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ROBUSTNESS TO INCORRECT PRIORS IN PARTIALLY
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Abstract. We study the continuity properties of optimal solutions to stochastic control problems
with respect to initial probability measures and applications of these to the robustness of optimal
control policies applied to systems with incomplete or incorrect priors. It is shown that for single
and multistage optimal cost problems, continuity and robustness cannot be established under weak
convergence in general, but that the optimal expected cost is continuous in the priors under the
convergence in total variation under mild conditions. By imposing further assumptions on the mea-
surement models, robustness and continuity also hold under weak convergence of priors. We thus
obtain robustness results and bounds on the mismatch error that occurs due to the application of a
control policy which is designed for an incorrectly estimated prior as the incorrect prior converges
to the true one. Positive and negative practical implications of these results in empirical learning
for stochastic control are presented, where almost surely weak convergence of independently and
identically distributed empirical measures occurs but stronger notions of convergence, such as total
variation convergence, in general, do not.
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1. Introduction.

1.1. Preliminaries. We start with the probabilistic setup of the problem. Let
X C R™, be a Borel set in which elements of a controlled Markov process { Xy, t € Z, }
live. Here and throughout the paper Z, denotes the set of non-negative integers and N
denotes the set of positive integers. Let Y C R™ be a Borel set, and let an observation
channel @ be defined as a stochastic kernel (regular conditional probability) from X
to Y such that Q(-|z) is a probability measure on the (Borel) o-algebra B(Y) on Y
for every xz € X, and Q(A|-) : X — [0,1] is a Borel measurable function for every
A € B(Y). Let a decision maker (DM) be located at the output of an observation
channel @, with inputs X; and outputs Y;. Let U, the action space, be a Borel subset
of some Euclidean space. An admissible policy v is a sequence of control functions
{14, t € Z4} such that 7; is measurable with respect to the o-algebra generated by
the information variables

Iy = {Yo,9,Up,e-11}, tEN, Io = {Yo},
where
(1.1) Ur=vl), te€Zy
are the U-valued control actions and

Yo =1Ys, 0<s<t}, U1 ={Us; 0<s <t~ 1}
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We define T" to be the set of all such admissible policies.
The joint distribution of the state, control, and observation processes is deter-
mined by (1.1) and the following relationships:

Pr((Xo, Yo) € B) = /BP(dxo)Q(dyo\mo), B e B(X x V),

where P is the (prior) distribution of the initial state X, and
Pr ((thz) €B ‘ (X7 Ya U)[O,t—l] = (Iayau)[O,t—l])

= / T(dxt|xt—1,ut—l)Q(dyt‘ft),B € B(X X Y),t S N,
B

where T (-|z,u) is a stochastic kernel from X x U to X and Q(+|z) is a stochastic kernel
from X to Y.

We let the objective of the agent be the minimization of the cost for the static or
single stage case,

J(P,Q,y) = E" [e(Xo, Up)],

over the set of admissible policies v € ', where ¢ : X x U — R is a Borel-measurable
stagewise cost function and Eg’"’ denotes the expectation with initial state probability
measure P and measurement channel @ under policy 7. Note that P € P(X), where
we let P(X) denote the set of probability measures on X.

For the multistage case, we will discuss the discounted cost infinite horizon setting,
with the following cost criterion to be minimized:

ZﬂtC(Xt, Ut)7

t=0

Js(P.Q,~) = EZ”

for some 5 € (0,1).
We define the optimal cost for the single-stage and the discounted infinite horizon
as a function of the priors as

T (P.Q) = inf J(P.Q.7).
T5(P.Q) = inf J5(P.Q.7),

respectively.

Note that for the discounted infinite horizon case, the cost function is also affected
by the transition kernel 7. Thus, in the following, we may sometimes use Jz(P,T,~)
and J*(P,T) instead of J3(P,Q,~) and J*(P, Q) depending on the context.

The focus of the paper will be to address the following problems.

Problem P1: Continuity of J*(P,Q) and J5(P, Q@) on the space of prior
distributions. Suppose {P,,n € N} is a sequence of priors converging in some sense
to P. When does P, — P imply J* (P, Q) — J*(P,Q) or J3(P,, Q) — J5(P,Q)?
Problem P2: Robustness to incorrect priors. A problem of major practical
importance is robustness of an optimal controller to modeling errors. Suppose that
an optimal policy is constructed according to a model that is incorrect: how does the
application of the control to the true model affect the system performance and does
the error decrease to zero as the models become closer to each other? In particular,
suppose that v, is an optimal policy designed for P,, an incorrect prior model for a
true model P. Is it the case that if P, — P, then J(P,Q,v,) — J*(P,Q)?
Problem P3: Empirical consistency of optimal costs designed under learned
priors. Let P € P(X) be a fixed initial distribution for some state variable X which
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is unknown to a decision maker. Suppose that the decision maker learns ]5n, its
estimate of P, from the collection of empirical observations of realizations from inde-
pendently and identically distributed (i.i.d.) random variables X7, X5, ... distributed
with P, and applies an optimal policy for the control problem with initial distribution
P, (i.e., through a plug-in or separated controller design). Defining for every (fixed)
Borel B C X, and n € N, the empirical occupation measures

~ 1 <
P.(B) = EZl{XiGB}’
=1

do we have that the optimal cost computed for the empirical measures converges to
the true optimal cost (for the case where the true P is known) as n — oo, almost
surely?

Here is a summary of the rest of the paper: in the following two subsections we
present a literature review and some basic properties with regard to the convergences
of probability measures. In section 2, we study the continuity properties of the optimal
cost functions with respect to prior measures under different convergence notions for
both the single-stage and multistage settings. In section 3, we use the results from
section 2 to obtain robustness results on control policies designed under incorrect prior
estimates. Finally, in section 4, an application of the results to control systems where
the prior measures are estimated through empirical measurements is presented.

1.2. Literature review. The H criterion in robust control [54, 1, 55] ad-
dresses the problem of robustness of control policies with respect to unmodeled dy-
namics. The goal in robust control is to design control policies that work sufficiently
well for systems with model or disturbance uncertainty.

Researchers have developed robust controllers through a game formulation, where
the minimizer is the controller and the maximizer is the uncertainty, and have estab-
lished the equivalence with a risk-sensitive cost minimization for a class of systems
[31, 49, 16]. Through such a formulation, and by Legendre-type transforms, the op-
erational use of the relative entropy methods have come to the literature; see, e.g.,
[37, eq. (4)] or [16, eq. (2)—(3)]. Here, one selects a nominal system which satis-
fies a relative entropy bound between the actual measure and the nominal measure,
solves a risk sensitive optimal control problem, and this solution provides an upper
bound for the original system. As such, a common approach in robust stochastic
control has been to model the stochastic disturbance affecting a system and to con-
sider perturbations which lead to finite deviations according to the Kullback—Leibler
divergence (or relative entropy) between the actual measure and a reference measure,
or embed the uncertainty with a penalty term imposed on the cost function under
such a distance measure; see, e.g., [16, 10, 36]. Along a similar theme, [32] studies an
optimization problem for the expected cost of an uncontrolled i.i.d. model under rel-
ative entropy bounds for the probability measures on the state variables; this can be
considered to be similar to the setup considered in our paper where the convergence
notion is in the relative entropy on the priors, as the considered process is i.i.d. We
note here that the relative entropy is a very restrictive distance measure (note though
that this does not define a metric) and in particular, through Pinsker’s inequality [22,
Lem. 5.2.8], it is stronger than even total variation which has also been studied in
robust stochastic control: [44] has studied a min-max formulation for robust control
where the one-stage transition kernel belongs to a ball under the total variation metric
for each state action pair and develops a dynamic programming based solution for
both finite and discounted cost infinite horizon problems. Further related work with
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model uncertainty includes [34, 3], with some further work in the economics literature
[25, 21].

The results are also related to the input estimation problem from finitely many
samples, as reviewed in [20] and empirical risk minimization [56], although in our
context, we will investigate robustness in the context of a separated design: an input
model is estimated through empirical data, and an optimal policy is constructed with
the assumption that the estimated model is correct (see, e.g., [30] for an application).
Can we guarantee empirical (asymptotic) consistency? We will discuss a number of
general results in section 4 and observe that in many situations empirical consistency
may not hold.

On continuity properties in prior measures, [51] and [50] have studied the spe-
cial case of minimum mean-square estimation, that is, with c(z,u) = (x — u)? for
a single-stage problem across additive noisy channels of the form y = = 4+ w, and
established conditions leading to continuity or upper semicontinuity properties under
weak convergence and Wasserstein metrics.

Related work also includes the recent studies [52] and [2]; [52] considers various
topologies on the sets of observation channels and quantizers in partially observed
stochastic control and provides some supporting results, whereas [2] presents a number
of continuity properties for single-stage stochastic control problems.

The problems we consider are also related to, in the control-free context, the
theory and applications of nonlinear filtering with incorrect initial specifications. Here,
the problem is to identify conditions on when an incorrectly initialized nonlinear
filter asymptotically gets corrected with the accumulation of additional measurements;
these often require strong ergodicity properties of the Markov process [8, 9, 11] or
regularity properties (such as absolute continuity) of incorrect prior with respect to
the true one and conditions on the measurement processes [24].

1.3. Convergence of probability measures and some supporting results.
Three important notions of convergences for sets of probability measures are weak
convergence, setwise convergence, and convergence under total variation (see, e.g.,
[29] and [52]). For some N € N a sequence {pn,n € N} in P(RY) is said to converge
to u € P(RY) weakly if

(1.2) / c(x) i (dx) — c(z)pu(dx)
RN RN
for every continuous and bounded ¢ : RY — R. {u,} is said to converge setwise
to u € P(RY) if (1.2) holds for all measurable and bounded ¢ : RV — R. Setwise
convergence can also be equivalently defined through pointwise convergence on Borel
subsets of RV, that is, p,,(A) — p(A) for all A € B(RY).
For probability measures u,v € P(RY), the total variation metric is given by

lp=vlrv =2 sup |u(B)—v(B)
BeB(RN)

= sup
Fillflle <1

[ f@wutan) - [ o).

where the supremum is taken over all measurable real f such that
1 fllcc = supgern |f(z)] < 1. A sequence {u,} is said to converge in total variation
to u € P(RYN) if ||y, — pll7v — 0.

We next introduce the Wasserstein metric. The Wasserstein metric of order 1 for
two distributions p, v € P(X) is defined as

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/03/19 to 139.179.242.214. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

ROBUSTNESS TO INCORRECT PRIORS IN CONTROL 1933

Wi(p,v) = inf / n(dz, dy)|z -y,
n€MH(1,v) JxxX

where H(u, v) denotes the set of probability measures on X x X with first marginal p
and second marginal v.

A sequence {u,} is said to converge in Wi to p € P(RY) if Wy (i, p) — 0. For
compact X, the Wasserstein distance of order 1 metrizes the weak topology on the set
of probability measures on X (see [47, Thm. 6.9]). For noncompact X convergence in
the W metric implies weak convergence (in particular this metric bounds from above
the Bounded-Lipschitz metric [47, p. 109], which metrizes the weak convergence).

The following result shows the relation between convergence of prior measures
and convergence of joint measures of channel and initial distribution given a fixed
channel @ € Q.

The joint measure PQ is induced on (X x Y, B(X x Y)) for Q € Q and P € P(X)
where Q is a set of communication channels,

PQ(A) = /AQ(dymP(dx), A€ B(X xY).

The following is a result that will be used later in the paper.

LEMMA 1.1. Let Q : B(Y) x X — [0, 1] be a stochastic kernel on Y given X.

(i) Assume that Q(dy|z) is weakly continuous in x in the sense that [ Q(dy|z)c(y)
is continuous in x for every continuous and bounded c¢. If {P,,n € N} in P(X)
converges to P € P(X) weakly, then P,Q — PQ weakly.

(ii) If {Pn,n € N} in P(X) converges to P € P(X) setwise, then P,Q — PQ
setwise.

(iii) If{P,,n € N} in P(X) converges to P € P(X) in total variation, then P,Q —
PQ in total variation. In particular, ||P,Q — PQ||lrv = ||Pn — Pllrv.

Proof.

(i) The sequence {f,} is said to converge continuously to f when lim,
fn(xy) = f(x) for any x,, — x.
First we show that under the given assumptions, and with any continuous and
bounded ¢ : X x Y — R, [, ¢(x,y)Q(dy|x) is continuous in z. Let x, — x in
X, then ¢(z,,y) — c(x,y) for all y € Y by continuity of c¢. In particular, with
en(y) = c(xn, y) and c(y) := c(z,y), it follows that as y, = v, ¢n(yn) = c(y);
that is, ¢, () continuously converges to c(-) as (Tn,yn) — (z,y) by [43, Thm.
3.3] or [33, Thm. 3.5], it follows that the continuity property

lim c(xn,y)Q(dy|$n):/C(Iay)Q(dy|$)

holds.
Then, we have

lim c(z,y)P,Q(dz, dy)

n—oo XxY

— i [ ([ cle.niasio)) pas)

n—oo

/x </Y ol y)Q(dylx)) P(dz)

(1.3) - / cle)PQlda.dy),
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where we have applied Fubini’s theorem and the fact that [, c(x,y)Q(dy|z)
is a bounded and continuous function in x under the given assumptions.
(ii) Given any measurable and bounded ¢: X x Y — R we have

lim c(z,y)P,Q(dz,dy) = lim ; </Y c(x,y)Q(dy|x)) P, (dz)

n— oo XxY n—oo

- [( [ ctwmaaia)) )

_ / c(z,y) PQ(dz, dy),
XxY

where we have applied Fubini’s theorem and the fact that [, ¢(x,y)Q(dy|z)
is a bounded and measurable function of x under the given assumptions (see
Proposition 7.29 in [4]).

(iii) Observe the following:

|P.Q — PQllrv
= sup f(z,y)P,Q(dz,dy) — f(z,y)PQ(dxr,dy)|,
Fillflloo<1 /X xY XxY

- s [ ([ s ) paa

_/x (/Y f(ifvy)Q(dylx)> P(dz)

< swp / F() Pa(dz) - / F(x)P(da)

Fillflle<1
= [|Pn = Plizv,

where we used the fact that | f(z)| == | [§ f(z,y)Q(dy|z)| < 1 for every z € X.

In addition, as P(B) = PQ(B x Y) for any Borel B and any P € P(X), then
we have

[Pn— Pllrv =2 sup |Py(B) — P(B)|
BeB(X)

=2 sup |P.Q(BxY)— PQ(B xY)|
BEB(X)

<2 sup  [P,Q(A) - PQ(A)]
AEB(XxY)

= [|1PQ — PQ|rv.
Therefore || P,Q — PQ|rv = ||P, — P|l7v — 0. 0

2. Continuity of optimal cost with respect to convergence of prior
probability measures. In this section, we study the continuity in the priors.

2.1. Single-stage setup. First, we consider a single-stage setup. The initial
measure will be denoted by P € P(X), the measurement channel will be Q € Q,
and the control action will be from the admissible control policies, I'. Here, I' is just
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the set of functions from Y to U that are measurable with respect to the o-algebra
generated by Iy = {Yp}.
The optimal single-stage cost will be defined as

J*(P.Q) = inf / el () Q(yla) P(da).

yel’

The following is a useful result to be used throughout the paper.

THEOREM 2.1. [52, Thm. 3.1] Let ¢ be continuous in u for every x, and U be
compact. Then, for the static problem, there exists an optimal control policy for any
channel Q.

For the rest of the paper, we will use optimal policies whenever they exist otherwise
we will use e-optimal policies.

2.1.1. Weak convergence. We will first observe that J*(P,Q) is not always
continuous in initial measures under weak convergence; then we will present an upper
semicontinuity result and some sufficiency continuity conditions for weak convergence
of prior measures.

THEOREM 2.2. Let a channel Q € Q be given. J*(P, Q) is not necessarily contin-
uous in P under weak convergence. This holds even when X, Y, and U are compact
and when c is bounded and continuous on X x U.

Proof. We prove the result with a counter example. Let X =U =Y = [0, 1] and
c(z,u) = (z — u)%. The optimal policy for this cost function is v*(y) = E[X|Y = y].
The measurement channel is given in the following form:

1

QUlz) = 36.() + 350().

Let the prior distributions P and P, be given by
1 1
P=—-6+ =9
500 + 501
1 1
P,=-01 + =61.
2%% T 3%

Note that P, — P weakly as n — oo. Now, we calculate the optimal control actions
for prior model P:

77(0) = E[X|Y = 0] = Pr(X = 1]Y = 0) = Pr(Y = 0|X = 1)1;;((;(:8 -,
V(1) =E[X]Y =1 = Pr(X =1|Y = 1) = Pr(Y = 1|X = 1)1;:((;(:;) =1

Thus, the optimal cost for P can be calculated as
J*(P,Q) = E[(X —v"(Y))’]

= Pr(X=0)Pr(Y=0|X=0) (O — ;)2 + Pr(X=1)Pr(Y=0|X=1) (1 -~ ;))2

11

+ Pr(X=0)Pr(Y=1|X=0)(0 — 1)> + Pr(X=1)Pr(Y=1|X=1)(1 — 1)
1
5

“18 79
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The optimal control actions for P, can be calculated as

72(0) = EL[X|Y = 0] = - Pr(X = 1/n]Y = 0) + 1Pr(X = 1|V =0)
1Pr(Y =0 X=1/n)Pr(X =1/n) Pr(Y =0X=1)Pr(X =1)
n Pr(Y =0) * Pr(Y =0)
n+1

on
V(1) = B [X|Y = 1] = %PT‘(X =1/nlY = 1) +1Pr(X =1y = 1)
1PrY =1X=1/n)Pr(X=1/n) Pr(Y =1X=1)Pr(X =1)
n Pr(Y =1) * Pr(Y =1)

|
—

vi(l/n) = E,[X|Y =1/n] = %PT’(X =1/nlY =1/n)+1Pr(X =1|Y =1/n)

1PriY=1/n|X=1/n)Pr(X =1/n) Pr(Y =1/n|X =1)Pr(X =1)
n Pr(Y = 1/n) + Pr(Y = 1/n)
1

Using the optimal control actions, we can calculate the optimal cost for P,:

T (P, Q) = En[(X —7*(Y))?]

= Pr(X =0)Pr(Y =0|X = 0) (0 nH)Q

2n

+Pr(X =1)Pr(Y = 0[X = 1) (1_ n_1>2

2n
1(n+1 2+1 n—1\>  3n%+2n+3
2\ 2n 4\ 2n J  16n2
We can see that as n — oo, J*(P,,Q) — 1= # ¢ = J*(P,Q). 0

The channel model in the example is a channel which either sends full information
across the channel without error, or it provides no information and this is an infinite-
capacity erasure channel: this channel has a practical significance as in practice we
may have package drops during the transmission of the state variable which causes
controller not to get any data from the system at random times.

We now provide another example which may have further practical significance.
Quantizer channels are used often in practice (see [52, sect. 5]). In the following
example, we show that continuity may not hold for quantizer channels either.

Before the example we define quantizers: an M-cell vector quantizer, ¢, is a
(Borel) measurable mapping from X = R™ to the finite set {1,2, ..., M}, characterized
by a measurable partition {B1,B2,...,BM} such that B; = {z : g(x) = ¢} for
t=1,...,M. The B; are called the cells (or bins) of q.

A quantizer ¢ with cells {By,...,Ba}, however, can also be characterized as a
stochastic kernel @ from X to {1,..., M} defined by
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Q(i‘x)zlaZEBw Z.Zl,...,M,

so that q(z) = Z£1 Q(i|).

Ezample 2.1. Assume the prior distributions are given by

1 1
P() = 3630+ 2010,
1 1
and the channel is a quantizer with By = [0, 1) and By = [4,1] where the range of

the quantizer is {0, 1} with
Q(0[z) = 11’6[(),%)7 Q(l]z) = 11:6[%,1]'
If the cost function is given by c(z,u) = (z — u)?, then the optimal controls are

(1) = 3/4,

;o om() =1

77(0) =

0,
1 1
* 0)=-—=
Under this setup the value functions can be calculated as

J*(Pna Q) =0,
T (P,Q) = P(X = 1/2)(1/2 — 3/4)> + P(X = 1)(1 — 3/4)> = 1/16,

which shows that the optimal cost is not continuous under the weak convergence of
priors when the channel is a quantization channel.

Now we show that the optimal cost is upper semicontinuous under weak conver-
gence of priors. The next lemma, building on [52], shows that the optimal cost is
unchanged when - is restricted to the class of continuous policies. A brief proof is
presented in the appendix.

LEMMA 2.3. Let p be an arbitrary probability measure on (X x Y, B(XxY)), and
let C be the set of continuous functions from Y to U. If U is conver and c(x,u) is
non-negative, measurable, and bounded in X x U, then

M/mmmwmng/mmmmm@.

yel

The following theorem is related to Theorem 3 of Wu and Verdi [51].

THEOREM 2.4. Let a channel Q € Q be given. If Q(dy|z) is weakly continuous in
z in the sense that [ Q(dy|z)c(y) is continuous in x for every continuous and bounded
¢, and if U is convex and c(z,u) is non-negative, continuous, and bounded in X x U,
then J*(P,Q) is upper semicontinuous on P(X) under weak convergence.

Proof. Recall from the statement of Lemma 2.3 that C denotes the set of all
continuous functions from Y to U. Let P, — P in P(X) weakly. Then
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lim sup inf / c(z,v(y))P,Q(dz, dy)
XXY

n—oo YEL

—timsup it [ cw1() P Qldkr,dy)
XxY

n—oo YEC

< inf limsup / e, 1(y)) PaQ(der, dy)
XxY

7€C n—oo

~ inf / | cle.7(0) PQ(d.dy)

yeC

= inf /XXYC(x’fY(y))PQ(dt%dy)’

~yel
where the first and last equality rely on Lemma 2.3 and the second-to-last equality
holds as ¢(z,7v(y)) is bounded and continuous for v € C. ad

The following result shows us that if we put some continuity restrictions on the
measurement channel, then we can guarantee the continuity of optimal single-stage
cost function under weak convergence of prior measures.

Assumption 2.1. @Q is continuous in total variation in the sense that as z,, — =,
1Qdylan) — Q(dy|x)||lrv — 0.

THEOREM 2.5. Let Assumption 2.1 hold, ¢(x,u) be bounded and continuous on
X x U, and U be compact. If P, — P weakly, then J*(P,,Q) — J*(P,Q).

Proof. We first show that under the stated assumptions, the following holds:

e i sw| [ QUileean ) - [ Qe )] =0

for x — x. To see this, write
tim sup | [ QUaylon)cton2(0)) - / Qala)e )

(2.2) < hm sup

[ @tawleten) - [ @i, (>>\

23 +lm sup‘ [ @aslorctena ) - [ Qtasiaiete )|
v
The term in (2.2) converges to 0 by Assumption 2.1. Since we have

Jim sup | [ Qsloneton 1) - [ Qle)eton )
v

< lim [[Q([zx) — Q([2)[lrv

k—o0

=0.
By assumption the action space U is compact. Therefore, c¢(zg, u) — ¢(z, u) uniformly
on U. Thus, (2.3) also goes to 0.

Let the optimal policies be given by v and v* for initial distributions P, and P,

respectively. We now consider two cases.
First, if J*(P,,Q) < J*(P,Q), then

(2.4) JH(P,Q) = T (P, Q) < J(P,Q,7,) = (P, Q,7y)-
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Second, if J*(P,Q) < J*(P,, @), then
Inequalities (2.4) and (2.5) are combined to give

‘J*(PvQ)_J*(PnaQN
< maX(J(Pan’V:L) - J(Pn»Qv’Y:L)a J(PnaQa’y*) - J(Panfy*))

Observe the following;
(P Q) — T(P.Q)
< o \ [-pyas) [ Q(dylx)C(ﬂcm:(y))’ 7

(2.6)

(27) [2a=Pian) [ Qo o))

For continuity, we need (2.7) to tend to 0 as n — oo.

Let F' be a family of functions from a complete separable metric space S to R.
The family F is said to be equicontinuous at a point xo € S if, for every ¢ > 0,
there exists a § > 0 such that |f(z) — f(zo)| < e for all f € F and for every = such
that |z — 29| < §. The family F is said to be equicontinuous if it is equicontinuous
at each x € S. A consequence of weak convergence is that if f, is a uniformly
bounded and equicontinuous family, then, P, — P weakly, [14, Corollary 11.3.4]
implies that [(P, — P)(dz)fn(xz) — 0. Condition (2.1) ensures that the sequence of
functions [ Q(dy|zr)e(zr, vn(y)) is equicontinuous as it gives us a uniform continuity
over family of all admissible policies, and the result follows. 0

Example 2.2. Consider the following additive noisy channel:
y=z+w,

where w ~ p with p admitting a density, 1, which is continuous. An example is the
Gaussian density. Suppose that U is compact and ¢(z, u) is continuous and bounded
in X x U. For 3 — x we have that

[t = st [ty -t v(y))dy’

lim sup
k—oo

where ||¢/| s denotes the supremum norm of ¢. We note that the term in (2.8) tends to
zero since 7)(- — xy) converges to n(- — x) pointwise and therefore by Scheffé’s theorem
it converges in L; and thus in total variation. Additionally, the term in (2.9) tends
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to zero since c¢ is uniformly continuous by assumptions. Therefore Assumption 2.1 is
satisfied, and Theorem 2.5 holds. Thus, for a special but practically important class
of channels weak convergence of priors is sufficient for continuity if further ¢(x,u) is
bounded and continuous on X x U and U is compact.

We note here that a related result due to Wu and Verdu [51] establishes continuity
of the minimum-mean-square-error (MMSE), that is, with ¢(x,u) = ||z — u||?, under
weak convergence when the channel is additive, the additive noise has a finite variance
and it admits a continuous and bounded density function. In general, however, the
following example shows that the boundedness condition cannot be relaxed even when
the channel is noninformative, which can be viewed as an extreme form of regularity.

Ezample 2.3. Let X = U = R, Y = [0,1], and c(x,u) = (z — u)?. With the
given cost function this is a mean-square error problem; therefore, the optimal policy
is v*(y) = E[z|y]. We let the channel be distributed uniformly on [0, 1], that is,
Q@ ~ U([0,1]). Note that this channel is noninformative. Let P, be the following
discrete distribution:

1 1 11 1 1
Pn—<2_n>'5111+<2—n>'571L+2n'5an+2n'5ana

an is a sequence of numbers defined by

1 2
an=y/n—{=+=).
n n

Clearly P,, — dy weakly: as for any bounded and continuous function f we have
Af@ﬁmwﬂ=
1 1 1 1 1 1 1 1
<2n> f<n> + <2n> f<n> +%~f(an)+%~f(—an)
= 1(0) = [ 7@)s(da)

by boundedness and continuity. By symmetry and the noninformative nature of @,
the optimal policy is v*(y) = E[X]|Y] = 0 for all P,, and for P = §y. With initial
distribution P, we have

J'(P,Q) = Eg7 (X ~ U)’]
= EZ7 (X =77 (V)]
= EZ7((X)] =0.
Whereas for all n € N we have

T (P, Q) = B [(X)?]
r 1\ 1t /1 1\ 1 1 , 1 .,
:(g‘n)qﬂ+<z‘n)qﬂ+2n”n+%ﬁ%
1
n

- (-2)

so J*(Py,, Q) /A J*(P,Q) as n — oo.
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Now we present a result for continuity under the Wasserstein metric.

Assumption 2.2. There exists a measurable non-negative function f so that for
some probability measure Py, the following (absolute continuity condition) holds:

QY € Alr) = /A £, ) Pa(dy).

Furthermore, é(z,y,u) := ¢(z,u) f(x,y) is such that
|E(x’,y,u) - 6(m,y,u)| < a|x/ - .T,’l

for all y € Y,u € U and for some o € R.

THEOREM 2.6. Under Assumption 2.2,

‘J*(PnaQ) - J*(PaQ” < OéWl(PTL7P)7

and thus, as W1 (P, P) — 0, J*(P,,Q) — J*(P, Q).

Proof. We first use the bound in (2.6) such that

[J7(P,Q) = J*(Pn, Q)]
S maX(J(Pa Qa ’V:;) - J(Pn7 Qa 77*7,)7 J(Pna Q7 ’Y*) - J(Pa Q?W*))

Let P, denote a product measure on the space X x X such that its first marginal
is P and the second marginal is P,. Then, for any v € I' we have

Jataoa( [ Qaniarete o - [ Qe 2 0)
= [Putana) ([ Pol@n aete. ) - [ Polansa' e’ 2w
= [Batar.as’) [ Polay) (le.p)ewr () — 1 p)ela’2 ()
< [ Butde,as') [ Poldyale’ -1
< /Pn(dx,dx’)a|x’ _al.
Optimizing over all such couplings P,, completes the proof. O

2.1.2. Setwise convergence.

THEOREM 2.7. Let a channel Q € Q be given. J*(P, Q) is not necessarily contin-
uwous in P under setwise convergence. This holds even when X, Y, and U are compact
and when c is bounded and continuous in both r and wu.

Proof. We present the following counterexample, building on [52]: let X =Y =
U =[0,1], and let ¢(z,u) = (x —u)?. Forn € Nand k = 1,...,n, we define

2k—2 2k —1 2k—1 k
Ln’k_{ 2n ' 2n >7Rn’k_{ 2n 7n)'

For ease of notation, we shall let L = {y € U}_; Ly, 1} and R = {y € U}_, R, 1. }. Next,
we define the square-wave function by

hn(t) = litery — litery-
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As fol hn(t)dt = 0 and |h, ()| < 1, the function
fa(t) = (14 hn(8)) 1 eeonny

is a probability density function.
By the proof of the Riemann-Lebesgue lemma (for example, see Theorem 12.21
in [48]), we have
1
lim hn(t)g(t)dt = 0 for all g € Ly ([0,1],R),

n—oQ 0

therefore
1

1
lim fa(®)g(t)dt = /0 g(t) for all g € Ly ([0,1],R).

n—oo 0

So if we let P, ~ f, for n € N, we have that P, — P ~ U([0,1]) setwise. Next we let
the channel be
1 1
Q) ~ 3-8, + 3 -U([0,1)).

For initial distribution P, the optimal policy is

o) = BTV = 5 (3 +0)

This gives
1
J*(P. ==
(P.Q) = 1o
By tedious calculations (see section B.1), the optimal policy for initial distribution
P, is
. % —_ ﬁ if Yy € Uzlen,lm
Tp, (y) = 1. (1 1 2 i n
3 (§ — E) + §?J if Y € Uk:lL’mk'
This gives
1 1
J* Pn’ = — — .
(Fn, Q) 18  24n2

So we have J*(P,, Q) — Tls # 11—6 as n — 0o, and we see that the optimal cost is clearly
not continuous on the space of initial distributions under setwise convergence. 0

The next result shows that the optimal cost is upper semicontinuous under setwise
convergence too.

THEOREM 2.8. Let a channel Q be given. If ¢(x,u) is non-negative, measurable,
and bounded in X x U, then J*(P, Q) is upper semicontinuous on P(X) under setwise
convergence.

Proof. Given a fixed channel Q € Q, let P, — P in P(X) setwise. Then

Jim sup inf /X el (0)QUyla)P, )

n—oo YEL

Y€l n—soo

< intlimsup [ clo5(0)QUdyle) P (do)

— inf / (7 (1)) Q(dy|) P(de),
XxY

yel’

where for the last equality we used Lemma 1.1 and the fact that ¢ is bounded and
measurable. |
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2.1.3. Continuity under total variation. The proof of the following result
builds on [52, Thm. 3.4].

THEOREM 2.9. The optimal cost J*(P,Q) is continuous on the set of input
distributions, P(X), under the topology of total variation. In other words, if ||P, —
Pllry — 0, then |J*(Pp, Q) — J*(P,Q)| — 0.

Proof. Let P, — P in total variation with a fixed channel Q). Recall from section 1
that J(P',Q,v') = Eg,"/ [e(x,u)], that is, the expected cost with initial distribution
P’ € P(X) and control policy 4/ € T'. Let the optimal (e-optimal) policies are given
by v;; and ~v* for initial distributions P,, and P, respectively. Using the bound in 2.6
we write

| (P, Q)= J* (P, Q)|
S InaX(J(Pv Qa’ﬁ;) - J(Pna Qafy;;)v J(an Qa’y*) - J(Pa Q77*))
As ¢ is bounded it follows that for any ' € T,

TP Q') — J(P.Q.A)]
(2.10) ‘ / ) P.Q(dz, dy) — / (. (4)) PQ(de, dy)

< lelloo[Pn@ = PQlirv = llclloo[|1Pn — Plizv,

where we have used Lemma 1.1 for the last equality. Inequalities (2.6) and (2.10)
together imply that |J*(P, Q)—J* (P, Q)| < ||¢/lco||Pn—P||l1v. Since | P,—Pllry — 0
we have that J*(P,, Q) — J*(P,Q). 0

Remark 1. In this paper we only focus on the case where the channel is known by
the controller; that is, the true channel model @ is available to the controller. For the
case where this is no longer true, some further analysis is required. If the prior model
P and the channel @) are not known, the controller can have an estimating sequence
P,Q, € P(X xY) for the true joint measure PQ € P(X x Y). The question then
becomes analyzing the convergence of P,Q, — PQ. This joint convergence might
require a different set of assumptions on P,, and Q,(-|x) which we do not discuss in
this paper. Lemma 1.1 might give an idea on this joint convergence where we consider
the convergence of the joint measure P,,@ to PQ. In [52], a similar joint convergence
is studied for convergence of measurement channels and fixed prior distributions.
The reader can also refer to [52, Lem. 2.2] for an analysis on the convergence of
PQ, — PQ.

2.2. Multistage and infinite horizon discounted setup. We now consider
continuity problems for the multistage case. For this case, our focus will be on the
infinite stage discounted cost setting. Clearly, the lack of continuity for single-stage
problems implies the lack of continuity of multistage problems. In the following, the
emphasis will be on developing setups where continuity can be established.

In particular, if we put further restrictions on the system model and the mea-
surement channel, we will establish sufficient conditions for continuity under weak
convergence of the priors. This will be studied in the following.

2.2.1. Weak convergence. Consider a partially observed Markov decision pro-
cess (POMDP), with state space X, action space A, and observation space Y, all Borel
spaces. Define the history spaces H; = (Y x U)! x Y, t = 0,1,2,... endowed with
their product Borel o-algebras generated by B(Y) and B(U). A policy m = {m:} is
a sequence of stochastic kernels on U given H;. We denote by II the set of all poli-
cies. For any initial distribution g and policy 7 we can think of the POMDP as
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a stochastic process {Xy,V;, U, },., defined on the probability space (2, B(2), Py),
where = Hy x X*°, the X; are X-valued random variables, the Y; are Y-valued
random variables, the U; are U-valued random variables.

It is known that any POMDP can be reduced to a (completely observable) Markov
decision process (MDP) [53, 39], whose states are the posterior state distributions or
“beliefs” of the observer; that is, the state at time ¢ is

Zy(+) =Pr{X, € -|Yo,...,Y,,Up,...,Up_1} € P(X).

We call this equivalent MDP the belief-MDP. The belief-MDP has state space
7Z = P(X) and action space U. Recall that Z is equipped with the Borel o-algebra
generated by the topology of weak convergence [5]. Since X is a Borel space, Z is
metrizable with the Prokhorov metric which makes Z into a Borel space [35]. The
transition probability 7 of the belief-MDP can be constructed as follows (see also
[26]). If we define the measurable function F(z,a,y) := Pr{X;y1 € -|Z; = 2,U; =
u,Y;41 =y} from Z x A x Y to Z and the stochastic kernel H( - |z, u) := Pr{Y;;41 € -
|Zy = 2z,Uy =u} on Y given Z x U, then n can be written as

77( ‘Z,U) :/Yl{F(z,u,y)E}H(dy‘zvu)

The one-stage cost function ¢ of the belief-MDP is given by

(2.11) &(z,u) ::/Xc(x,u)z(dx).

Hence, the belief-MDP is a MDP with the components (Z,U,n, é).
It is a standard result that an optimal control policy will use the belief z; as a
sufficient statistic for optimal policies (see [53, 39]).

Assumption 2.3. (a) The stochastic kernel T (dzi|zo = x,up = u) is weakly
continuous in (x, u).

(b) Assumption 2.1 holds; that is, the observation channel Q(dy|z) is continuous
in total variation.

(¢) The stagewise cost function ¢(x,u) is non-negative, bounded, and continuous
on X x U.

(d) U is compact.

By [4, Prop. 7.30], the one-stage cost function ¢ of the belief-MDP, which is
defined in (2.11), is continuous and bounded, that is, in Cy(Z x U), under Assumption
2.3(a),(b). The following theorem is from [19, Ex. 3.7, 4.1] and [41, Ex. 2.1].

THEOREM 2.10. (i) Under Assumption 2.3, the stochastic kernel n for belief-
MDP is weakly continuous in (z,u).

(ii) If we relax the continuity in total variation of the observation channel to
weak continuity, then n may not be weakly continuous even if the transition
probability p of POMDP is continuous in total variation.

(iii) n may not be setwise continuous in u even if the observation channel is con-
tinuous in total variation.

For an infinite horizon discounted cost problem with bounded costs, an optimal
policy can be computed through the iterated use of the discounted cost optimality
operator to be introduced below. Note that under Assumption 2.3(c), by an applica-
tion of the dominated convergence theorem ¢ is continuous and bounded. Now, for a
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MDP with weakly continuous transition probabilities and compact action spaces, it
follows that an optimal control policy exists and that the optimal cost is continuous
in the initial state (or probability measure in the context here): this follows because
the discounted cost optimality operator T : Cy(Z) — Cy(Z) (see, e.g., [28, Chap. 8.5]):

(T(v))(2) = min(&(z, u) + SEv(z1)|20 = 2, uo = ul)

is a contraction from Cy(Z) to itself under the supremum norm. As a result, there
exists a fixed point, which is continuous. This fixed point is the value function.

This argument shows that the value function is continuous in the belief state,
20(Y)(x € ©) = P(z € +|Y), which is the posterior distribution of the state variable
given the observations. However, convergence of the distribution of the priors may
not always imply the convergence of the posteriors: for the single-stage case, with the
cost function of the belief process ¢ defined as in (2.11), the value function is given
by J*(z) = inf,cy (2, u). It can be seen that the value function is again continuous
in the belief state z if ¢ is continuous in x and U is compact (by an application of the
dominated convergence theorem). However, as we have seen in the counterexample
used to prove Theorem 2.2; even though P, — P weakly, value functions do not
converge. The next theorem shows that with further conditions, convergence of the
posteriors (belief states) can also be guaranteed. Before the main result we first
present a key lemma.

LEMMA 2.11. Under Assumption 2.3, as P, — P weakly,

Slellg |Ep [e(Xk,7(Yo,u)] — Ep, [¢(Xk;7(Yio,i))]| — 0

for any time stage k < oo.
Proof. The proof can be found in the Appendix A.1. ]

THEOREM 2.12. Suppose that Assumption 2.3 holds. Then, as P, — P weakly
| J5(Pn, T) — J5(P,T)| = 0.

Proof. We start with the following bound;

[ J5(P,T) = J5(Po, T

2.12
( ) SmaX(JB(-RTfYr*L)_J(PR’T7'7;)’JB(PH7T77*)_J(P’T’W/*))'

Now, we try to show that under Assumption 2.3, as P,, — P weakly,

(2.13) sup [Jg(Po, T,7) = Js(P, T, 7)[ = 0.
yel’

To prove (2.13) we start with the following inequality:

Sup|J5(PTL7T77) - Jﬁ(Pv T7 7)‘
~el

T o)
< SUPZ k‘EP [e(Xke,7(Yon))] — Ep, [C(Xk,V(Y[o,k]))]‘ + Z B*2]|c] -
vyel’ k—0 k=T

First we fix € > 0 and find a T, such that )72 B*2||c|loe < €/2. Now, we claim that
we can find an N such that for every n > N
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T.—1
sup 3 | Er, [e(Xes v (Yiow)] = Br [e(X 1 (Vo)) )
& k=0
T.-1
< Z sup Ep, [¢(Xk,7(Yion))] — Ep [C(sz'Y(Y[O,k]))]’ <e€/2.
k=0 7€

Lemma 2.11 implies that for every time stage k <T, sup, cp|Ep[c(Xk, v(Y[o,1))]—
Ep, [c(Xk,7(Yo,51))]| can be made less than €/2T, for all n > N for some N < oc.
Since T, < oo, we can find a common N for all time stages k < T.. So we can write

T.—1
Sup > ¥ Ep[c(Xk,v(Yiox))] — Ep, [C<cha'7(y[0,k]))]‘ <e/2.
k=0

Combining the results, we have

T.—1
SléIF) | Ja(P, T, )= Ja(P, T, 7)| < Zﬁk Ep [C(Xk,W(Y[o,k]))}—EPn [C(Xkﬁ(y[o,k]))]
v k=0

+ > 82)ello
k=T.

<€

for all n > N for some N < oo for every given € > 0, which proves (2.13).
Now looking at the term in (2.12):

maX(Jﬂ(Pa T, ’7;) - J(P'mTa 77*1)’ Jﬁ(Pn7 T, ’7*) - J<Pa T>'7*))7
we can see that both terms go to zero using (2.13). |
In the following we give a weaker result, which holds with no restrictions, however.

2.2.2. Continuity under total variation and strategic measures. For
stochastic control problems, strategic measures are defined (see Schél [42], also [17, 18])
as the set of probability measures induced on the product spaces of the state and ac-
tion pairs by measurable control policies: given an initial distribution on the state,
and a policy, one can uniquely define a probability measure on the infinite product
space consistent with finite dimensional distributions, by the Ionescu—Tulcea theorem
[27]. Now, define a strategic measure under a policy v* = {v§,V{,...,7r,...} as a
probability measure defined on B(X x Y x U)Z+ by:

P;:(d(xoayo,uo)»d(ffhyl,ul)a .
= Pn(dz0)Q(dyolz0)1 (7 (yo)eduo) T (dT1]Z0, u0) Q(AY1]21) L {4 (yo 41 )edus} - - -
Under a strategic measure P;: we define,

T3P, T) = inf BL, |3 B clon, o (yo 1))
k

THEOREM 2.13. If c(x,u) is a non-negative, measurable, and bounded function in
X x U, then

* * 1
75 (Pn, T) = J5(P T < [[Pal@o € ) = P(@o € )lrv g5 llellee-
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Proof. From inequalities (2.4), (2.5), and (2.6) we have that [J3(P,, T)—J5(P, T)|
is upper bounded as follows:

| J5 (P, T) = J5(P, T)|

< maX(Z BNPE (zx € - yjo ) € ) — PP (zk €y, € )llrv sup e(z, 7" (Yo.x))
k

> BFIPE (wk € - yjow € ) — PRk € ypou € )llrv SUPC(‘I;:'Y(?J[&IC]))'
k

For any v € I', we have

> BHIPE (k€ yom € ) — PRk € -y, € )llrv sup e(z, v (yo,x)
k
= BIPR(zk € yjom € ) — PR (xk €y € )llrvicls
k

1
(2.14) < m\\@llmllpn(xo €)= P(xo € )llrv.
Here, we use the property that
1Pp, (xk € - ypox € ) — Pp(xk € - ypo,0 € v
<|NPp, (2,9, w0,00) € ) = Pp((#,y, W) [0,00) € )ll7v = Pu(z0 € )= P(x0 € -)|I7Vs
similar to the derivation in Lemma 1.1. ]

2.3. Some remarks on the infinite horizon average cost setup. In this
section, we show that the conditions presented earlier may not lead to continuity for
the infinite horizon setup but alternative conditions will likely be useful. Consider an
infinite horizon average cost setup with the objective function given by

T-1
1
Joo (P, T,7) = limsup — E9" Z (X, Uy)
T—o00 T =0

The optimal cost is given by
(P, T) = inf Joo(P, T, 7).
~el’

Given an optimal stationary policy, whose existence follows from the conditions
given in Assumption 2.3, say, through the convex analytic method (see Borkar [7]), the
process process 7 becomes Markovian. It is known that (see [29, Thm. 2.3.4-2.3.5])
if this belief Markov process admits a unique invariant measure, then

N-1
Z C(ﬂ'k)‘| —c

k=0

Ex,

almost surely for all initial conditions (that is, “priors”) for some constant ¢. Thus,
if the belief process has a unique invariant measure, the continuity in priors holds
immediately as the average cost does not depend on the prior measure provided that
the initial prior belongs to the support set of the invariant measure. However, checking
ergodicity is a challenging problem for the controlled setup; this is a subject of current
research.

On the other hand, we show in the following that Assumption 2.3 does not alone
guarantee continuity.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/03/19 to 139.179.242.214. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

1948 ALI DEVRAN KARA AND SERDAR YUKSEL

Ezample 2.4. Let X =R, U = [-1,1], Y = [-1,1]. Suppose we are given two
initial distributions, the transition kernel and the measurement channel as
PO =00

( 61/n()+ 5 1/n( )7

)=
T(|z,w) —521()»
Q(|z) = U[-1,1].

Notice that the transition kernel is weakly continuous in (z,u); the measurement
channel is continuous in total variation and P,, — P weakly.
The stagewise cost function is defined by as follows.

(1) = (x+u)?  if 2| <1,
A +w)? o if |z > 1

So the cost is always bounded. The optimal control actions for both initial distribu-
tions at any time k > 0 are v(ypo,x)) = 0 and 7, (y[,x)) = 0.

It is easy to see that the optimal cost for P is 0. The optimal cost for P, can be
calculated as follows:

1 logyn

« Qk 2 2
S T) 71\}?00N kZ:o (;) +k_1§n+1(1)

1 [4(n? 1
= lim ( (Z)—3+N—log2n+1>:1;&0.

A more complete treatment for the average cost case will be reported in future work.
3. Robustness.

3.1. Robustness to incorrect priors and mismatch bounds for single-
stage problems. First, for this subsection, we will consider the single-stage stochas-
tic control problem with cost function c, initial distribution P. We shall denote this
problem by E = (¢, P,Q). Consider the following problem: let P be another initial
distribution. Decision maker DM computes an optimal policy, 7*, for the problem
E = (¢, P,Q) and applies it to Z. Can we approximate the loss in performance, that
is, can we find a bound on J(P,Q,5*) — J*(P,Q)? This situation naturally arises
when the initial distribution, P, is uncertain and DM has a prior belief, ]5, which is
perhaps based on an incorrect initial model.

PROPOSITION 3.1. Assume that ¢ : X x U — R is nonnegative, measurable,
and bounded. Let ¥* be an optzmal (or e-optimal) control policy for the single-stage

stochastic control problem & = (c, P ,Q), where ¢ is a cost function, P is an initial dis-
tribution, and Q is a measurement channel. Let P be another probability distribution
onX. Then |J(P,Q,3) — J*(P,Q)| < 2|lcllwlP — Pllzv-

Proof. Let v* denote an optimal (or e-optimal) policy for the problem = =
(¢, P,Q). We have

<(PQY) = J(P, Q) + [J°(P, Q) = J*(P, Q)| (+2¢)
<2|elloc [P = Pllzv,
where we have used (2.10) for the final inequality. d
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Similar to the continuity section, for the weak convergence of priors we have a
negative result. The following result implies that the mismatch error may not diminish
even if our belief model converges weakly to the true model.

PROPOSITION 3.2. Let an initial distribution P € P(X) and a cost function c :
XxU — R be given. Assume that P, — P weakly, and let vy be an optimal
(or e-optimal) policy for the control problem Z, = (¢, P,). It does not follow that
J(P,Q,vp ) — J*(P,Q) as n — oco. This result holds even if c is bounded and
continuous in both x and u.

Proof. We use an extension of the proof from Theorem 2.7. Let X =Y =U =
[0,1], and let c¢(x,u) = (z —u)?>. We let P, ~ f, for n € N as in the proof of
Theorem 2.7. We have that P, — P ~ U([0,1]) setwise. We let the channel be
1

5 U (o, 1]).

Q) ~ 5 -6 +

As presented in the proof of Theorem 2.7, the optimal policy for the control problem
En = (¢, Pp, Q) is given by

_ ﬁ if Yy € Uzlen,ka

Wl M=

vp, (y) = {

If the decision maker applies 7}, to the control problem = = (¢, P, @), this results in
the following cost (the calculations can be found in B.2):

. 2 5
J(PaQafYPn) - 277 + 72”2
We notice that as n — oo, [J(P,Q,7*) — J*(P,Q)| = & — &= = ;35 #0. O

We now present a positive result for weak convergence.

THEOREM 3.1. Suppose that c(x,u) is bounded, U is compact, and Assumption
2.1 holds. Then, as P, — P weakly lim, . |J(P,Q,vp ) — J*(P,Q)| — 0; that is,
the system is robust to errors in the priors under weak convergence.

Proof.
lim |J(P,Q.vp,) — J*(P.Q)|
(3.1) < lim [J(P,Q.75,) = J (P, Q75| + lim [J(Pa,Q.7p,) = J(P,Q)|

=0.

We note that the first term goes to 0 with the same argument used in 2.7 and the
second terms goes to zero by Theorem 2.5. We conclude that under the given as-
sumptions, the control problem is robust under weak convergence. 0

3.2. Robustness to incorrect priors for multistage problems. The follow-
ing result holds in generality.

THEOREM 3.2. If ¢(x,u) is a non-negative, measurable, and bounded function in
X x U, then

1
[J8(P,Q,7p,) — J3(P, Q)| < 2| Pa(do) — P(dxo)llTvaCHw
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Proof. We use that

Jﬁ(P7Q”Y;)")_J§(P7Q) = Jﬁ(PvQa’Y;’,L)_J5<PnaQv'Y}kD,L)'f'JB(PnaQaW},L)_J";(PaQ)-

From inequalities (2.4), (2.5), and (2.6) we have that [J5(P,Q,vp, ) — Js(Pn, Q,7p, )|
is upper bounded as || P, (dzg) — P(dxo)HTVﬁHch. The analysis is then complete
by considering Theorem 2.13. 0

We now develop a robustness result under weak convergence of priors for
multistage case. First, we give a lemma showing that for any multistage setting
with a controlled Markov chain satisfying Assumption 2.3, the cost at any time stage
is continuous in priors under weak convergence.

THEOREM 3.3. Under Assumption 2.3, as P, — P weakly, we have,
[J8(P, T, 7p,) = J3(P,T)| = 0.
Proof. We use the following bound again:

Here, v is optimal for prior P,, the existence of 75 , and an optimal policy v for
prior P follows from Theorem 2.12. The second term goes to zero by Theorem 2.12.
The first term goes to zero by (2.13) which states that

sup |Jg (P, T,7) — Ja(P, T,v)| — 0. o
yel

4. Implications for empirical learning methods in stochastic control. In
engineering practice, when one does not know the probability measure for a random
variable one typically attempts to learn it via test inputs or empirical observations.
Let {(X;),? € N} be an X-valued i.i.d. random variable sequence generated according
to some distribution pu.

Defining for every (fixed) Borel B C X, and n € N, the empirical occupation
measures

1 n
pn(B) =~ l(x.en);
=1

one has p,(B) — u(B) almost surely (a.s.) by the strong law of large numbers. Also,
tn — o weakly with probability one ([14], Thm. 11.4.1).

However, p, can not converge to u in total variation, in general. On the other
hand, if we know that pu admits a density, we can find estimators to estimate p under
total variation [12].

As discussed above, the empirical averages converge almost surely. By a similar
reasoning, for a given bounded measurable function f, [ w,(dz)f(z) converges to
J pu(dx) f(x). This then also holds for any countable collection of functions, {f1, f2,
f3,....}. A relevant question is the following: can one ensure uniform convergence (over
a family of functions) with arbitrary precision by only guaranteeing convergence for
a countable collection of functions? This entails the problem of covering a family of
functions with arbitrarily small neighborhoods of finitely many functions under an
appropriate distance metric. The answer to this question is studied by the theory
of empirical risk minimization: in the learning theoretic context when one tries to
estimate the source distribution, the convergence of optimal costs under w, to the
cost optimal for u is called the consistency of empirical risk minimization [46).
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In particular, if the following uniform convergence holds,

(4.1) lim sup‘ [ @atan) ~ [ sntan)| =0

n—o0o fEJ:

for a class of measurable functions F, then F is called a u-Glivenko—Cantelli class
[15]. If the class F is pu-Glivenko—Cantelli for every u, it is called a universal Glivenko—
Cantelli class. One example of a universal Glivenko—Cantelli family of real functions
on R¥ is the family {f : ||f|lzr. < M} for some 0 < M < oo, where ||f||zr = || f]leo +
SUD,, 24, W ([15]). For related characterizations and further examples, see
(38, 45, 13].

In another direction, if (4.1) holds for any sequence of measures {u,} converging
weakly to p (rather than only empirical models), then F is called a p-uniform class.
For a subset, B, of X, the oscillation of F on B is defined as

wr(B) = sup{|f(x) = f()|. f € F,z,y € B};

in the case where F consists of a single function f we use the notation ws(B) or
wy¢B. Then a characterization for uniformity classes is given by the following [6]: a
necessary and sufficient condition for F to be a P-uniformity class is that

wr(X) < oo

and

lim sup P{z : w;S(z,d) > €} =0

5—0 ferF
for any € > 0, where S(z, d) is the ball around z with radius 6. It can be seen that one
example of a uniformity class on RY is again the family {f : ||f||zz < M} for some
0 < M < oo. For a detailed discussion and characterization of these classes see [6].

4.1. Application to robustness to incorrect priors.

THEOREM 4.1. Suppose that the prior model of the system is estimated with the
i.i.d. measurements such that for every (fized) Borel B C X, and n € N, the empirical
occupation measures

1 n
=1

Then under one of the following conditions,

(i) if the stagewise cost function c(x,u) is non-negative, bounded, and continuous
on X x U, the action space U is compact and the measurement channel Q(-|x)
is continuous in total variation;

(ii) 4f we restrict the class of policies to G = {7 : [ Q(dy|z)c(x,v(y)) € £}, where
€ is a class of P-Glivenko—Cantelli family of functions;

(iii) if we restrict the class of policies to G = {v : c(z,v(y)) € E}, where £ is a
class of PQ-uniformity family of functions and if the measurement channel
Q(-|z) is weakly continuous in x,
as n — oo, with probability 1, we have, J*(P,,Q) — J*(P,Q) and J(P,Q,~}) —
J*(P,Q), where % is the optimal policy designed for the estimated model P,. That
is the optimal cost function and the optimal policies are consistent under empirical
estimation.
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Proof.
(i) The result follows from Theorem 2.5 and Theorem 3.1.
(ii) We write

tim sup | [ P,(de) [ Quylaleter(w) ~ [ Plde) [ QUaylo)ete. ()]
The results follows from the discussion made for (4.1).

(iii) We make the following argument. Similar to the above discussion, if optimal
policies are assumed to be from the restricted class of policies G, a sufficient
condition for the convergence of optimal costs is the following form of uniform
weak convergence:

lim sup
n— oo ’)’Eg

/ (. 7(y)) PaQ(de, dy)
XxY

- / (.7 () PQ(dz, dy)| = 0.
XxY

The above argument holds when G = {7 : ¢(x,v(y)) € £}, where € is a class of
PQ-uniformity family of functions and when the joint measure P,,( converges
weakly to PQ. We have that the empirical measures P, converges weakly to
P with probability 1. Thus, the result follows from Lemma 1.1(3i). d

Conditions (ii) and (iii) might be difficult to check in general. Therefore, we ana-
lyze these conditions from a practical point of view. Condition (ii) requires
J Q(dy|z)c(x,v(y)) to be a P-Glivenko-Cantelli class of functions. There are var-
ious characterizations of such class of functions (see [46]). One example of Glivenko—
Cantelli class of functions is bounded Lipschitz functions. Thus, if [ Q(dy|z)c(z,v(y))
is bounded and Lipschitz in z, the condition (ii) is satisfied. This requirement is met
under the following set of restrictions:

e |Q(|x) — Q(|z")|lrv < alz — 2| for some a < oo and |c(z,u) — e(a’,u)| <
Blx — '] for all u € U for some 8 < 0.
The above condition is stronger than condition (i).

Condition (iii) requires ¢(z,v(y)) to be a PQ-uniformity class of functions and
Q(:|z) to be weakly continuous. One example of uniformity class of functions is again
bounded Lipchitz functions. Thus, if ¢(x,7(y)) is bounded and Lipschitz in = and y
and if @ is weakly continuous, the condition (iii) is satisfied. The following is sufficient:

o |c(z,u) — c(z/,v)| < alx — 2’| + Blu — u/| for some o < 00 and S < oo.
e [’ is restricted to be the space of Lipschitz functions such that for any v € T’
we have [v(y) —y(y')| < nly — /.
e Q(:|x) is weakly continuous.
This set of assumptions weakens the restrictions on the channel. However, putting
assumptions on the space of policies is artificial as there is usually no guarantee that
the optimal policy is Lipschitz.

We next consider the multistage case.

THEOREM 4.2. Suppose that the prior model of the system is estimated with the
i.i.d. measurements as in (4.2). Under Assumption 2.3, as n — oo we have a.s.,
J5(Pp, T) = JE(P,T) and Jg(P,T,vy,) — J5(P,T), where 7, is the optimal policy
designed for the estimated model P,. That is, the optimal cost function and the
optimal policies are consistent under empirical estimation for the multistage problem.

Proof. Given that P, — P weakly (a.s.), the result follows from Theorem 2.12
and Theorem 3.3. ]
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5. Conclusion. We studied the topological properties of single and multistage
optimization problems in stochastic control on the space of initial probability mea-
sures and applications of these to robustness of the control policies applied to systems
with incomplete models. We made the observation that while weak convergence is in
general too weak for continuity and robustness, channel and transition kernel regu-
larities often allow for continuity and robustness under weak convergence. This is a
practically very important result since often in engineering applications, system mod-
els are learned through training data which only guarantees weak convergence to the
true model in general.
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Appendix A. Technical Proofs.

Here, we include some additional, mainly numerical, derivations utilized in the
paper. The numerical derivations may or may not be included in the final version of
the paper.

A.1. Proof of Lemma 2.11.

Proof. Our goal is to show that for a given € the term can be bounded by ¢ for
n > N for a sufficiently large N. For the ease of notation we will first study the case
where k£ = 2, then we will look at the general case.

In the following, to economize the notation, we write (Y] 4) to denote {yx(Yo, .. .,
Yk; Uo, ey Uk—1)7 k < t}.

sup | Ep [c(X2,7(Y]o,2)))] — Ep, [C(X%'Y(Y[O,Q]))}‘

yel

= sup /P(dmo)Q(dyo|I0)7'(d$1|$o7W(yo))Q(dyﬂl’l) X (E[C(Xza (Y] oz]))lﬂﬁoyl’l,yo,yﬂ)
yel’
— [ Patdo)Qiuoleo) T(ds1 02 () Qo) (E[e(xg, v 02]>>|xo,x1,yo,y1])]

= sup /P(dmo)Q(dyo|$o)T(de1|xoyW(yo))Q(dy1|x1) X (E[C(Xzy (Y] 02]))|~’E17y07y1]>
yel

—/Pn(divo)Q(dyo\xo))T(dml|1’0, (10))Q(dy1]w1) x <E[C(X2» (Yo,2)l1, yoﬂl])‘

In the last equality, we used the fact that conditioned on all observations and most
recent state variable, we can take out the conditioning on the earlier state variables
using the Markov properties of the system. This follows from

P (dxy, dyo, dy1, dys|xo, 1, Y0, Y1)
= P(dys|x2) P (dx2, dyo, dyi|zo, ©1, Y0, Y1)
= P(dyz|z2) P(dw2|z1,v(yo, y1)) P(dyo, dy1 |yo, y1)
= P(dya|x2) P (dx2|x1, Y0, y1) P(dyo, dyi|yo, y1)
= P7(dwa, dyo, dy1, dy2|T1, Yo, Y1),
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where P7 denote the induced probability measure on the state and the measurement
variables given a policy v € I'.

Now, if we can show that the term [ Q(dyolzo)T (dz1|xo,v(yo))Q(dy1|x1) X
(Ele(X2,7(Yo,21))|21, %0, %1]) is a continuous and bounded function of xq uniformly
for all v € T', we can make the difference less than € since P, — P weakly. To show
the continuity observe the following:
/Q(dyo|$o)7(d$1|$07W(yo))Q(dyl|$1)E[C(X2,V(Y[o,2]))\ymxl,yl)}

lim sup
o—To yeD

—/Q(dyo\x())T(d:Eﬂxé,W(yo))Q(dyﬂxl)E[C(Xz,7(1/[072}))|y0,xl,yl]

< lim sup
To—To yeT

—/Q(dyo|$6)/T(d$1|$6ﬂ(iyo))Q(dy1|$1) x Elc(X2,v(Yo,21)) |71, Yo, y1]

/Q(dyo\fvo) / T (das .~ (50)) Qg [2) ¥ E[e(X2, 7(Yio.2) 1. 0 1]

+ lim sup/Q(dyO|x0)

z{,—)zo ~erT

/T(d$1|$0,V(yo))/Q(dyl\fUl)XE[C(X2»7(Y[0,2]))|$17110»yl]

- / T (das |, +(30)) / QUdya|z1)  Ele(Xa,7(Yioa) o1, vo 1]
(A1)

In (A.1), the first term goes to 0 by Assumption 2.3(b) with the following argument:

lim sup
!’
To—T0 yeT

—/Q(dy0|3?6)7(d$1\906’V(yo))Q(dyl\xl)E[C(X%V(Y[o,z]))|yo,$17y1]

< lim eflosllQCyo € Jz0) = Q(yo € -|z0) v = 0.
a:O o

/Q(dyo|$0)7-(dff1|$6a’Y(yo))Q(dyﬂfl)E[C(XQ,’Y(Y[O,Q])Nyo,T/layl]

Before analyzing the second term, we claim the following: for a family of functions,
{f(v,2k)} which is uniformly bounded, and equicontinuous over v € T',

, lim  sup /T(dxkkﬂk—l,’Y(y[o,k—l]))f(% T)
Tp_17Tk—1 y€D
(A2) - [ Tldonlgi s o) fra)| =0
To see this, observe the following: by the Arzela—Ascoli theorem, for any given com-
pact set K, and i > 0 there is a finite family of continuous functions F := {f1,..., fxn}

such that for any v, we can find an f; € F with sup,, cx |f(v,2x) — fi(zr)] <
7. Furthermore, since T (dxg|zr—1,ur—1) is continuous, for any r > 0, the set
{T (dxg|x)_q, wk=1),|x}_1 —Tk—1] < 7,up—1 € U} as a continuous image of a compact
set is itself weakly compact, and thus tight, and hence, for every € > 0, there exists a
compact set K, such that fKE T (der|2)_y, v(yjo,k—1))) = 1—eforall [z} _, —xp 1| <7
and vy eT.

Now, we fix an € > 0, choose an r > 0 and a compact set K. according to
above discussion and fix a finite family of continuous functions F := {f1,..., fn}
such that for any v, we can find an f; € F with sup,, cx |f(7,21) — fi(zr)] < e
We also choose a 0 < 0 < r such that sup,cr | fKe T (dog|ze—1,7(yo,6—1))) fi(zr) —
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Jx. T (dxglzy_y, ¥ (ypo,p—1)) filzx)| < € for |a)_y — 241 < 6 and for all f; € F,
which we can do since 7 (+|x,u) is weakly continuous in z uniformly for v € U and
there are finitely many f;. With this setup, let us look at (A.2) again for {z}_, :
%1 — Tr—a| < 6}

/ T(dwplei—1,7 (W0 o)) (7 21) — / T (dapleh 170 1)) f (s 72)

sup
yel’

< sup
yel

/ T(dog|ze—1,7(Yo,k—1))f (7, 2K) — / T (daglah—1, v (o k—1)) f (v, k)
X\ K. X\ K.

+ sup

/ T(dapleiy, 7 (w0 k1) (v k) — / T(dai 1Yo k1) f (1 21)
~yel' |J K. K.

< 2¢llef|loc + sup | T(dzg|er—1,7Wo,k—1) (f (v, 21) — filar))
vel' JK.

+ /K T(deg 1.7 (W0 1)) i) /K T(daklah—1 1 (w0 o—1))) fiex)
4 /K T(depleh—11(wos) (fi(ex) — FOr20) |
< 2ellefloo + sup / T(dwrler—1, Yo 1)) i)
Y€l JK.

- /K T(darlwh— 1+ (w0 1) i) | + 2
< 2¢l|¢|loo + 3¢,

where f;(zy) is chosen according to the discussion above such that f; is € close to
f(y,z). As € is arbitrary, (A.2) holds true.

Now we return to (A.1) again. To show that the second term also goes to 0, we
use (A.2) with the claim that

for) = / QU |1) X Ele(Xa, (Vo)1 v, 1]

is a continuous and bounded function of x; uniformly for all v € T". To see this, we
write

lim sup (/Q(dy1|x1) x Elc(Xa,7(Y)0,21)) |71, y0, 1]

] —=T1 el
- [ Qtnle) E[e(Xmmo,2]>>|xa,yo,yﬂ)

< lim sup
] —=T1 el

- / QUdya|a}) x Ele(Xa,1(Yoz)) |21, 0, 1]

/Q(dy1|x1) X Ele(X2,7(Y]o,21) |1, Yo, y1]

+ lim sup/Q(dyl\xl)x

1 —=T1 yel

=0.

Ele(Xa, 7(}/[0,2]))\951, Yo, y1] — Elc(Xa, V(Y[o,z]mfl?/p Yo, Y1)

Above, for the first term we used Assumption 2.3(b), and for the second term we
have the following:
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lim sup | Ele(X2,7(Yjo,2)) |21, v0, y1] — Ele(X2,7(Yo,21)) 127, Yo, ]|
] 171 ’YEF
= lim sup /T(dwzlwl,v(y[o,u))Q(dyzlffz)C(:vz,v(y[o,z}))

Ty =1 yeD

(A.3) /T(dx2|x’1,7(y[071]))Q(dy2|x2)c(:1:2,V(y[o,g]))|.

For the last term, we used (A.2) with f(vy,z2) = [ Q(dyz|x2)c(z2, ¥(yo,2))- To
see that f(vy,z2) is a uniformly bounded, equicontinuous family of functions over
~v € T, observe the following:

lim sup
m2~>:132 ’YGF

[ QUnleetas o)) ~ [ Qisleaetas. <y[02}>>\

/Q(dy2|$'z)0($'2,7(y[o,z]))—/Q(dyz|x2)c(fﬂ/2’V(y[oal))‘

< lim sup

Ty =2 yED

4+ lim sup

wz—)ZQ ’YGF

[ Qnle) el o) et v(y[o,z]»)\
=0.

For the first term we used that the channel @ is continuous in total variation, and
for the second term we used that c(x2,v(yjo,2))) is continuous in x5 uniformly for all
v € I, because for every 7, v(y[o,2) corresponds to a control action u € U and U is
compact.

Thus, we can find an N such that for all n > N,

sup
el

Ep[e(Xa.1 (Vo)) — Er, [e(Xev(¥io))] ' <e

Now, we generalize the argument for any time stage k > 0,

SléIF) Ep [c(Xi, v (Yo,u))] — Ep, [¢(Xi, Y(Yo,1)))]

5

= sup /P(dWO)Q(dyO|$O)T(dII|IOa’Y(yO))Q(dy1|-T1)"'T(dxkfl|xk72»7(y[0,k—2]))
v

Qdyk—1]|zK—1) X (E[C(Xka'Y(Y[O,k]))|x07$1:--~l’k—1yy07---ayk—1])
*/Pn(deO)Q(dyO‘xO))T(dxl|3707'Y(yO))~-~T(dxk—ﬂxk—%'V(y[O,k72]))Q(dyk—1‘mk—l)
X (E[C(Xkav(i/[o,k]))lw07$17»»»l’k17y0,---7yk1])‘

= sup
yel

/P(dmo)Q(dyo|xo)7'(de1|«’Eo, Y(¥0))Q(dy1|z1) ... T (dzg—1]zE—2,7(Y[0,k—2)))
Q(dyg—1lzK—1) % <E[C(Xk,’Y(Y[O,k]))mkflvyOv--->yk71])
~ [ Patdao)Q(sol) T (et 20,71 (00) - T (b, 10 ) Q1 on1)

X (E[C(Xk,’Y(Y[o,k]mxk—hy07---,yk—l])‘-
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The last equality follows from the Markov property of the system as we do not depend
on the past state variables given all the past observations and most recent state
variable. We again need to show the continuity in zg.

lim sup [/Q(dy0|$0)---T(d$k71|5¢k727V(y[o,k—z]))E[C(Xk,’Y(Y[o,k]))|$kf1,yomykfl]

z(—x0 yeT

- / Q(dyolzp) - .. T(dzk—1]Tr—2,7Yj0,5—2)) Elc(Xk,Y(Yo,k))) [Tk=1, Y0, - - - Yr—1]

< lim sup
z{—=z0 yel

/Q(dyolwt))/T(dwl\xé,v(yO))~~~T(dwk—1|$k—2,W(y[o,kfz]))Q(dyk—l\mk—l)
X E[e(Xe, Y(Yio,k)))|Tk—1,Y0, - - - s Yr—1]
*/Q(dyo%)/T(dfﬂl\xéﬁ(y()))--~T(d$k—1|$k—27W(y[o,kfz]))Q(dyk—l\xk—l)

X Ele(Xk, v(Yio,))|Tk—1,Y05 - - -, Yr—1]

+ lim sup/Q(dyo|xo)

zH—xo yel

[ Tmlo (). Tldziorlon-2y(wor-2)
Qdyr—1]zr—1) X Elc(Xk, vy(Yo,0))|Tk—1,Y0, -, Yr—1]

- / T (da1]z0,v(y0)) - - . T (dxk—1]Tr—2,7(Yj0,k—2]))

Q(dykfl‘xkfl) X E[C(Xky’Y(Y[o,k]))kahyo: ceey ykfl]
=0.
(A.4)

Similar to the special case where k = 2, at (A.4), for the first term we used Assumption
2.3(b).
For the second term, we used the fact that the term

/Q(dyllfﬁ) o T(drg—1|r—2, 7(Ypo,k—2))) Q(dyr—1]7x—1)

Ele(Xk, YYo,u) | Zk—1,Y0, - - - Yr—1]

is a continuous and bounded function of x; uniformly for all v+ € . For this, it is
necessary to show that

/Q(dy2|x2) T (drg—a|r—2,7(Ypo,k—2))) Q(dyr—1]Tx—1)

Ele(Xk, Y(Yio,x)Tr—1,Y0, - - - Yr—1]

is a continuous function of x5 uniformly over I'. Then, inductively, the last step is to
show that

E[C(ka ’Y(Y'[O,k])”xkfl, Yo, - - - 7yk71]
- / (Y W0 T (dnl i1, (o)) Qi 1)

is a continuous function of zj_; uniformly over T, which holds since T (dzg|zr_1,
Y(Y[0,k—1])) is weakly continuous in x;_; and the continuity is uniform on I' since for
every v € I', 7(yjo,k—1)) corresponds to a control action from U and U is compact.
The fact that Q(dyx|rx) is continuous in total variation in zp and c(xx,v(yp,x)) is
continuous in xj uniformly over I" completes the proof.
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A.2. Proof of Lemma 2.3. The proof is adapted from the proof of Theorem
3.2 in [52].

Proof. Let uy satisfy py(A4) = u(X x A) for A € B(Y). By Lusin’s theorem ([40,
Thm. 2.24]), for all ¥ € T and ¢ > 0, there is a continuous function f : U — Y such
that

py{y: f(y) #v(y)} <e.

For convenience of notation we let B = {y : f(y) # v(y)}. Observe the following:
[ et r ) = el Ftdedy) = [ fela1(0) = clo. £0)| n(dr. )

<e-[lefloo,

where ||¢||oo denotes the supremum norm of ¢, which is finite by assumption. We have
that

(A5 [ o sw)utdndy) < [ cleg)ntdndy) + - el
Define
500.0) = int, [ el 1 wutde,dy). and juT) = inf [ e 2()uds,dy).

Note that j(u,C) > j(u,T') as C C T. From (A.5) we have j(1,C) < j(1, ') +¢-|l¢|loos
which gives j(u,C) < j(u,T') as € was arbitrary. Hence j(u,C) = j(u,I). d
Appendix B. Additional proofs.

B.1. Calculations for proof of Theorem 2.7. In the following, p will denote
the density of the corresponding (possibly conditional) probability measure.

B.1.1. Computing v5.

'ﬁg:E[X\Y:y]:/xp:ﬂydxf/ wdx
0 [ plyla)p(z)dz

oP

by Bayes’ rule. The denominator reads as

/ ' p(yle)p(e)de = / 1 (; n ;(uy)) dr=1.

This gives

as desired.
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B.1.2. Computing J*(P,Q).

J'(P,Q) = Ele(z,7p())] = El(z —vp(1))%]

/ / (x T 1 y) Q(dy|z)P(dz).

We now compute the inner integral for some fixed a:

This gives

1 2
1 5z bz 1
J*P,Q:/ <+>dx—.
(P.Q) o \6 8 ' 8 16

B.1.3. Computing 75 . Let n € N. If y € R, then we have

s = [ = [ Jew= [ aw=xm =],

where A is the Lebesgue measure. We now compute E[X|Y = y],

o _ p(ylz) fu(z _ [ 1/2-2
E[X|Y—y]—/0 xp(zly)dr = / fo Wl Pl dxdx—/Lx % dz

P ((”zﬁ (52))

n

k-3 1 3 1 nrn+1) 1 3n 1 1
(B.1) —Z = =3

4n? n2 n? 2 n? 4
k=1 k 1

where we have used Bayes’ rule to establish the second equality. Now we consider the
case where y € L. We calculate p(y):

! 1 1 3
p(y):/O P(y|l’)fn(17)d17:/L5(2)dx+5'2:/Ld1:+1:)\(L)+1:5.
This gives
E[X|Y = y] = de — Md
(XY =y] /Oafp zly)da = / T oy x

[ 1/2.2 1/2-2 11 1Y 2
—/Lx 3/ dx—l—/L:r: 3/2 5x(y)da:—3 (2 4n>+3y,

where we use (B.1) to give the last equality. We see that the optimal policy is

R ifyeR,
3 (3—2:)+3y ifyel
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B.1.4. Computing J*(P,,Q). Let n € N.

J* (P, Q) = Elc(z,vp, ()] = El(z — 75, ())’]

- /01 (/Ol(x_ﬁﬂ (v))? (dy|x)> . (dz)

=2 [ | [, wreuin) + [ @, W) (ie) | de

O] (i)

We now compute term (i) for « € L:

[ iwraun = [ (v (5= L)~ %) e

_|_
+/ N R P
72 288n2  72n 6 12n
x? 1 1 2 2y
ST (e ) a
+2+<9 18n 3x>y+ 9) Y

1 L, 1+1 +x2+
T 72 9882 T2 v

U (ESRE S S N S P /d+
7228802 T2n 6 ' 12n 2 )],

1 1 2 2
S dy + = [ 3dy.
+<9 18n 3x>/Ly y+9/Ly Y

For ease we compute the integrals in the above step separately. Some are familiar
from section B.1.3.

/Ldy=A<L>= 3

n

1 2b—1 1/1 1
/LydyZQZy‘zkz—(—n) (by(B.l))7
L 2

k=1
1 n
[ro=15- -

4
2
2n
k=1 k=1

[\)

W =

0

1 7 — 18k + 12k2 17 & 9 3 <
== bt i IS (S N I N I Y 5
3 (Z 8n3 ) 3 <8n3 4n3 Z + 2n3 )
k=1 k:l k=1 k=1
_L(n)_i n?+n L (2 S4dn’4n) _1 1
T 24p3 4n3 2 o3 6 6 8n’
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These combine with the above to give (after some simplification)

37 7 11 111 11
* 2 ’
_ d " 1aan "\ 736 " 72n '
/L@c Ve, W)’ Q(dylz) = 135 + = 144n+( * >

2n
Next we compute term (ii) for x € L:

1 1 1\? 1 1 1\?
- x 2 = = —_ = —_— = — —_ —
/R(x vp, (1))*Q(dy|x) 2/R<x 5 +4n> dy = - <x 5 +4n>
1 1 1 2

16 + 64n2

|
—

D

3

\
N
+
g
N
+
| 5

For x € L we compute (i)+(ii):

(i)+(ii)—i+i—i+ —§+i m+§x2
T 27 ' 36n2  36n 9 18n 9" "

This gives

an Q / ’YPH Tb(dx)
2/ ! —i-i- —§+i x+5x dx
27 36n2 36m 9 18n 9

4 1 5 5 5 5
=2l =4+ -— — — de +2 | —=+ — de +2 | = 2d
(27+36n2 36n)/L v ( 9+18n)/x v (9>/LI .
11
C18  24n?’
B.2. Calculations for proof of Proposition 3.2. Let n € N. From sec-
tion B.1.3 we know that

1L ifyeR
vp, (y) = EIX|Y =y] = ] . ’
" 1(b-&)+2y ifyel

With P ~ U([0,1]) we have

J(P,Q,"p,) = Elc(z,7vp, )] = El(x — 75, ()]

-/ 1 ( / Jr— <y>>2cz<dy|x>) P(dz)
/(] 1<m-v;,l<y>>2c2<dy|x>> arr [ ([ 1(x—7}3n(y))2Q(dny)> do

=57 P @+ [ ([ =m0 + [ @, 0P ) ao

1 1 * 2 * 2
=5 - 487+/R /L(;c—ypn(y)) Q(dy\a:)Jr/R(w—an(y)) Q(dylz) | da,

(iii) (iv)

where we have used the computation from section B.1.4 for J*(P,, Q). For x € R we
compute (iii):
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TR 1/1 1 2 \?
[e=pwrewo = [ (c-5(3-5) - 3v)
1 1/1 1 2 \?
:/LQ(I_?)(Q_M)_&”) W
1 1 1 1 1 x?
:(m+mm‘m+<‘6+m)“z) Lyt

where the last line follows from the computation of (i) in section B.1.4. After some
simplification we arrive at

* 2
_ d T\ 13, 4

For x € R we compute term (iv):

[ =nwrealo = [ (o= 5+ 4171)2Q<dy|m>
(tet) e (bt
At

1
3 . 3 3 3.3 3,
TR 7 ATl Gl awd K e

)
_3
1 64n2  16n 4  8n

For x € R we have

711 1
. _ ot 1 L 2.
)+ = e~ * ( * 2n> v

This gives

/R(/Ol(x—v?n(y))QQ(dylm)> dx:/ (277+Blng—41n+<—1+21n>x+x2) dz
:<277+18n2_4n>/dm+< 1+>/xdf”+/

We compute the integrals in the previous step separately:
1

With the above, this gives (after some simplification):

[ ([ i) ar= v it

Therefore, J(P,Q,v}, ) = 27 + 7212
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