifying the
optimal policy for a quantized belief Markov decision process (MDP). We apply this
method to the quantized belief MDP with finite state space, Z, and a finite action
space, U. The Q-learning process updates Q-functions as follows: For each time step
t > 0, if the current state-action pair is (Z;,U;) = (z,u), the Q-value for this pair is
updated in the following manner:

(3.5) Qi+1(Z1,Up) = (1 — o (24, Uy)) Q1 (24, Uy)

+ ay (Z:,Uy) (C* (Z,Uy) + 51328@ (Zt+lyv)>

Key assumptions for this Q-learning approach include the following.

Assumption 11 ([18, Assumption 5]).
e The learning rate oy (z,u) =0 if (Z;,Uy) # (z,u); otherwise, it is defined as

1
1+ ZZ:O 1{Zk:ZVUk:u} .

a(z,u)

e Under the exploration policy v*, Z; is uniquely ergodic and thus has a unique
invariant measure .

e During exploration, every possible state-action pair in Z x U is visited an
infinite number of times.!

Under Assumption 11, the Q-learning algorithm (3.5) converges to the fixed point
solution Q*. A stationary policy, vV, that selects actions to minimize the Q-value at
each state, i.e., vV (z) € min, Q*(z,u), is optimal. This method enables determining
the optimal policy for the quantized belief MDP [18].

3.2.2. Near optimality of finite window policies for average cost. In this
subsection, we focus on the finite window history to obtain a near-optimal policy for
the average cost criteria. Throughout this subsection, we assume Y,U to be finite.
Assuming Y, U as finite, we use finite window information to obtain finite state MDP
and demonstrate that the near-optimal policy of this finite MDP is near-optimal for
POMDP. We follow the approach and results from [21].

Recall z, is the belief distribution defined as z,(-) = P*{X,, € - | Y0,---,Yn, U0,
.oy tup—1 } € P(X), where the initial state X has a prior distribution p € P(X).

DEFINITION 3.7. %z, is the posterior distribution at time n before observing Y,
and is defined as z, () == P*{X, €| yo,---,Yn—1,%0,---,Un—1} € P(X), where the
initial state Xo has a prior distribution p € P(X).

For any N,n >0, we can determine z, as follows:
Zn+N :P{XTL+N S | Z;’y’m“'7yn+N7un7"'7un+N71}~

We then consider an alternative finite window belief MDP reduction. Let us
define the state variable at time n > N as

where, for N > 1, the components are

1This can be relaxed and refined to concern those states in the support of an invariant measure
under an exploration policy [23].
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(37) Z;—N =Pr (Xn—N S | Yn—N—-15---,Y0, Upn—N—15--- ,U,O) )

38) ITJLV:{yna'"7yn—N7un—la--~7un—N}7

and for N =0, IN =y, with the prior measure y on Xy. The state space is thus
Z=Zx YNt x UV, )
The natural mapping between state spaces is defined by ¥ : Z — Z| such that

(3.9)
$(2n) =0 (2, _no A0 ) = PPN (X € [ YnoNs - YnsUne N1, Un—N—1) = Zn-

The new transition kernel and cost function are defined as
(3.10) 120 = [ e Py |20,

where

P(-|2u)=Pr{Yp1 €| Znon =2, 5 IN, Uy =u}

n—N»'n >

from Z x U to Y. The cost function is

é(énaun) = 6(¢ (Z;_Nvlrjlv) 7un)

:/C(xn;un)PZTL*N (dxn|yanw-~vyn7un717"'auan)~
X

If 7 is an optimal policy of the belief MDP, then 1 ~1(v) is an optimal policy of
the finite window belief MDP [21].

Next, we explain how to derive a near-optimal policy for the finite window belief
MDP in the context of discounted cost. We introduce a new approximate MDP for
this purpose.

For n> N, fixing z,_, to a constant z € P(X), we obtain a new MDP with state
2, = (2,IN) with state space ZV := {z} x YN+ x UV cost function &V (£, u,) :=
&((z,IY),un), and transition kernel 9™ (20,1 [2) un) == 7(Z < IY, 1 | (2, 1)), un)
[21].

This process is finite state and fully observable and allows for finding an opti-
mal policy ¢V through Q-iteration. This policy can be extended to Z as SN (EN) =
@N(Z;—Nvlév) = SON(ZaIvle)-

The following theorem indicates that this policy is also nearly optimal for Z,.

THEOREM 3.8 ([21, Theorem 3]). For Zy = P% (X, €-|1}’), with a policy ¥4
acting on the first N steps which produces I)¥ =Y[0, N], Upp,n-1], the following holds:

g T s = % (2 2||cll oo
B |75 (o) = 75 o) 73] < 2§52 gy,
where
LY = SUPEZ— [l P* (Xean €| Yiewan) Upeen—1))
ser 7°
— P* (Xeqnv € | Yieasn), Upean—1)) v 1-

Here, 4 € I', where I' can be taken to be Markov control policies.
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With filter stability [21], as N approaches infinity, the upper bound tends to zero.
Given filter stability and a sufficiently large N, the policy ¢ becomes near-optimal
for the finite window belief MDP for discounted cost criteria. If 5 is sufficiently large,
this policy also becomes near-optimal for the average cost criterion.

Q-learning. We now outline how to find all optimal policies using Q-learning for
the approximate finite belief MDP in the context of discounted cost. As the posterior
distribution z is fixed, we track observations and actions. We assume tracking of the
last N + 1 observations and the last N control actions after at least N 41 time steps.
Thus, at time n, we monitor the information variables 2.

The Q-value iteration is constructed using these information variables. For these
new approximate states, we follow the standard Q-learning algorithm. For any I €
YN+ x UY and u € U, the Q-value update is

(311) Qt+1(17 u) = (1 - o‘t(I7u))Qt(17 U) + at(Ia ’LL) (éN([? u) + 5111311@,5 (I{',’U)) )

where It = {Yi4 1,9, -, Yt—_N+1,Ut,---,Us_N+1}. Exploration policies are employed,
randomly choosing control actions independently, such that at time ¢, the action wu;
is selected with probability o; for each u; € U, where o; > 0 for all i. The following
assumption is a revision of Assumption 11, specifically adapted for the finite window
context:

Assumption 12 ([21 Assumption 4.1]).
1. a¢(I,u) =0 unless (Iy,us) = (I,u). In other cases,
1

o (I,u) = - )
1 + Zk:o l{Ik:I,uk:u}

2. Under the stationary (memoryless or finite memory exploration) policy, say
7, the true state process, {X;},, is positive Harris recurrent and in particular
admits a unique invariant measure 7.

3. Furthermore, we have that P(Y; =y|z) > 0 for every = € X, and thus during
the exploration phase, every (I,u) pair is visited infinitely often.

THEOREM 3.9 (|21, Theorem 4.1, Corollary 5.1]). Suppose the following condi-
tions hold:
1. Assumption 12 holds.
2. The POMDP is such that the filter is stable uniformly over priors in expec-
tation under total variation, meaning Ly — 0 as N — oco.
Then, the followings are true:
e The algorithm given in (3.11) converges almost surely to Q* which satisfies
the fized point equation.
e A stationary policy vV that satisfies ¥V (I) € min, Q*(I,u) is an optimal
policy.

Note 3.2 (see [24]). Theorem 4.1 of [24] provides sufficient conditions for uniform
filter stability. If we have & = (1—0(7))(2—6(Q)) < 1, then the filter is exponentially
stable with coefficient @& for any control policy. Here, §(T) = inf, ey 6(T(+|-,u)). See
also an analysis via the Hilbert projective metric [13, 24].

This method allows for obtaining near-optimal policies of POMDP for the dis-
counted cost and, consequently, under Assumption 1 for average cost. It is important
to note that for the average cost optimal policy, the actions taken in the first N steps
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are not significant. The cost incurred during these initial steps does not impact the
overall outcome, and since the optimal cost for each state is constant, applying the
optimal policy after N steps will still yield an optimal policy.

4. Concluding remarks. The average cost optimality of the partially observ-
able Markov decision process is a challenging problem. In this paper, we presented
explicit and easily testable conditions for the existence of solutions to the average cost
optimality equation where the state space is compact. A comparison with the related
literature and several examples are presented. Notably, our paper appears to be the
first to present and utilize a contraction result for optimality analysis. Finally, we
presented several implications of our analysis and existence result for approximations,
learning, and robustness.

Appendix A. Proof of Theorem 2.2.

Proof. We equip Z with the metric W; to define the Lipschitz seminorm || f||, of
any Borel measurable function f:Z — R.

(A1) Wi (n(-| 20,u),n (- | 20, 1))
= sup /f (21 (20, u, 1)) P (dy1 | 25, u)
feLip(2,1), [|fll.<D/2
(A.2) —/f(zl (20,u,91)) P (dyn | 20,u) |-
Y

For any f:Z — R such that || f||, <1 and || f| . < D/2, we have

F (e (2, ,0)) P (dyy | 2, 0) / £ (21 (20, 1,3)) P (dy | z0,u)
Y

< / F (21 (2, u,90)) P (dys | 2, ) / f (21 (1)) P (g | 70, 0)
Y
4 / 1F (21 (2 0)) — f (21 (20, 30))] P (g | 20,)

<DP (1) - PC L0l
(A4) +/Y|f(zl (20w, 91)) = f (21 (20, w,91))| P (dys | 20, ) -

For the first term,

(A5) 1P (| 2u) — P (-] 20,0)llpy
= s / 9(52) P (dys | 2, u) — / 9 (32) P (dyr | z0,)
(A.6) < (1= 6(Q)) 1T (da | 2y1w) — T (dars | 20, 0)l |y

and by the Dobrushin contraction Theorem [§],

(A7) 1T (dy | 20,u) = T (dwy | 20,u) | 7y

= s ([otnrin iz [o) Tt z00)
(A8) - ( [ duteoyzy(azo) - g~g<xo>zO<dxo>) ,

llglloo <1
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where
gglz)= /g(xl)T(dml | z,u).
For all x(, zo € X, we have
1T (dz1 | g, w) = T (dz1 | 2o, w7y < ad(zo, zp).

As a result, we get §/a € Lip(X,1).
Then, by inequalities (A.5) and (A.7) we can write

(A.9) 1P (-1 20,u) = P (- | 20, )l < (1= 6(Q))Wa (20, 20) -

Finally, we can analyze the second term in (A.4),

/Y|f(21 (20,u, 1)) — f (21 (20, u,91))| P (dy1 | 20, u)
g/Wwd%mm%a%mmeMM%m)
Y

(A.10) -/ wp(lgun%xmw)Pwmumw,

g€Lip(X)

where w,, = (21 (2(,u,y1) — 21 (20,u,y1)), which is a signed measure on X. By the
measurable selection theorem,? choose measurable

gy €arg  sup ( /X g(w)wy(dw)>~

g€Lip(X,1)

After that we can continue with (A.10),

(A1) | s ([ atuntan) Pin 2.0

g€Lip(X,1)

://%ﬂmﬂd%mmﬂmﬁﬂwdww)
Y /X

(A12) —Aé%%%%%mW@ﬂmVM)
(A13) +Aé%mm%%mwmmmuw>
(A.14) —Aé%mmwwmwmmmww»

For the first term, we can write by the same argument as earlier

< gy llo < D/2-

oo

“/ngl (21)21 (20, u,91) (dn)

So,

2See [15, Theorem 2, the Kuratowski-Ryll-Nardzewski measurable selection theorem]. Let X,Y
be Polish spaces, let I = (z,1(x)) where ¢ (z) C Y be such that, (z) is closed for each z € X, and let
I" be a Borel measurable set in X X Y. Then, there exists at least one measurable function f: X —Y
such that {(z, f(z)),z € X} CT.
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(A.15) /Y/ngl(azl)zj (z0,u,y1) (dzy) P(dyy | 20, u)

(A.16) ~ [ [ sz o) o) Pl 5.0
<ZIPC 1) = P |z0,0)lry
<a’s (1= 5(Q))Wi (h20)

by inequality (A.9).
For the second term, we can write by smoothing

(A17) / / g (1)1 (25, 1) (dn ) Pdyy | 2, 10)
(A18) - /Y /X Gys (1)21 (20,0,91) (da ) P(dyn | 20,u)
= [ )T (o |5~ [ w@)T (o] 20,00,
X X
where

wlon) = [ an(e0@n | o).
For any 2/, 2" € X,
Je@T @elasw) = [ wlo)T (oo < foll ITC a0 = TC | )y
< |wll ad(z",2") < agd(x”,x’).

So, by definition of the W7 norm (1.7), we have

(A.19) /w(xl)T(dml ) )—/w(ml)T(dm1|zo,

// w(z1)T (dz1 | w0, u) 2(dzo) // w(x1)T (dx1 | zo,u) 20(dzo)

<a— W1 (20, 20) -
So, by the inequalities (A.12), (A.14), (A.15), (A.17), (A.19) we get
(A.20)
L1 G G = £ G Gorn) P (A |20, < 05 2= 5Q)Wi (zh.20).

If we take the supremum of the equation over all f € Lip(Z), then by using the
inequalities (A.4), (A.9), and (A.20), we can write

(A2 Wil |0l o) < (PO s ). :

Appendix B. Proof of Lemma 2.5. We present a specialization of [34, The-
orem 7.3.3] to the compact case, as in the paper we have that Z is compact.
Let us first recall the Arzeld—Ascoli theorem.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/12/24 to 67.193.163.26 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

AVERAGE COST OPTIMALITY OF PARTIALLY OBSERVED MDPs 2881

THEOREM B.1 ([9, Theorem 2.4.7]). Let F be an equicontinuous family of func-
tions on a compact space X, and let h, be a sequence in F such that the range of
fn is compact. Then, there exists a subsequence hy, which converges uniformly to a
continuous function.

Proof of Lemma 2.5. First, since the cost function ¢ is bounded (assume it is
bounded by M < oo) the expression (1 — 3)Jg(#) is uniformly bounded by M for
every S € (0,1) and z € Z. By the Bolzano—Weierstrass theorem, for a fixed z and any
sequence 11, there exists a subsequence §(k) 11 such that (1 — 8(k))Jgw)(2) — p*
for some p*. Observe that for any z € Z,

(1= B(k)) Tawy (2) = (1 = B(k)) (Taky (2) = Tpr) (20)) + (1= B(K)) Taw) (20)
which, by the uniform boundedness of hgy(2) = Jg)(2) — Jak) (20), implies that
the limit p* does not depend on z.

By Assumption 9(6), hg(x is equicontinuous. By Theorem B.1, there exists a
further subsequence of hg(ky, {ha(k,) }, which converges (uniformly on compact sets)
to a continuous and bounded function h. Since U is compact and the cost function
is continuous and the transition kernel is weakly continuous, we have by the Bellman
equation that

(B.1)
Ia2) = 3 o) =iy (ee.0) 4.8 [ 00 |200) (5 () = I ) = (1= ) o) ).

Taking the limit in (B.1) along the subsequence 8(k;), we get
A = timagin [e(s0) + 50) [ Bage )00y | 20) = (1= 500 e (o)
= li}nngn [c(z,u) + B (k1) /z gk (y)n(dy | Z:“)} —-p"
From this we obtain
B2 timin ez + 5 0) | hay Gty |z0] =hG:)+7

We now show that in the above, the order of limit and minimization can be
swapped: Using the compactness of U, the continuity of

() + Bk [ B ()n(dylz.0)
on U, and the equicontinuity of {hg(k)} we can define a sequence u; such that
A =c(z,u) +B(kl)/zh5(kl)(y)77(dy | 2,u1)
= o(ev) + 8 () [ hage (] 20|

By the compactness of the action space U, there exists a further subsequence such
that u;, — u* for some u* along this further subsequence. By weak continuity of
the kernel, we then have that n(dy | z,u, ) — n(dy | z,u*). Since hg(, is uniformly
bounded, we have lim A; =lim A;, = ¢(z,u) + [ h(y)n(dy | z,u*).
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On the other hand, for any fixed action u, we know that

¢(2m) + B (k) /Z By () (dy | 2,) > Ay,

and taking the limit as [ — oo, by the same argument,

o(z,a) + /Z h(y)n(dy | =.0) > lim A = c(z,u) + /Z h(y)n(dy | z,u).

Therefore,

lim A; = mu}n [c(z,u) + /Z h(y)n(dy | z,u)} .

Combining this with (B.2), we obtain

h(2) + 5 = min [cu,u) + [ nwtay| z,u>] |

Thus, we have found a bounded solution to the ACOE equation, completing the

proof. d
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