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Introduction

In a typical differential equations or a systems course, one learns about the behaviour of a system described by differential
or difference equations. For such systems, under mild regularity conditions, a given initial condition (in the absence of
disturbances) leads to a unique solution/output. Even when one cannot obtain an explicit analytical solution, it is often
possible to establish stability properties of solutions.

In many engineering or applied mathematics areas, one also has the liberty to affect the flow of the system through a control
term. Control theory is concerned with shaping the input-output behaviour of a system by possibly utilizing feedback from
system outputs under various design criteria and constraints. The way control actions or variables are generated based on
the information available at the controller is called the control policy or control law. In deterministic control theory, under
mild conditions, a given initial state and a given control policy uniquely specifies the realized path. Such a policy may
be designed to stabilize a system, under stabilizability conditions; or control a system, under controllability conditions.
The deterministic theory has had tremendous impact and success in many applications with commonly considered criteria
being system stability (e.g. convergence to a point or a set with respect to initial state conditions, or boundedness of the
output corresponding to any bounded input), reference tracking, robustness to incorrect models and disturbances (which
may appear in the system itself or in measurements available at the controller), and optimal control.

However, in many applications, the deterministic theory is not directly applicable, as there may be disturbances in a given
system. In such systems, disturbances may appear in the dynamics of a system or in the information available to the
controller. Some general differences between the deterministic and stochastic setups are the following:

* The criteria on stability for stochastic systems require a different approach since stabilization to a point, or to a compact
set or formation, is often too much to ask in a stochastic system.

* The solution concepts for stochastic systems can be significantly different from those in a deterministic setup.
» For optimization problems, the optimality criteria need to be probabilistic in general.

» Informational aspects of control and decision making in the presence of uncertainty lead to significant mathematical
complexity but also versatility in applications (including those in decentralized setups where multiple decision makers
are present either in a cooperative or in an adversarial context, as in game theory). Such informational dependence of
stochastic control is perhaps what particularly distinguishes the stochastic theory from its deterministic counterpart.

Nonetheless, we will see that many concepts and principles from deterministic control theory carry over to the stochastic
setup. For a stochastic system, we will see that even though a control policy and an initial condition does not uniquely
determine the path that a controlled process may take, the probability measure on the future paths is uniquely specified
given a policy. Likewise, the concepts of stability, optimality and observability will all find corresponding interpretations
(though with significant generalizations, refinements, but also limitations). Results from geometric control theory and
robust control theory will lead to remarkable insights.

However, these connections require a strong foundation on probability (and several other areas of mathematics and engi-
neering): before we proceed with the technical study of the subject, which will also touch on the aforementioned application
areas, in the first chapter of these notes a concise but sufficiently detailed review of probability theory will be presented.

Some application areas include: optimal regulation and tracking; optimal filtering of noisy measurements with respect to a
hidden dynamical system and control of such systems; operations research; mathematical finance and optimal investment;
stochastic and data-driven learning methods for optimization (including reinforcement and stochastic learning theoretic
problems and applications); stability and optimization of communication networks (e.g. in optimal routing and scheduling);
information theory (in particular for setups involving causality and feedback); robust design of control systems under
approximation errors, incorrect models and priors; stability analysis and stabilization of stochastic dynamical systems;
decentralized stochastic control of systems; stochastic control in the presence of adverse decision makers (as in stochastic
game theory); and stochastic networked control (control under information constraints between various components of a
control system).

In the lecture notes, following a review chapter on probability, we will first proceed with stochastic stability, optimization
under various criteria, the problems with partial information, and stochastic learning theory. A basic course in stochastic
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control could cover the topics mentioned so far. If further time is available, the additional material presented on decen-
tralized stochastic control, stochastic control in continuous-time, and robustness to incorrect models and learning, can be
covered.



Review of Probability

1.1 Introduction

Before discussing controlled Markov chains, we first discuss some preliminaries about probability theory.

Many events in the physical world are uncertain; that is, with a given prior knowledge (such as an initial condition)
regarding a process, the future values of the process are not exactly predictable. Probability theory attempts to develop an
understanding for such uncertainty in a consistent way given a number of properties to be satisfied.

Examples of stochastic processes include: a) The temperature in a city at noon throughout some October: This process
takes values in R3!, b) The sequence of outputs of a communication channel modeled by an additive scalar Gaussian noise
when the input sequence is given by x = {z1,...,z,} € R" (the output process lives in R™), ¢) Infinite copies of a
discrete-time coin flip process (living in { H, T'}%+, where H denotes the head and T denotes the tail outcome), d) The
trajectory of a plane flying from point A to point B (taking values in C([tp, 00); R?), the space of all continuous paths in
R3 with z;, = A, 24 ; = B forsome ¢y <ty € R), e) The exchange rate between the Canadian dollar and the American
dollar on a given time index 7.

Some of these processes take values in countable spaces, some do not. If the state space X in which a random variable
takes values is finite or countably infinite, it suffices to associate with each point x € X a number which determines the
likelihood of the event that x is the realized value of the variable. However, when X is uncountable, only focusing on such
realizations is not sufficiently descriptive and further technical intricacies arise. Accordingly, the notion of an event needs
to be carefully defined. First, if some event A takes place, it must be that the complement of A (that is, this event not
happening) must also be defined. Furthermore, if A and B are two events, then the intersection must also be an event. This
line of thought will motivate us for a more formal analysis below. In particular, one needs to construct probability values by
first defining values for certain events and extending such probabilities to a larger class of events in a consistent fashion (in
particular, one does not first associate probability values to single points as we do in countable state spaces). These issues
are best addressed with a precise characterization of probability and random variables.

Probability theory is a versatile mathematical construction to model and study uncertainty in the real world. In the follow-
ing, we will present a rigorous, though concise, review of probability. For a more complete exposition the reader could
consult with several comprehensive texts on probability theory, such as [43,|57,|111,{130,/316] and texts on stochastic
processes, such as [151L]158]332].

1.2 Measures and Integration

Let X be a collection of points. Let F be a collection of subsets of X with the following properties such that F is a o-field
(also called a o-algebra), that is:

- XeF
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o IfAe F,thenX\AeF

e IfA e F,k=1,2,3,..., then U;O:1 Ay € F (that is, the collection is closed under countably many unions).

By De Morgan’s laws, and set properties, it can be shown that the collection has to be closed under countable intersections
as well.

For example, the full power-set of any set is a o-field.

If the third item above holds for only finitely many unions or intersections, then the collection of subsets is said to be a
field or algebra over X.

With the above, (X, F) is termed a measurable space (that is we can associate a measure to this space; which we will
discuss shortly).

Remark 1.1. Subsets in o-fields can be interpreted to represent information that a controller has with regard to an underlying
process. We will discuss this interpretation further and this will be a recurring theme in our discussions in the context of
stochastic control.

A o-field J is generated by a collection of sets A, if 7 is the smallest o-field containing the sets in .4, and in this case, we

write 7 = o(A).
Exercise 1.2.1 Let X = {a,b, c}. (i) Find o({a}). (ii) Find o({a}, {b}, {c}).

We consider an important special case in the following.

1.2.1 Borel o-field

An important class of o-fields is the Borel o-field on a metric (or more generally, topological) space. Such a o-field is
the one which is generated by open sets. The term open naturally depends on the space being considered. For this course,
we will mainly consider spaces which are complete, separable and metric spaces (such as the space of real numbers R, or
countable sets) see Appendix [A). Recall that in a metric space with metric d, a set U is open if for every « € U, there exists
some € > 0 such that {y : d(x,y) < e} C U. We note also that the empty set is a special open set.

The Borel o-field on R is then the one generated by sets of the form (a,b) C R, that is, open intervals (it is important to
note here that every open set in R can be expressed a union of countably many open intervals). It is also important to note
that not all subsets of R are Borel sets, that is, elements of the Borel o-field; see e.g. Exercise

We will denote the Borel o-field on a space X as B(X).
Exercise 1.2.2 Show that for every a € R, {a} € B(R), by writing a = Npen(a — 2, a+ 1).

We can also define a Borel o-field on a product space. Let X be a complete, separable, metric space (with metric d). Let
X%+ denote the infinite product of X so that x = (zg, 21,22, ) € X%+, where z, € X for k € Z . If this space is

endowed with the product metric (such a metric is defined as: p(z,y) = Y .0 Q*i%, z,y € XZ+), sets of the
form [ [, cz, A;, where only finitely many of these sets are not equal to X and these sets are open; and unions of such sets

form open sets. We define cylinder sets in this product space as:
B[Am,'mEI] = {213 € XZJraxm € Amam € I}a

with A, € B(X) and where I C Z with |I| < oo, that is, the set I has finitely many elements. Thus, in the above,
if x € B[Am,mel]a then, x,, € A,, for m € I and the remaining terms (that is, the x,, values for m ¢ I) can be
taken arbitrarily from X. We can thus view a cylinder set as a pre-image of the projection operation onto finitely many
coordinates. The o-field generated by such open cylinder sets is the Borel o-field on the product space. Such a construction
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is important for stochastic processes (and is the reason why while studying certain properties of stochastic processes one
often only considers finite dimensional distributions).

Remark 1.2. A space which admits a metric under which it is complete and separable is called a Polish space; while the
metric is often not apriori specified for such a space, we will often assume that a metric is given and define a Polish metric
space to be a complete separable and metric space. A Borel subset of a Polish space is called a standard Borel space [293]].
A very important fact is that any Polish space is related to either a finite set, or a countably infinite set, or R, through a
bijection (that is, via a measurable function -to be defined shortly- with a measurable inverse).

1.2.2 Measurable Function

If (X, F) and (Y, G) are measurable spaces; we say a mapping from h : (X, F) — (Y, G) is a measurable function if

h~'(B):={x:h(zx)e B}y F VBeEG

In the particular case involving Borel o-fields, if (X, B(X)) and (Y, B(Y)) are measurable spaces; we say a mapping from
h : X — Y is (Borel) measurable if

h"Y(B) = {z : h(z) € B} € B(X), VB € B(Y)

Theorem 1.2.1 7o show that a function is measurable, it is sufficient to check the measurability of the inverses of sets that
generate the o-algebra on the image space.

See Section[I.5.T]for a proof. Therefore, for Borel measurability, it suffices to check the measurability of the inverse images
of open sets. Furthermore, for real valued functions, to check the measurability of the inverse images of open sets, it suffices
to check the measurability of the inverse images sets of the form {(—o0, a],a € R}, {(—o00,a),a € R}, {(a,0),a € R}
or {[a,0),a € R}, since each of these generate the Borel o-field on R. In fact, here we can restrict a to be Q-valued,
where Q is the set of rational numbers (since {z : © < 7} = Ugeg q<r{Z : © < g¢}; often this reasoning is why we call
such sigma-fields countably generated).

It is instructive to view measurability in terms of informativeness of a o-field. Let X = {a, b, c} and let F; be as in
Exercise [I.2.1[i) and 7> be as in Exercise [1.2.1{ii). Let Y = {0,1} and G = o ({0}, {1}). Now, let F : X — Y be a
map so that F~1(0) = {a,b} and F~1(1) = {c}. Then, we can conclude that this map defines a measurable function
from (X, F2) — (Y, G) but it is not a measurable function from (X, F;) — (Y, G): the reason is that the information on
whether F'(z) = 1 (that is = ¢) is not an element of F; (and thus, this information that = ¢ or not, is not available as
information under F7).

1.2.3 Measure

Let (X, F) be a measurable space. A positive measure i on (X, F) is a map from F to [0, oo] which is countably additive
such that for A, € Fand A, N A; = 0:

Definition 1.2.1 p is a probability measure if it is positive and (1(X) = 1.

Definition 1.2.2 A measure p is finite if ;1(X) < oo, and o-finite if there exist a collection of subsets Ay, € F such that
X = U2, Ay with 1(Ay) < oo for all k.
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On the real line R, the Lebesgue measure ) is defined on the Borel o-field (in fact on a somewhat larger field obtained
through adding all subsets of Borel sets of measure zero: this is known as completion of a o-field) such that for A = (a, b),
A(A) = b—a. Borel o-field of subsets is a strict subset of Lebesgue measurable sets, that is there exist Lebesgue measurable
sets which are not Borel sets. For a definition and the construction of Lebesgue measurable sets, see [43]]. Countable
subsets of R all have zero Lebesgue measure but there also exist Lebesgue measurable sets of measure zero which contain
uncountably many elements, for a well-studied example see the Cantor set [111]. Not all subsets of R are Lebesgue
measurable (and thus, not Borel either), see e.g. Exercise

1.2.4 The Extension Theorem (Optional)

Theorem 1.2.2 [The Extension Theorem (Carathéodory)] Let M be an algebra over X, and suppose that there exists a
map (called a pre-measure) P : M — R, so that for any (possibly countably infinitely many) pairwise disjoint sets
A,, € M, if the countable union U, A,, € M, then P(U,,A,,) = Y, P(Ay). Suppose also that there exists a countable
collection of sets By, with X = U,, B, each with P(B,,) < oo (that is P is o-finite). Then, there exists a unique measure
P’ on the o-field generated by M, o (M), which is consistent with P on M.

The above is useful since, when one states that two measures are equal it suffices to check whether they are equal on the
algebra of sets which generate the o-field, and not necessarily on the entire o-field. More importantly, a refinement of the
above can be used to define or construct a measure on a o-field, such as the Lebesgue measure on B(R).

The following is a refinement useful for stochastic processes. It, in particular, does not require a pre-measure defined apriori
before an extension [4]]:

Theorem 1.2.3 [Kolmogorov’s Extension Theorem] Let X be a complete and separable metric space, and for all n € N
let ., be a sequence of probability measures on X", the n product of X, such that

pn (A X Ag X -+ X Ap) = ppa1(Ar X Ag x -+ x A, x X)),

every sequence of Borel sets Ay, C X. Then, there exists a unique probability measure ji on (XN, B(XN)) which is consistent
with each of the ., ’s.

A further related result, which often in stochastic control is cited in the context of extensions, is the Ionescu-Tulcea Ex-
tension Theorem [165, Appendix C]; where conditional probability measures (stochastic kernels) are defined (instead of
probability measures on finite dimensional product spaces) as a starting assumption, before an extension to the infinite
product space is established.

Thus, if the o-field on a product space is generated by the collection of finite dimensional cylinder sets, one can define a
measure in the product space which is consistent with the finite dimensional distributions.

Likewise, we can construct the Lebesgue measure on B(R) by defining it on finitely many unions and intersections of
intervals of the form (a,b), [a,b), (a,b] and [a, b], and the empty set, thus forming an algebra (or a field), and extending
this to the Borel o-field. Thus, the relation (a,b) = b — a for b > a is sufficient to define the Lebesgue measure.

Remark 1.3. A related general result is as follows: Let S be a o-field. A class of subsets A C S is called a separating class
if two probability measures that agree on A agree on the entire S. A class of subsets is a r-system if it is closed under finite
intersections. The class A is a separating class if it is both a 7-system and it generates the o-field S; see [42] or [43]].

1.2.5 Integration

Let h be a non-negative measurable function from (X, B(X)) to (R, B(R)). The Lebesgue integral of i with respect to a
measure 4 can be defined in three steps:
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First, for A € B(X), define 1;,¢c4y (or 1(zea), or 1a(x)) as an indicator function for event = € A, that is the value that
the function takes is 1 if z € A, and 0 otherwise. In this case, define

[ Leeputis) = ().
X

Now, let us define simple functions h such that, there exist A1, Ao, ..., A, all in B(X) and positive numbers by, ba, .. ., b,
such that A, (x) = >_;'_; bxl{zea,}. For such functions, define

[ ot i= 3 bun(ar).
X k=1

Now, for any given measurable h, there exists a sequence of simple functions h,, such that h,, () 1 h(z) monotonically,
that is h,,+1(z) > h,(x) (for a construction, if h only takes non-negative values, consider partitioning the positive real line
to two intervals [0, n) and [n, 00), and partition [0, n) to n2™ uniform intervals, define h,,(x) to be the lower floor of the
interval that contains h(z): thus

ho(z) =k27", if k27" <h(z) < (k+1)27" k=0,1,---,n2" —1,

and h,(z) = n for h(z) > n. By definition, and since h=1([k2~", (k + 1)27")) is Borel, h,, is a simple function. If
the function takes also negative values, write h(x) = hy (x) — h_(x), where h is the non-negative part and —h_ is the
negative part, and construct the same for h_ (z). We define the limit (which exists as a real valued monotonically increasing
sequence) as the Lebesgue integral:

tim [ B (@)u(dz) = / h(@)u(de)

n—oo

We note that the notation [ hdp or [ h(x)du(x) can also be used in place of [ h(z)u(dx).

1.2.6 Fatou’s Lemma, the Monotone Convergence Theorem and the Dominated Convergence Theorem

Theorem 1.2.4 (Monotone Convergence Theorem) If y is a o-finite positive measure on (X, B(X)) and {f.,n € Z,}
is a sequence of measurable functions from X to R which pointwise, monotonically, converges to [ so that 0 < f,(z) <
fn+1(z) for all n, and

lim fu(x) = f(2),

n—oo

for u—almost every x, then

/f ptd) = lim_ [ fulan(ao

n— oo

The following is a consequence of the monotone convergence theorem, but is a critical result which will be utilized later in
the upcoming chapters.

Theorem 1.2.5 (Fatou’s Lemma) If 1 is a o-finite positive measure on (X, B(X)) and {f,,n € Z.} is a sequence of
measurable functions, bounded from below, from X to R, then

/X liminf f, (2)p(dz) < liminf / Jn(z

n—o0 n—oo

Theorem 1.2.6 (Dominated Convergence Theorem) If (i) i is a o-finite positive measure on (X, B(X)), (ii) g is a Borel

measurable function with
[ stwtdo) < o
X
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and (iii) {fn,n € Z4} is a sequence of measurable functions from X to R which satisfy | fn(x)| < g(x) for p—almost
every x, and lim,,_, fn(x) = f(x), then:

n— oo

j/.f(w)u(dw)== lim [ fo(@)u(de)
X X

Note that for the monotone convergence theorem, there is no restriction on boundedness; whereas for the dominated
convergence theorem, there is a boundedness condition. On the other hand, for the dominated convergence theorem, the
pointwise convergence does not have to be monotone.

There also exist generalized versions of these theorems, where the measures themselves are time-varying, but converge
to a limit measure is in some appropriate sense; see in particular Theorem [D.3.] (building on [212[287])). These will be
discussed later in further detail (and will be seen to be particularly important for stochastic control applications, and in
particular on robust stochastic control and learning theory).

1.3 Probability Space and Random Variables

Let ({2, F) be a measurable space. If P is a probability measure, then the triple ({2, F, P) is called a probability space.
Here (2 is a set called the sample space. F is called the event space, and this is a o-field of subsets of (2.

Let (E, &) be another measurable space and X : (2, F, P) — (FE, &) be a measurable map. We call X an E—valued
random variable. The image under X defines a probability measure on (E, &), called the law of X.

The o-field generated by the events {{w : X (w) € A}, A € £}, thatis {X 1(A), A € £}, is called the o-field generated
by X and is denoted by o(X).

Consider a coin flip process, with possible outcomes {H,T'}, heads or tails. We have a good intuitive understanding on
the environment when someone tells us that a coin flip leads to the value H with probability % Based on the definition of
a random variable, we view then a coin flip outcome as a deterministic function from some space ({2, F, P) to the binary
output space consisting of a head and a tail event. Here, P denotes the uncertainty measure (you may think of the initial
condition of the coin when it is being flipped, the flow dynamics in the air, the conditions on the surface where the coin
touches etc.; we encode all these aspects and all the uncertainty in the universe with the abstract space ({2, F, P)). You can
view then the o-field generated by such a coin flip as a partition of {2: if certain things take place the outcome is a H and
otherwise it is a 7" and the outcomes give us information on (the state of) the universe.

A useful fact about measurable functions (and thus random variables) is the following result.

Theorem 1.3.1 Let f,, be a sequence of measurable functions from (§2, F) to a complete separable metric space (X, B(X).
Then, limsup,,_, o fn(x), iminf, o fn(z) are measurable. In particular, if f(x) = lim,_ oo frn(x) exists, then f is
measurable.

Similar to Theorem [1.2.1] this theorem implies that to verify whether a real valued mapping f is a Borel measurable

function, it suffices to check if f~!(a,b) € B(R) for a < b since one can construct a sequence of simple functions which
will converge to any measurable f, as discussed earlier. It suffices then to check if f~*(—oc0, a) € B(R) for a € R.

1.3.1 More on Random Variables and Probability Density Functions

Consider a probability space (X, B(X), P) and consider an R-valued random variable U measurable with respect to
(X, B(X)).

This random variable induces a probability measure ;1 on B(R) such that for some (a, b] € B(R):

;MmmPWemﬂ>1{u:mmGWMQPWlwwD
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When U is R—valued, the expectation of U is given with

B] = [ nda).

whenever this is defined (i.e., E[|U|] < oo, in which case we say that U is integrable). We define F'(z) = p(—o0, x| as the
cumulative distribution function of U. If F(z) = [ foo p(s)A(ds) for some p, p is called the probability density function
(with respect to the Lebesgue measure) of p. If such a density function exists, we can then write

E[U] :/Rp(x)xd:v

If a probability density function p exists, the measure p is said to be absolutely continuous with respect to the Lebesgue
measure. In particular, the density function p is the Radon-Nikodym derivative of p with respect to the Lebesgue measure A
in the sense that for all Borel A: [, p(z)X(dz) = (A). A probability density function does not always exist. In particular,
whenever there is a probability mass on a given point, then a probability density function does not exist; hence in R, if for
some z, u({x}) > 0, then we say there is a probability mass at x, and a density function does not exist.

However, one can also consider density functions with respect to more general positive measures (that is, different from
the Lebesgue measure), we will consider such conditions later in the notes. If X is countable, we can write P({x = m}) =
p(m), where p is called the probability mass function; this can be viewed as a density with respect to the (discrete) counting
measure.

Some examples of commonly encountered random variables, with their probability density or mass functions, are as fol-
lows:

 Gaussian (with mean p and variance o2: N'(u, 02)):

* Exponential (with parameter \):

*  Uniform on [a, b] (U([a, b])):

r—a 1
Flo)= 12, pe)=7— w€lal
* Poisson withrate A > O on Z,
PNl -
pm)=""—,  meZ,
m!

* Binomial (B(n,p)):
s = ()=t ke )

If n = 1, we also call a binomial variable a Bernoulli variable.

1.3.2 Independence and Conditional Probability

Consider A, B € B(X) such that P(B) > 0. The quantity
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P(AB) = P(If(;)B)

is called the conditional probability of event A given B. The measure P(:|B) defined on B(X) is itself a probability
measure. If
P(A|B) = P(4),

A and B are said to be independent events. A countable collection of events {A,,} is independent if for any finitely many
sub-collections A;,, A;,, ..., A, we have that

s

P(AilvAiza"'vA ): P(Ail)P(Aw)P(Alm)

im
Here, we use the notation P(A, B) = P(A N B). A sequence of events is said to be pairwise independent if for any two
pairs (A, An): P(Am, An) = P(A,,)P(A,). Pairwise independence is a weaker concept than independence, that is
there exist examples where a collection of random variables is pairwise independent but not independent.

Conditional probability and expectation will be discussed in more detail later in Chapter 4.

1.4 Stochastic Processes and Markov Chains

One can define a sequence of random variables as a single random variable living in a product space; that is, we can
consider {x1, T2, - ,ox, -} as an individual random variable X which is an X%+ -valued random variable, where now
the events are to be defined on the product space.

Let X be a complete, separable, metric space and let T = Z or T = Z.. Let B(X) denote the Borel sigma-field over X. Let
¥ = XT denote the sequence space of all one-sided (with 7' = Z. ) or two-sided (with 7' = Z) infinitely many random
variables drawn from X. Thus, if ' = Z,z € Y thenax = {...,z_1,x0,21,... } withz; € X, € T.LetX,,: ¥ - X
denote the coordinate function such that X, (x) = x,. Let B(X') denote the smallest sigma-field containing all cylinder
sets of the form {z : X;(x) = ; € B;,m < i < n} where B; € B(X), for all integers m, n. We can define a probability
measure by a characterization on these finite dimensional cylinder sets, by (the extension) Theorem[I.2.3]

A similar characterization also applies for continuous-time stochastic processes, where 1" is uncountable. The extension
requires more delicate arguments, since finite-dimensional characterizations are too weak to uniquely define a sigma-field
on a space of continuous-time paths which is consistent with such distributions. Such technicalities arise in the discussion
for continuous-time Markov chains and controlled processes, typically requiring a construction where realizations take
values from a separable product space (such as the space of continuous sample paths; in this case, the sample path values
on a countably dense subset uniquely determine the entire sample path and hence the discrete-time theory, essentially, is
applicable); see Section [I1.1.1]for further discussion.

In much of these notes, our focus will primarily be on discrete-time processes; however, we will note later that the analysis
for continuous-time processes essentially follows from similar constructions with further structures that one needs to im-
pose on continuous-time processes (such as some continuity properties of the sample paths). Further discussion on this is
presented in Chapter[IT]

1.4.1 Markov Chains

If the probability measure on an X%+ -valued sequence is such that for every k € N, for every Borel A1 and (P-almost
surely) all realizations g ),

P(rpq1 € Apqr|Tr, Th1, ..., 20) = Pr(Zrs1 € Apyrlan),

for some conditional probability measure Py, then {x} is said to be a Markov chain. If Py, is a constant and does not
depend on k, the chain is said to be a time-homogeneous chain, otherwise it is time-inhomogeneous. Thus, for a Markov
chain, the immediate state is sufficient to predict the future (and past variables are not needed).
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One way to construct a Markov chain is via the following: Let {x;,¢ > 0} be a random sequence with state space
(X, B(X)), and defined on a probability space ({2, F,P), where B(X) denotes the Borel o-field on X, {2 is the sam-
ple space, F a sigma field of subsets of (2, and P a probability measure. For x € X and D € B(X), we let
P(z,D) := P(x441 € D|zy = z) denote the transition probability from z to D, that is the probability of the event
{x++1 € D} given that x; = x. Thus, the Markov chain is completely determined by the transition probability and the
probability of the initial state, P(xq € -). The probability of the event {z;,; € D} for any ¢ can be computed recursively
by starting at ¢ = 0, with P(z1 € D) = [ P(z; € D|zg = x)P(z € dz), and iterating with a similar formula for
t =1,2,... (building on the Ionescu-Tulcea Extension Theorem [[165, Appendix C], which was discussed earlier).

Hence, if the probability of the same event given some history of the past and the present does not depend on the past, and
hence is given by the same quantity regardless of the past realizations as long as the present realization is fixed (almost
surely), the chain is a Markov chain. As an example, consider the following linear system:

Tip1 = ATt + W,

where {w;} is an independent sequence of random variables for some a € R. The process {x;} is Markov. We also
note that every time-homogeneous Markov chain admits a stochastic, functional and sample-path, realization of the form
g1 = f(zk, wy) where f is measurable and wy, is an i.i.d. [0, 1]-valued process (see [[144, Lemma 1.2], [56, Lemma
3.1], or [21, Lemma F]). This realization result will be useful later on.

We will continue our discussion on Markov chains after discussing controlled Markov chains in the following chapter.

1.5 Appendix

1.5.1 Proof of Theorem [1.2.1]

Observe that set operations satisfy that for any B € B(Y): h~1(Y \ B) = X\ h~1(B) and
h_l(U?;Bi) = Ufilh_l(Bz‘)a h_l(ﬁf;Bi) = m?;h_l(Bi)-
Define the set of all subsets of Y whose inverses are Borel
M:={BCY:h'(B)ecBX)}

Note that Y C M and by the discussion above, this set is closed under countably many unions. Thus, this M is a o-algebra
over Y. Note also that this set contains open sets in Y, by the fact that / is measurable, and since this set contains open sets
(and that B(Y) is the smallest o-algebra containing open sets), it must be that B(Y) C M. o

1.6 Exercises

Exercise 1.6.1 a) Let H be some set and for all f € H, Fg be a o-field of subsets over some set X. Let
F=1()7Fs
BeEH
Show that F is also a o-field on X.

For a space X, on which a metric is defined, the Borel o-field is generated by the collection of open sets. This means that,
the Borel o-field is the smallest o-field containing open sets, and as such it is the intersection of all o-fields containing
open sets.

b) Show that any open set in R under the usual distance d(x,y) = |x — y|, can be written as a countable union of intervals.
A consequence of this result is that, on R, the Borel o-field is the smallest o-field containing open intervals.
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c) Is the set of rational numbers an element of the Borel o-field on R? Is the set of irrational numbers an element?
d) Let X be a countable set. On this set, let us define a metric as follows:

_ 0, fz=y
d(x’y){ 1, ifz#y

Show that, the Borel o-field on X is generated by the collection of singletons {{x},x € X}, this is the power set, that is,
the set of all subsets of X.

e) Let X = R and consider the metric d defined as above in part d). Is the o-field generated by open sets according to
this metric the same as the Borel o-field on R (under the usual distance metric on R)? Finally, consider the o-algebra
generated by individual points (singletons, that is {{x}, x € X}); is this the same as the Borel o-field or is this the same
as the power set on R?

Exercise 1.6.2 A Borel subset of a complete, separable and metric (i.e., a Polish) space is called a standard Borel space.
If (X, B(X)) and (Y, B(Y)) are standard Borel spaces; we say a mapping from h : X — Y is (Borel) measurable if

h=Y(B) = {z: h(z) € B} € B(X), VB € B(Y)
Prove the following statement: To show that a function h is Borel measurable, it is sufficient to check the measurability of

the inverses (under h) of open sets in Y.

Exercise 1.6.3 Investigate the following limits in view of the convergence theorems.
a) Check if lim,, o0 fol "dr = fol lim,, s 00 2™ dz.

s 1 1.
b) Check if lim,, o [y na"dz = [ lim, s nz™dz.

¢) Define f,(x) = nlig<o<1y. Findlim, o [ fu(z)dz and [limy, o frn(z)dz. Are these equal?

Exercise 1.6.4 a) Let X and Y be real-valued random variables defined on a given probability space. Show that X? and
X 4+ Y are also random variables.

b) Let F be a o-field of subsets over a set X and let A € F. Prove that {AN B, B € F} is a o-field over A (that is a
o-field of subsets of A).

Hint for part a: The following equivalence holds: {X +Y < 2} = Upeg{X <Y <z —r} Tocheck if X +Y isa
random variable, it suffices to check if the event {X +Y < 2} = {w : X (w) + Y (w) < z} is an element of F for every
rz e R

Exercise 1.6.5 Let f,, be a sequence of measurable functions from (12, F) to (R, B(R)). Show f(w) = limsup,,_, . fn(w)
and g(w) = liminf,_, « fn(w) define measurable functions.

Exercise 1.6.6 Let X and Y be real-valued random variables defined on a given probability space (§2, F, P). Suppose
that X is measurable on o(Y"). Show that there exists a function f such that X = f(Y).

This result also holds if X and Y are standard Borel valued random variables.

Exercise 1.6.7 Consider the interval [0, 1]. We have seen that the Lebesgue measure \ satisfies A([a, b)) = U([a,b]) =

b—afor0<a<b< 1 Consider now the following question: does every subset S C [0, 1] admit a Lebesgue measure?
In the following we will provide a counterexample, known as the Vitali set.

Let us define an equivalence class among points in [0, 1] such that x ~ y if t —y € Q. This equivalence definition partitions
[0, 1] into disjoint sets. Note that there are countably many points in each equivalent class.
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Let A be a subset which picks exactly one element from each equivalent class (here, we adopt what is known as the Axiom
of Choice [43)]). Since A contains an element from each equivalence class, each point of [0, 1] is contained in the union
Ugea(A + q). Furthermore, since A contains only one point from each equivalence class, the sets A + g, for different g,
are disjoint, for otherwise there would be two sets which could include a common point: A+ q and A+ q' would include a
common point, leading to the result that the difference x — q = z and x — ¢’ = z are both in A, a contradiction, since there
should be at most one point which is in the same equivalence class as x — q = z. The Lebesgue measure is shift-invariant,
therefore A\(A) = A(A + q). Observe that [0,1] C Ugequi—1,1{A + q} C [—1,2]. Since a countable sum of identical
non-negative elements can either become oo or 0, the contradiction follows: We can’t associate a number to this set and
as a result, this set is not a Lebesgue measurable set (and also not a Borel set).






2

Controlled Markov Chains

In the following, we discuss controlled Markov models under a variety of informational and dynamical setups.

2.1 Controlled Markov Models

Consider the following model.

Ti41 = f(xt, Ut,wt)7 2.1

where x; is an X-valued state variable, u; a U-valued control action variable, w; a W-valued an i.i.d noise process, and f
a measurable function. We assume that X, U, W are Borel subsets of complete, separable, metric spaces (such complete,
separable and metric spaces are called Polish metric spaces); such subsets of these spaces are also called standard Borel.
We assume that all random variables live in some probability space (2, F, P).

Using stochastic realization results (see [21, Lemma F], [144, Lemma 1.2], or [56, Lemma 3.1]), it follows that the model
above in lb contains the class of all (X x U)%+-valued stochastic processes which satisfy the following probabilistic
characterization: for all Borel sets B € B(X), t > 0, and P-almost all realizations (g 4, u[o 4

P($t+1 S B|$[0,t] = ao,¢], U[o,t] = b[O,t]) = P(.I‘t+1 S B|Z‘t = Q¢, U = bt) =: T(B|at, bt) 2.2)

where T (|2, u) is a stochastic kernel from X x U to X (so that for every B, T (B|-, ) is a measurable function on X x U,
and for every fixed (a,b) € X x U, T (+|a, b) is a probability measure on (X, B(X)). That is, all stochastic processes that
satisfy admit a realization in the form , almost surely. Furthermore, we may take W = [0, 1] without any loss.
Since a system of the form (2.1)) satisfies (2.2), it follows that the representations in these equations are equivalent.

A stochastic process which satisfies (2.2) is called a controlled Markov chain.

For the process {z,u;} to define a stochastic process, in addition to a transition kernel and an initial measure on z,
we need to specify the dependence of u; on the history of the process. Once this is established, through the extension
theorems discussed earlier (and in particular the Ionescu-Tulcea Extension Theorem), one can construct a stochastic process
{x¢,us, t > 0}. This dependence is defined by a control policy.

We start with Fully Observed Controlled Markov Models, otherwise known as Markov Decision Processes (or MDPs).

2.2 Fully Observed Markov Control Problem Model (MDP Models)

A Fully Observed Markov Control Problem, otherwise known as a Markov Decision Process (or MDP), is a five tuple

(X,U,{U(z),z € X}, T,c),
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where

* Xiis the state space, assumed a standard Borel space.
* U is the action space, assumed a standard Borel space.

e K= {(zr,u): ueUlx) € BU),z € X} is the set of state, control pairs that are feasible. There might be different
states where different control actions are possible/feasible. We will assume that K is standard Borel.

» 7T is astate transition kernel, that is 7 (A|z,u) = P(x¢41 € Alx; = ,u; = u), as defined above.

* c¢:K — R, isa cost function.

2.2.1 Classes of Control Policies
Admissible Control Policies I'4
Let Hy := X, H; = Hy;—y x Kfort = 1,2,.... We let I; denote an element of Hj, where I; = {[o 4, ujos—1]}- A

deterministic admissible control policy ~ is a sequence of functions {~;,t € Z, } such that v : H; — U with u; = vy (I4).

We can also state this as follows: Let us write U; to emphasize that u; is a realization of the action random variable U,
under an admissible policy, and likewise let us emphasize that H; is a random variable with realization I; (In the notes, we
will follow this approach of using capital letters when the distinction of whether we are discussing a random variable or its
realization needs to be particularly emphasized explicitly). We say that ; is a function measurable on o (H;) in the sense
that for every Borel B C U, we have that

{w:Uy(w) € B} =U;(B) C o(Hy).
A randomized admissible control policy is a sequence v = {7¢,¢ > 0} such that v : H; — P(U), with P(U) being the
set of probability measures on U, so that for every realization I, v¢(I;) is a probability measure on U. Once again, by

stochastic realization arguments, this is equivalent to writing u; = 7:(I¢, ;) for some [0, 1]-valued i.i.d. random variable
Tt.

Markov Control Policies 'y

A deterministic Markov control policy - is a sequence of functions {7, ¢ € Z4 } with v : X x Z, — U such that

Uy = %(xt),

for each t € Z,. Hence, the control action only depends on the state and the time, and not the past history. A policy is
randomized Markov if the induced strategic measure satisfies

P’Y(Ut S C|It) = *yt(ut S C|$t), Ce B([U),

for all ¢ and P7-almost all a;. Alternatively, we can write u; = ~y;(x¢, r+) for some [0, 1]-valued i.i.d. random variable r;
and measurable function +; forall ¢t € Z_..

Stationary Control Policies I's

A deterministic stationary control policy ~ is a sequence of identical functions {~;,t € Z. } where for some f : X — U,
~v¢ = f so that

up = f(wy).
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foreacht € Z,.

A policy is randomized stationary if
P’Y(Ut S C|It) = f(U,t S C‘Z‘t), C e B(U),

for some stochastic kernel f. As earlier, alternatively, we can write u; = f(x,r¢) for some [0, 1]-valued i.i.d. random
variable r; and measurable function f for all £ € Z,. Hence, the control selection is independent of the past history or
time, given the current state x;.

Often, we will simply identify the stage-wise constant map with the stationary policy v by an abuse of notation, that is
Y= {77’77}

As reviewed above and in Chapter 1, according to the Ionescu-Tulcea theorem [[165] (or Kolmogorov’s extension theorem),
an initial probability measure 1 on X, a transition kernel 7, and a control policy v define a unique probability measure
P”] on (X x U)Z+, which is called a strategic measure [283|]. If the initial measure 4 is known, sometimes we omit this
subscript while discussing the strategic measure.

Consider for now that the objective to be minimized is given by: Jur(vo,7) := E} [(z:tT:_O1 c(xe,ur)) + en(zy)], where
1 is the initial probability measure, that is o ~ 1. The goal is to find a policy v* so that

IN(0,7") < In(vo,y) Vv e Ta.

Such a v* is called an optimal policy. Here v can also be called a strategy, or a law.

2.3 Performance Criteria: Optimality and Stability

2.3.1 Several Optimality Criteria and Performance of Policy Classes

Consider a Markov control problem with an objective given as the minimization of

N-1

In(v,7) = E, K > el ut)) + cN(xN)]

t=0

where 1 denotes the distribution on x¢ and ¢y is a terminal state cost function. For the case with xq = x, so that vy = &,
we often simply write

N—

In (0 y) =2 In(, ) c(xe,u) + en(zn)] c(xe,ur) + en(zn)|@o = ]
t:O t:0

H

N—-1

Such a cost problem is known as an expected finite horizon cost criterion.

We will also consider costs of the following form:
To(vo,) = z Be(ee )

for some 5 € (0, 1). This is called an expected discounted infinite horizon cost criterion.

Finally, we will study costs of the following form:

=2

-1
Joo(V()a ) - llmsup—E7 [ c(xtaut)]

N—o00 t

Il
o
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Such a problem is known as an infinite horizon average cost criterion.

As before, let I'4 denote the class of admissible policies, I'y; denote the class of Markov policies, I's denote the class of
Stationary policies. These policies can be both randomized or deterministic. We may also denote the randomized policies
with I'ra, I'rar and I'rg if randomization needs to be made explicit.

For each of the criteria above, in these notes, we will investigate existence, structural and approximation results and also
computational and numerical as well as simulation based solution methods.

In a general setting, we note the following relation

inf Ja(vo,7) < inf Ja(vo,y) < inf Ja(vo,7),
Jnf v ( 07)_7€FM I ( 07)_%1,5 N (v0,7)

since the sets of policies are progressively shrinking

FSCFMCFA.

We will show, however, that for the optimal control of a Markov chain, under mild conditions, Markov policies are always
optimal (that is there is no loss in optimality in restricting the policies to be Markov); that is, it is sufficient to consider only
Markov policies. That is,

inf Jy(v0,7) = inf Ju (v,
mf, N (v0,7) nf N (v0,7)

We will also show that, under somewhat more restrictive conditions, stationary policies are optimal (that is, there is no loss
in optimality in restricting the policies to be stationary). This will typically exclude finite horizon problems and under mild
conditions we will have that

inf J ,:fJ Y ) d .fJooaz.fJooav
WIEHFA 5(10,7) Vlenps 5(v0,7), an VIEHFA (v0,7) WéfllﬂRs (10,7)

where we will also see that the infimum on the right hand side can be taken among those stationary policies which are
deterministic under further conditions. Furthermore, we will show that, under some stronger conditions, inf., ¢ 1y Joo (10, 7)
is independent of the initial probability measure v (or the initial condition) on xg.

For further relations between such policies, see Chapter 5 and Chapter 7.

The last two results are computationally very important, as there are powerful computational algorithms that allow one to
find such stationary policies. We will be discussing these later in the notes.

In the rest of the notes, we will first consider further properties of Markov chains, since under a Markov control policy, the
controlled state becomes a Markov chain by Theorem below. We will then get back to controlled Markov chains and
the development of optimal control policies in Chapters[5]and[7]

Further optimality criteria include sample path optimality, risk-sensitive optimality and control up to a stopping time. We
will obtain structural results for optimal policies under these criteria as well, together with analytical results.

2.3.2 Stability as a Performance Criterion

In addition to, or instead of (depending on applications), optimality, one would like to achieve stability in a stochastic sense.
Such stochastic stability may be in a variety of senses, and these will be discussed in detail in the upcoming chapters.

2.3.3 Markov Chain Induced by a Markov Policy

Theorem 2.3.1 Let the control policy be randomized Markov. Then, the controlled Markov chain induces an X-valued
Markov chain, that is, the state process itself becomes a Markov chain:

P;’O(xprl S B‘(Et = bt,Zthl = btfl, oo, T = b()) = Qz(xtJrl S B‘(Et = bt), B e B(X),t > ].,
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for P almost every realization of the past variables by, - - , by, where Q] is a possibly time-dependent stochastic ker-
nel defining a Markov chain. If the control policy is a stationary policy, then the induced Markov chain {x.} is time-
homogenous; that is, the transition kernel Q] for the induced Markov chain does not depend on time.

Proof. We will consider the case where U is countable, the uncountable case follows similarly. Let B € B(X). It follows

that,

P;()(It+1 € B|‘Tt = btvxt—l = bt—17 cee Lo = bo)

= P (141 € Byuy € Ulwy = by, w41 = by—1,...,20 = bo)

= P} (Uuev{zt41 € B,us = uf|as = by, 241 = by_1,...,00 = bo)

= Zpgo(xt+l € B,uy = ul|zy = by, x4-1 = by—1,...,70 = bo)
uel

= Z P:;Yo(‘rtJrl € B‘ut =UTt =b, T_1 =bs_1,...,20 = bo)PgO(ut = U‘J}t =by, x4 1=by_1,...,20 = bo)
uelU

= Z T($t+1 c B|Ut = U, Tt = bt)'yt(ut = U|$t = bt)
uelU

= Z Qz(l’t_i,_l S B,Ut = ’lL|iEt = bt)
uel

= Q/(x411 € Blay = by) (2.3)

Here, Q] is a conditional probability measure defined with Q] (zs11 € B,uy = u|lzy = by) := T (2431 € Blug = u, x4 =
be )y (us = ulxy = by). The essential issue here is that the control only depends on z, and since x;+; depends stochastically
only on x; and u; (being a controlled Markov chain), the desired result follows. If v (u:|z; = b;) = v(u¢|xy = by), that is,
~¢ = -y for all ¢ values so that the policy is stationary, the resulting chain satisfies

PJ (zi41 € Blwg, 24-1,...,00) = Q" (w441 € Blxy),

for some Q7. Thus, the transition kernel does not depend on time and the chain is time-homogenous. o

2.4 Partially Observed Models and Reduction to a Fully Observed Model

Consider a partially observable stochastic control problem with the following dynamics.

Ti41 = f(fUtyUt,wt)a Yt = g(xtvvt)'

Here, x; is the X-valued state, u; is the U-valued the control, y; is the Y-valued observation (measurement) process.
Furthermore, (w¢, v¢) are i.i.d noise processes and {w;} is independent of {v; }. The controller only has causal access to

{ye}-

As noted, y; denotes an observation variable taking values in Y, a subset of R" in the context of this review. The controller
only has causal access to the second component {y;} of the process: A deterministic admissible control policy ~ is a
sequence of functions {;} so that u; = ¢ (yjo.¢)5 Ujo,¢—1])-

We will see in Chapter[6] that one could transform a partially observable Markov Decision Problem to a Fully Observed
Markov Decision Problem via an enlargement of the state space.

Thus, the fully observed Markov Decision Model we will consider is sufficiently rich to be applicable to a large class of
controlled stochastic systems. Partially Observable Markov Decision Problems, also known as POMDPs, will be studied
in detail in Chapter|[f]
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2.5 Decentralized Stochastic Control

We will consider situations in which there are multiple decision makers acting on a system under a variety of information
structures. These will be studied extensively in Chapter[I0]

2.6 Controlled Continuous-Time Stochastic Systems

We will also study setups where the time index is a continuum. We will cover this material in Chapter[IT]

2.7 Numerical Methods, Reinforcement Learning, and Robustness to Incorrect Models

While we will extensively study analytical methods to arrive at solutions, for many problems it is more convenient to
consider numerical methods or stochastic learning methods. For some applications, this may be the only option, e.g. when
a model is not known apriori. These will be studied in detail in Chapters[8|and[9]

A good control design must be robust to perturbations in the model. This brings the question of continuity and robustness
of optimal costs and optimal controls to perturbations in a model, where topological questions on model regularity are to
be studied in detail. These also, as a special case, cover finite model approximations of systems with uncountable state and
action spaces. These are studied in Chapter|[12}

2.8 Bibliographic Notes

We are thankful to Prof. Eugene Feinberg on some historical remarks regarding stochastic realization and pointing out to
Aumann’s lemma: [21, Lemma F], and that this result may have also been due to Girsanov.

2.9 Exercises

Exercise 2.9.1 a) Let f be an arbitrary measurable function from R x R x R — R. Show that a controlled stochastic
process defined with

Tt41 = f('rfm Ut , 'lUt),
with {w;} an independent and identically distributed noise sequence is a controlled Markov chain.

b) Study Lemma 3.1 and Corollary 3.1 of [56]].

Exercise 2.9.2 A common example in mathematical finance applications is the portfolio selection problem where a con-
troller (investor) would like to optimally allocate his wealth between a stochastic stock market and a market with a guar-
anteed income : Consider a stock with an i.i.d. random return o, and a bank account with fixed interest rate r > (. These
are modeled by:

Xt-‘,—l :Xtut(l—l—ot)—&—Xt(l—ut)(l—l—r), XQ =1

and
Xt+1 = Xt(l +7r+ 'LLt<O't — 7"))

Here, u; € [0, 1] denotes the proportion of the money that the investor invests in the stock market. Suppose that the goal is
to maximize E[log(Xr)]. Then, we can write:
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1 T-1
log(XT) = log( H )];Zl )= Z log((1+ 7+ u(or — 1)) 2.4
k=0 k=0

Formulate the problem as an optimal stochastic control problem by clearly identifying the state and the control action
spaces, the information available at the controller, the transition kernel, and a cost functional mapping the actions and
states to R.

Exercise 2.9.3 Consider an inventory-production system given by
Ti41 = T + U — Wy,
where x; is R-valued, with the one-stage cost
c(xe,ut, wi) = bug + hmax(0, x4 + uy — wy) + pmax(0, wy — x4 — uy)

Here, b is the unit production cost, h is the unit holding (storage) cost and p is the unit shortage cost; here we take p > b.
At any given time, the decision maker can take u; € R . The demand variable w; ~ p is a Ry-valued i.i.d. process,
independent of xq, with a finite mean where p is assumed to admit a probability density function. The goal is to minimize

T(y) = BN elp )

t=0

The controller at time t has access to I; = {xs,us, s <t — 1} U {a}.
Formulate the problem as an optimal stochastic control problem by clearly identifying the state, the control action spaces,

the information available at the controller, the transition kernel and a cost functional mapping the actions and states to R.

Exercise 2.9.4 A fishery manager annually has 1 units of fish and sells ux; of these where u; € [0, 1]. With the remaining
ones, the next year’s production is given by the following model

T = Wy (1 — ug) 4wy,

with xg is given and w; is an independent, identically distributed sequence of random variables and wy; > 0 for all t and
therefore E[wy] = w > 0.

The goal is to maximize the profit over the time horizon 0 <t < T — 1. At time T, he sells all of the fish.

Formulate the problem as an optimal stochastic control problem by clearly identifying the state, the control actions, the
information available at the controller, the transition kernel and a cost functional mapping the actions and states to R.

Exercise 2.9.5 An investor’s wealth dynamics is given by the following:
Tt41 = UtWe,

where {w;} is an i.i.d. Ry -valued stochastic process with Elw;] = 1. The investor has access to the past and current
wealth information and his previous actions. The goal is to maximize:

T-1
J(xo,7) = L[ v/ae — ).
t=0

The investor’s action set for any given x is: U(z) = [0, z].

Formulate the problem as an optimal stochastic control problem by clearly identifying the state, the control action spaces,
the information available at the controller, the transition kernel and a cost functional mapping the actions and states to R.
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Exercise 2.9.6 Consider an unemployed person who will have to work for years t = 1,2, ..., 10 if she takes a job at any
given t.

Suppose that each year in which she remains unemployed; she may be offered a good job that pays 10 dollars per year
(with probability 1/4); she may be offered a bad job that pays 4 dollars per year (with probability 1/4); or she may not be
offered a job (with probability 1/2). These events of job offers are independent from year to year (that is the job market is
represented by an independent sequence of random variables for every year).

Once she accepts a job, she will remain in that job for the rest of the ten years. That is, for example, she cannot switch from
the bad job to the good job.

Suppose the goal is maximize the expected total earnings in ten years, starting from year 1 up to year 10 (including year
10).

State the problem as a Markov Decision Problem, identify the state space, the action space and the transition kernel.
Exercise 2.9.7 (Zero-Delay Source Coding) Let {x;},;>0 be an X-valued discrete-time Markov process where X can be a
finite set or R™. Let there be an encoder which encodes (quantizes) the source samples and transmits the encoded versions

to a receiver over a discrete noiseless channel with input and output alphabet M := {1,2,..., M}, where M is a positive
integer.

The encoder policy 1) is a sequence of functions {1 }1>o with
. At t+1
ne : ME X (X) 3 (qro,e—1)> Tpo,) + ¢ € M.
A zero-delay receiver policy is a sequence of functions v = {7y }1>0 of type

Ve - Mt+1 S qo, Fr Ut € U.

For the finite horizon setting the goal is to minimize the average cumulative cost (distortion)

T-1

1

I (m0,19) = B3| 1 3 ol )|, es)
t=0

for some T > 1, where ¢y : X X U — R is a nonnegative cost (distortion) function, and EJ;” denotes expectation with
initial distribution Ty for xo and under the quantization policy 1 and receiver policy 7.

Express this problem as a controlled Markov chain problem. Later on, we will provide further refinements. There is a rich
history behind this problem, see e.g., [330)], [|321)], [305]] and [|335|343].

Exercise 2.9.8 Suppose that there are two decision makers DM and DM?. Suppose that the information available to to
DM" is a random variable Y and the information available to DM? is Y2, where these random variables are defined on
a probability space (2, F, P). Suppose that fori = 1,2, Y is Y'-valued and these are standard Borel spaces. Let X be a
X-valued random variable defined on the same probability space where X is also a standard Borel space.

Suppose that the sigma-field generated by Y is a subset of the sigma-field generated by Y2, that is o(Y') C o(Y?). That
is, the information contained in Y is a subset of the information contained in Y'? (Recall here that the o-field generated
by a random variable Y is the smallest o-field over 2 on which'Y is measurable).

Further, suppose that the decision makers wish to minimize the following cost function:
Ele(X,U)],

where ¢ : X x U — R is a measurable cost function. Let, for i = 1,2, U* = v*(Y'*) be generated by a measurable
function v* on the sigma-field generated by the random variable Y*. Let I'* denote the space of all such functions (which
we will refer to as policies).

Prove that
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inf Ele(X,UY] > inf Ele(X,U?)).
yter! y2er?

Hint: Make the argument that every policy u' = 1 (Y'!) can be expressed as u? = +*(Y'?) for some > € I'?; see Exercise
[1.6.6
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Classification of Markov Chains

3.1 Countable State Space Markov Chains

In this section, we study Markov chains where the Markovian state takes values in a finite or a countably infinite set X.
In the following, we will consider ({2, F, P) to be the probability space on which all of the random variables are defined
(later on, when a particular notational distinction is not needed, we will replace the notation P with P as the probability
measure on the events to be considered).

We assume that vy is an initial distribution for the Markov chain, so that P(xg € -) = vo(-) (also denoted with xg ~ vp).
The process ¢ = {xg,Z1,...,&n, ... } is a (time-homogeneous) Markov chain with its probability law (or the probability
measure induced on the sequence space) satisfying, forn € Z:

P,y (g = ap,x1 = a1,22 = ag,..., Ty = ay)

= wvo(xo = ag)P(z1 = a1|zg = ap)P(z2 = az|z1 = a1) .. . P(xy, = an|Tpn_1 = an-1) 3.1

If the initial condition is known to be a fixed state ag € X, we use I, (- - - ) in place of P, (---). We could represent the
probabilistic evolution in terms of a matrix:

P(i,j) =P(wpr = jlag =) 20, i, jeX

Here P(-,-) is a probability transition kernel, that is for every ¢ € X, P(i,.) is a probability measure on X, in particular
with 3 P(i, j) = 1 for every i. Let P be the |X| x |X| matrix with entries given with P(i, j) > 0. Such a matrix P is
called a stochastic matrix.

The initial condition probability and the transition kernel uniquely identify the probability measure on the product space
XN, by the extension theorems presented in Chapter 1.

Let (i) = P(z, =) fori € X, and forall k € Z. . Let m, = [mx(4),4 € X]. It follows that

m(j) =P =j) =Y Pl =jzg=i)=» P =jlrg =Pz =1) =Y mo(i)P

1€X 1eX €X

and with P denoting the transition matrix given with P(3, j) as defined above, by a similar reasoning,
Tek+1 = 7Tkp, k S Z+ (32)

Note here that we represent 7 as a row vector. By induction, we could verify that for k£ € N:

P*(i,§) := P(xex = jlag = i) = »_ P(i,m)P*~"(m, )
meX
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We will see that whether the sequence {7, & € Z, } admits a limit and the dependence properties of this limit on 7y have
significant implications on the characterization of Markov chains, and later, in stabilization and optimization of controlled
Markov chains.

In the following, we characterize Markov Chains based on transience, recurrence and communication properties. We then
consider the problem of the existence of an invariant probability measure. Later, we will extend the analysis to uncountable
space Markov chains.

Communication

If there exists an integer & € N such that P(z;, = jlz; = i) = P¥(i,j) > 0, and an integer [ € N such that
P(z44; = ilx; = j) = P'(j,4) > 0 then state i communicates with state ;.

A set C C Xis said to be communicating if every two elements (states) of C' communicate with each other.
If every member of the set communicates with every other member, such a chain is said to be irreducible.
The period of a state i € X is defined to be the greatest common divisor of {k > 0 : P*(i,4) > 0}.

A Markov chain is called aperiodic if the period of all states is 1.

Absorbing Set

A set C is called absorbing if P(i,C) = 1 forall i € C. That is, if the state is in C, then the state cannot get out of C.
The Markov chain is irreducible if the smallest absorbing set is the entire X itself.

The Markov chain is indecomposable if X does not contain two disjoint absorbing sets.

Occupation, Hitting and Stopping Times

For any set A C X, the occupation time 1) 4 is the number of visits of {x;} to set A:

oo
na = Z L{z,ea}
t=0
where 1 denotes the indicator function for an event F, that is, it takes the value 1 when E takes place, and is otherwise 0.

Remark 3.1. Another common notation for the indicator function is the following: Let A be an event (a subset of some
o-field). Then 1 4(z) = 1 if z € A and 0 otherwise.

Let A C X. Define
T4 :=min{k > 0: z;, € A},

to be the first time that the state visits A; we call this the return time to set A. We also define a very similar notion, called a
hitting time:
o4 =min{k > 0: 2, € A}.

The variable 74 defined above is an example for stopping times:
Definition 3.1.1 A Z, U {oco}-valued random variable T is a stopping time (with respect to the o-field generated by the

process {xo,x1,- -+ }), if foralln € Z4, the event {1 = n} € o(xo,x1,Ta,...,Ty), that is the event is in the sigma-field
generated by the random variables up to time n.
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Any realistic decision takes place at a time which is a stopping time. Consider an optimal investment problem: if an investor
claims to stop investing (e.g., purchasing houses) when the investment (value of the housing market) is at its local peak, the
decision instant could not be a stopping-time in general: this peak-time is not a stopping time because to find out whether
the investment value is at its peak, the next realization should be known, and this information is not available up to any
given time in a causal fashion for a non-trivial (i.e., non-deterministic) stochastic process.

One important property of Markov chains is the strong Markov property. This says the following: If we sample a Markov
chain according to a stopping time rule, the sampled Markov chain starts from the sampled instant as a Markov chain with
the same transition probabilities as if the sampling instant is time 0:

Proposition 3.1.1 For a (time-homogenous) Markov chain with a countable state space X, the strong Markov property
holds: that is, if T is a stopping time with P(T < 0o) = 1, then almost surely for any m € N:

P(zrym = alx; =bo,xr—1 =b1,...) = P(Xrpm = alz, = by) = P™(bg, a).

Proof. We consider m = 1; for larger m, the result follows from identical steps. For an event with {z, = by, z,_1 =
by,...} with P(x; = bg,x7—1 = b1,...) > 0, we have that

P(zry1 =alz: =bo,xr—1 =b1,...)

_ Plerpi=a,x, =by, v, 1 =b1,...)

B P(x; =bo,x7—1 =b1,...)

B Yoo P(r=k,zrp1 =a,, =by,x,_1 =b1,...)

33
P(x-r:bo,.%‘T_l:bl,...) ( )
_ Z;iop(xk+1 :a|7':k,xk :bo,xk,l :bl,...)P(T:k,.’tk :bo,xk,1 :bl,...)
P((E.,-Zbo,(ﬂq-_lzbl,...)
- Zziop(xk_H :a|xk :bo,xk_l =b1,...)P(7’=/€,xk :bOwTk—l Zbl,...)
— 3.4)
P(l‘T:bo,{L‘-,—_lzbl,...)
_ Yo P(arer = alag = bo) P(r =k, 2p = bo, 2p—1 = by, .. .)
P("ET:bo,$7—,1:b1,...)
© P(r=k,z, =by,xr_1 =Db1,...
:P(bo,a)zk:c’ (T » L 0, L 1 1 )
P(Z‘T:bo,l‘T_l:bh...)
P(xszoch,l:bl,...)
= P(b
(O’G)P($T:b07l’7_1:b1,...)
= P(bo, a) (3.5)

Note that the assumption P(7 < oo) = 1 is critically used in the proof in (3.3). In (3.4), we use the fact that 7 is a stopping
time. o

3.1.1 Recurrence and transience

Let us define - - -
Uz, A) = ED) 1genlvo=1]=> Pz, 4) = B> lzea
t=1 t=1 t=1

and define
L(z,A) := P(14 < o0|zg = &) =t Py(T4 < 00),
which is the probability of the chain visiting set A, once the process starts at state x.

Definition 3.1.2 (i) A set A C X is recurrent if the Markov chain visits A infinitely often in expectation, when the process
starts in A:
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E.[na] = oo, Vere A 3.6)
(ii) A state o € X is transient if
U<aa a) = Ea[na] < 00. 3.7
(iii)A set A C X is positive recurrent if
E[r4] < o0, Vo € A.

In particular, if a state € X is not recurrent, it is transient.
Equation (3.7) can also be written as Y-~ | P*(cv, ) < 0o, which in turn is implied by
Pi(TZ‘ < OO) < 1,

as we will show further below. The reader should connect the above with the strong Markov property: once the process hits
a state, it starts from the state as if it is time 0 (regardless of the the past); the process recurs itself.

There is another important notion of recurrence, called Harris recurrence:

Definition 3.1.3 (i) A set A is Harris recurrent if P,(na = oo) = 1 forall x € A.
(ii) An irreducible Markov chain is Harris recurrent if

P.(na=o00)=1, VzeX ACX
Let 7;(1) := 7; and for i > 1,

Rl +1) = min{n > 1(8) 2, = i)

We have the following result whose proof, which builds on continuity of probability (Theorem [B.1.2), is presented later in
the chapter in a more general context in Theorem [3.2.1]

Theorem 3.1.1 The condition P;(1; < co) = 1 is equivalent to the condition P;(n; = 00) = 1.
One can verify that (3.7) is equivalent to L(7,7) < 1.
Theorem 3.1.2 If P;(7; < 00) < 1, then E;[n;] < oo and thus the state i € X is transient.

To show this, it suffices to first verify the relation
Pi(1i(k) < 00) = Pi(1i(k — 1) < 00)Pi(13(1) < 00),
and then use the equality E[n] = > "=, P(n > k).

We will investigate the Harris recurrence property further while studying uncountable state space Markov chains, however
one needs to note that even for countable state space chains Harris recurrence is stronger than recurrence as we make
explicit next.

Remark 3.2. Harris recurrence is stronger than recurrence. In one, an expectation is considered; in the other, a probability
is considered. Consider the following example: Let X = N, P(1,1) = 1 and for z > 1: P(z,x + 1) = 1 — 1/2% and
P(z,1) = 1/2. Then, for x > 2 (see Exercise [3.5.7):

Pi(rn=o00)= [] (1-1/£%)>0.

t>z,teN
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Thus, the set {1, 2} is not Harris recurrent, but it is recurrent.

3.1.2 Stability and invariant measures

Stability is an important concept, but it has different meanings in different contexts. This notion will be made more precise
in the following chapter. Nonetheless, perhaps the weakest form of stochastic stability in the context of these notes is the
existence of an invariant probability measure.

Recall from (3.2) that the occupation probabilities satisfy the recursions:
m = moP

And for ¢ > 1:
Ti4+1 = 7TtP = 7T0Pt+1

One important property of Markov chains is whether the above iteration leads to a fixed point. Such a fixed point 7 is called
an invariant probability measure. Thus, a probability measure in a countable state Markov chain is invariant if

T=7nP

This is equivalent to
7(j) =Y _=(@)P(i,5), VieX
ieX

We note that, if such a 7 exists, it must be written in terms of 7 = 7 lim;_, o, P?, for some 7. Clearly, 7 can be 7 itself,
but often 7y can be any initial probability measure under irreducibility/aperiodicity conditions (where aperiodicity can be
relaxed if convergence of the averages lim;_, % Zz:ol mo P! is considered) which will be discussed further. Invariant
probability measures are especially important in stochastic control, due to ergodicity theorems (which show that temporal
avera%es converge to statistical averages with probability 1), as we will discuss later in the chapter. Finally, how fast
1

—1 . . . . . .
T 21— ToP?" converges to invariance is another very important question to be studied.

3.1.3 Invariant measures via an occupational characterization

The following is one of the most consequential results in this chapter.

Theorem 3.1.3 For a Markov chain, if there exists an element i such that E;[1;] < oo; the following is an invariant
probability measure:

Ti—1
2 k=0 Haw=j}

n(j) = E{ Eilri

.To—i:|7 ]GX

Proof. We will show for every j € X that

Tifl
E |:Zk‘=0 1{£k:J}

En] |7 Z} = ZP(s’j)E[Z?:ollm%’}

seX E[Tz]

$0_i:|,

which establishes the desired resultﬂ Note that Efl¢x,,,—;3] = P(Xi41 = j) and P(s,j) = Ellx,,,—}| Xk = 8] =
Ellix,,,—jy|Xk](w) with X} (w) = s. Hence,

Ti—l
|:Zk=0 Lix,=s)

> P(s,4)E B

seX

Xo=i

'In the following, to make the random nature of xj terms explicit, we will use capital letters X, to emphasize randomness. In the
notes, we will occasionally follow this route, since for conditional expectations, often it is very crucial to distinguish between random
variables and their realizations.
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;i —1 .
_ p| &k=0 Dsex P(s: )1 x,=s)
B[]

oni]

[ Ti—l -
E k=0 ZSGX (1{Xk—S}E[1{Xk+1—j}|Xk = s]) Lo = Z:|
- Ei[7i]
E ZZOI ZsEX (1{Xk—5}E[1{Xk+l—j}|Xk]> To = Z]
— L Bl (3.8)
E| Yy D osex Hxu=st Bl iz =1 1 Xn, Xpo1, Xpmo, -, Xo = i]| Xo = Z}
= — 3.9
Filri (3.9)
E ;7;:—01 Ysex Bl =1 L= [ X Xoo1, Xiog, -+, Xo = ]| Xo = Z]
_ 1 B (3.10)
E EZO:O dosex 1{k<7i}E[1{Xk:5}1{Xk+1:j}|Xk’ Xp—1, X2, -+, Xo = i]| Xo = Z]
- ] EZ[TZ]
ZZo:O ZsexE |:E[1{k<7'i}1{Xk=3}1{Xk+1=j}Xk’ Xi—1, Xp—g, -, Xo = ]| Xo = Z]
= oAE (3.11)
ZZO:O D) |:1{k<‘ri} Zsex 1{Xk:5}1{Xk+1:j} Xo = 7’:|
_ B (3.12)
E|:EZOO Linerp i Xppa=5}1Xo = ’]
B E;[7;]
E[Yr M _alX :i] S
_ |: k=0 {Xk+41 J}‘ 0 . k=0 L{Xpp1=4}
Ejiri] ' 2
Ti Ti—1
B 2k Hx=} - B 2 k=0 Lixi=i)
’ E;[r] ’ E;[n]

= u(3),

where we use the fact that the total number of visits to a given set does not change whether we include either ¢ = 0 or
7, since Xo = X, = i. Here, (3.8) follows from the fact that X} = s is specified so that 1;x, sy E[l{x, ,—;1|Xk] =
Lix, =1 Ellix, =31 X&x = s], (3.9) follows from the fact that the process is a Markov chain, and (3.11) follow
from the properties of conditional expectation and that 7; is a stopping time (we will discuss such properties in Chapter 4),
and (3:12) follows from the law of the iterated expectations, see Theorem [#.1.3] In the above (3:8) follows from the fact

that 1ox, —y E[1ix, =53 [ Xk] = E[Lix=sy Lxp =51 1 Xk

Finally, observe that if E;[r;] < oo, then the above measure indeed is a probability measure, as it follows that

TUED SRR

o Xo= z} =1.

This concludes the proof. o

Theorem 3.1.4 Every finite state space Markov chain admits an invariant probability measure.
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A common proof technique on the existence of invariant probability measures for finite state Markov chains builds on
an important result called the Perron-Frobenius Theorem. However, we will present a more comprehensive result in the
context of general space Markov chains later in Theorem [3.3.1]

Theorem 3.1.5 For an irreducible Markov chain with countable X, there can be at most one invariant probability measure.

Proof. Let 7(i) and 7' () be two different invariant probability measures. Define D := {7 : 7(¢) > 7' (i) }. Then,

n(D) =Y _w(i)P@i,D)+ > _w(i)P(i, D)

€D i¢D
@' (D) =Y _«'(i)P(i,D)+ Y _'(i)P(i, D)
i€D i¢D

implies that

(D) —'(D) = _(n(i) —«'(i))P(i, D) + Y _(w(i) = «'(0)) P(i, D)

ieD i¢D
and thus

Y (i) = 7'(D)(1 = P(i,D)) = Y _(m(i) = «'(0)) P(i, D)

ieD ig¢D
The first term is strictly positive (since P(i, D) = 1 cannot hold for all ¢ € D due to irreducibility, for otherwise D would
be absorbing). The second term is not positive, hence a contradiction. o

Remark 3.3. One can see that for any a € X with 7w(a) > 0, it must be that E,[7,] < oo. The reason will be evident once
we study Theorem and consider the relation:

Ta—1

1=7(X) = 7(a)Eal ) Lgspexy] = m(a)Bald]
k=0

An implication of the above is the following very important result, which is a special case of Kac’s lemma (see also
Theorem

Theorem 3.1.6 (Kac’s Lemma) Let {x;} be irreducible and w be its (unique) invariant probability measure. Then, for all
i € Xwithm(i) >0,

(i) = - i€ X.

Remark 3.4. Consider the random walk on Z given with the transition kernel P(z,z + 1) = P(z,z — 1) = 1 for z € Z.
In this case, we have that for every i € Z, E;[r;] = oo, and hence there does not exist an invariant probability measure.
But, it has an invariant measure defined with: p({i}) = K, ¢ € Z, for an arbitrary (fixed) K € R. That F;[r;] = oo
can be established through the following reasoning: if there were an invariant probability measure, this would be unique
by irreducibility and also for every state 7, the measure ﬁ would take the same value. But the sum of these (countably
infinitely many) identical values would need to be 1, leading to a contradiction. Then, F;[7;] cannot be finite for any .

3.1.4 Rates of convergence to invariant measures and Dobrushin’s ergodic coefficient

Consider the iteration 7,1 = 7 P, with a given my. We would like to know when this iteration converges to a limit and
how fast this convergence is. Here, the reader is referred to Appendix [A]for a review of vector and function spaces.

A map 7" from one complete normed linear (that is, a Banach) space X to itself is called a contraction if for some 0 < p < 1

IT(x) =TIl < pllz =yl v,y € X,
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Theorem 3.1.7 A contraction map T in a Banach space has a unique fixed point x* with x* = T(x*). Furthermore, the
iterates x, 11 = T(xy,), for any given xq, converge to x* geometrically fast in the sense that ||z, — x*|| < Ly, p" for some
Ly, < oo.

Proof. {T™(x)} forms a Cauchy sequence: First note that, ||T%(x) — Tk=1(2)| < |T(T* 1(x)) — T(T*2(x))| <
pIT* (@) = T* ()| < -+ < p*|T(2) — @) Then,
n n 1
T (@) =l < Y NT*() =T (@)l < Y- p" T (@) —2)) < |1 T(2) — o)llT—
k=1 k=1 p
implying that
IT* @)} < llzll + 17" (@) = 2] < o+ T@) = 2)llg = == M(=)

uniformly over all n. Now, for every n,m > N, we have that ||T"(z) — T™(z)|| < pN||T" N(2) — T™ N(2)| <
2M (x)pN. This implies that the sequence is Cauchy. By completeness, the Cauchy sequence has a limit, 2*. For

uniqueness, suppose that there are two (different) fixed points with u = T'(u) and v = T(v). Then ||u — v|| =
IT(w) — T(v)] < pllu—v|| < ||u— v||, a contradiction. Thus, u = v. The rate of convergence follows by writing
[@n — 2| = [T (z0) = T™(z") | < p"||lw0 — 2|]. o

Contraction Mapping via Dobrushin’s Ergodic Coefficient Consider a countable state Markov Chain with one-step
transition kernel P. Define the Dobrushin coefficient as

6(P) = min <Zmin(P(i,j),P(k,j))> (3.13)
’ jEX

Observe that for two scalars a, b
|a —b] = a4+ b — 2min(a,b).

ol = > Joil:

i€X

Let us define for a vector v the {1 norm:

The set of all countable index real-valued vectors (that is functions which map Z — R) with a finite /; norm
{v:|lvfly < oo}

is a complete normed linear space, and as such, is a Banach space. With these observations, we state the following:

Theorem 3.1.8 [Dobrushin] [|106]] For any two probability measures w, 7', it follows that
[P — ' Pl[y < (1= 6(P))|lm — =[]

Accordingly, the sequence of iterates mp11 = T(m) := m, P, for any given my, converges to invariance geometrically
fast.

Proof. Let ¢(i) = 7(¢) — min(n(¢), 7'(¢)) for all ¢ € X. Further, let ¢’ () = 7’/ (i) — min(7 (i), 7’(7)). Since
0=> w@)—7'(i)= > «w@i)-7@)+ Y w(i)—7'()
i dem (i) > (i) dem! (4) > (i)
we have that [[¢[|; = [|¢'|[1, and since
Sr(iy—a'@)l= D Wi+ D, W)
i v (i) >7! (1) i’ (1) > (i)

we have that



3.1 Countable State Space Markov Chains 33
X:I7r @ =1l + [1¢"[h

and thus
|l —7'lli = [l = ¢'|[r = 2[|¥lh = 2[[¢'||x

Now,

|7P —7'Plly = |[¢P — 4P|

=1 w6 P6,5) =Y W (k)P(k, j)]
i k

- m Z | Z Z (i)Y' (k) P(i, §) — (i)' (k) P(k, j)| (3.14)

‘P (i,7) — P(k7])| (3.15)
- W Z Z¢<i)¢’<k> Z IP(i,5) = Pk, )
||w|\ ZZW 'k {ZPw + P(k, J>—2mm<P<z’,j>,P<k,j>>} (3.16)

=II¢H1(2—25( ) (3.18)
= || —7'|[1(1 = 6(P))

In the above, (3.14) follows from adding terms in the summation, (3.15)) from taking the norm inside, (3.16) follows from
the relation ||a — b|| = a + b — 2 min(a, b), (3.17) from the definition of §(P) and finally (3.18) follows from the /; norms

of ¥, 4.

Thus, the map 7P : 7 € P(X) — 7P € P(X), where P(X) is the set of probability measures on X viewed as a subset of
11 (X;R), is a contraction mapping if 6(P) > 0. As a result, the sequence {moP",n € Z} is Cauchy by Theorem 3.1.7]
and as every Cauchy sequence in a Banach space has a limit, so does this process. We emphasize that the set of probability
measures is not a linear space, but viewed as a closed subset of /1 (X; R), the sequence will have a limit. Since 7 P is also a
probability measure for every m € P(X), the limit must also be a probability measure. The limit is the invariant probability
measure. o

It should be emphasized that Dobrushin’s theorem tells us how fast the sequence of probability measures {mo P™ } converges
to the invariant probability measure 7 for an arbitrary 7y: since 7 P" = 7, we have that

lmoP™ =l = [[moP" — wP"[ly < (1= 6(P))"||mo —wlly < (1=6(P)",  neZy

3.1.5 Ergodic theorem for countable state space chains

In Exercise [4.5.11} we will prove the ergodic theorem: let {x;} be a Harris recurrent Markov chain with an invariant
probability measure p (such a process is called positive Harris recurrent, as we will define in the next section). We then
have that for every fixed initial state, almost surely

for bounded f (if f is not bounded, we require that >, | f(i)|u(2) < co). This is a very important theorem, as this property
is what establishes an important connection with average cost stochastic control. Under a stationary control policy leading
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to a unique invariant probability measure p on the state and control process (which is a Markov chain), with a bounded
function c it follows that almost surely,

1 T

lim T Zc(mt,ut) = Zc(m,u)u(x,u).

T—00
t=1 T, U

3.2 Uncountable Standard Borel State Spaces

We now extend the discussion above to the uncountable state space setting. We will consider state spaces that are standard
Borel; as noted earlier, these are Borel subsets of complete, separable and metric spaces. We note again that the spaces that
are complete, separable and metric are also called Polish metric spaces.

Let {x¢,t € Z} be a Markov chain with a Polish state space X, and defined on a probability space ({2, F, P), where 2
is the sample space, F a sigma field of subsets of {2, and P a probability measure. Let P(z, D) := P(2441 € D]z = z)
denote the transition probability from x to D, that is the probability of the event {z;1 € D} given that z; = x.

We could compute P(z1y) € D|x; = z) inductively as follows:

P(l’t+k S D|l’t = 517) = / . '//P($t7d$t+1) o ~P(xt+k727d$t+k71)P(xt+k717D)
As such, we have for all n > 1, states 2 and Borel sets A, P"(z, A) := P(x44n € Alzy = 2) = [ P""(x,dy)P(y, A),
with P1(-,-) := P(-, ).

Definition 3.2.1 A Markov chain is p-irreducible, if for any set B € B(X) such that (B) > 0, and any © € X, there
exists some integer n. > 0 (possibly depending on B and x), such that P™(x, B) > 0, where P™(x, B) is the transition
probability in n stages, that is, P(x¢1, € Blzy = x).

A maximal irreducibility measure ¢ is an irreducibility measure such that for all other irreducibility measures ¢, we have
P(B) =0 = ¢(B) = 0forany B € B(X) (that is, all other irreducibility measures are absolutely continuous with respect
to ¢0). In the text, whenever a chain is said to be irreducible, irreducibility with respect to a maximal irreducibility measure
is implied. We also define BT (X) = {A € B(X) : ¢¥(A) > 0} where 1 is a maximal irreducibility measure. A maximal
irreducibility measure ¢ exists for a y-irreducible Markov chain, for example (B) = >_, ., 27" P"(z, B)u(dz) (see
[233} Propostion 4.2.2]).

As an example, consider the following linear system:
Tyl = ATt + Wy,

This chain is Lebesgue irreducible if w; is a Gaussian variable. The definitions for recurrence and transience follow those
in the countable state space setting:

Definition 3.2.2 A set A € B(X) is called recurrent if
Eo[) 1g,eal =) Pl(z,A) =00, VzeA.
t=1 t=1

A tp—irreducible Markov chain is called recurrent if, for A with ¢(A) > 0,

Eo[) 1g,eal =) Plz,A) =00, VzeX
t=1 t=1

Definition 3.2.3 A set A € B(X) is Harris recurrent if
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P.(na=00) =1, Vr € A. (3.19)
A -irreducible Markov chain is Harris recurrent if

P.(na =o00) =1, A€ B(X),v(A) >0, Vo e X.

Theorem 3.2.1 Harris recurrence of a set A is equivalent to

Py(T4 < 00) =1, Vo € A.

Proof. Let 74(1) be the first time the state hits A. Now, with z € A, the probability of 74(2) < oo can be computed
recursively as

Pr(7a(2) < ) Pr(74(2) < 00,74(1) < 00)
Z P.(74(2) < 00,74(1) = m)

= Z Py(14(2) <00, X 1) € A, 7a(1) =m)

MEZy

Z /P (Ta(2) < 00, X7, 1) € dy,7a(1) =m)

mEZLy

D Pu(ra(2) < 00X, ) =y, 7a(1) = m)Po(X,, 1) € dy, Ta(1) = m)

meZy

- Z/ (ra(1) < 00| Xo = 1) Pu(Xry 1) € dy, 7a(1) = m) (3.20)

MEZy

> [ P € dyral) =m)

mELy

Z Pm(X‘rA(l) S A, TA(l) = m)

meZy

= > Pu(ra(l)=m) =1,

MEZy

where (3.20) uses the strong Markov property and the next equation follows from P(74(1) < 00| Xy =y) = 1fory € A.
By induction, for every n € N

P.(ta(n+1) <o) =1 (3.21)

Now,
Pz(nA > k‘) = Px(TA(/ﬂ — 1) < OO)7

since k times visiting a set requires k times returning to a set, when the initial state x is in the set. As such,
P.(na>k)=1VkeZ;
is identically equal to 1. Define By, = {w € 2 : n(w) > k}, and it follows that By.1 C By for all k£ € N. By the

continuity of probability (see Theorem [B.1.2), P((\,—; Bx) = limy_,oc P(Bg), it follows that P,(ns = oo) = 1. The
other direction for equivalence follows from the definitions of occupation time 774 and return time 74. o

Definition 3.2.4 For a Markov chain with transition probability P, a probability measure T is invariant if

:/P(x,D)W(dx), D € B(X).
X
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Definition 3.2.5 If a Harris recurrent Markov chain admits an invariant probability measure, then the chain is called
positive Harris recurrent.

We will discuss the ergodic theorem for such chains further, but it may be useful to state the following:

Lemma 3.2.1 (Ergodic Theorem for Positive Harris Recurrent Markov Chains, MeynBook] For a Markov chain { X, },.en
which admits at least one invariant probability measure, the following statements are equivalent:

(i) The chain is positive Harris recurrent.

(ii) There exists an invariant probability measure 7 of such that for all f € Ly () and every initial distribution p,

R R ) =
” <n1520 2w = [ (‘”)”(d”) -

where {x;,i € Z1} is Markov with xo ~ fu.

3.2.1 Invariant probability measures and split chains

Uncountable chains act like countable ones when there is a single afom o C X which satisfies a finite mean return property
to be discussed below.

Definition 3.2.6 A set « is called an atom if there exists a probability measure v such that
P(z,A) =v(A), Vzea,VA e B(X).
If the chain is v-irreducible and )(a) > 0, then « is called an accessible atom.

In case there is an accessible atom «, we have the following result the proof of which follows the same steps of those of
Theorem 3.1.3]and

Theorem 3.2.2 For a v-irreducible Markov chain for which E,[1,] < oo, the following is the invariant probability
measure:

E. [ ZZU‘:BI l{mkeA}:|
E[7a] ’

m(A) = Ae B(X)

Small Sets and Nummelin and Athreya-Ney’s Splitting Technique

In case an atom is not present, we may be able to construct an artificial atom:

Definition 3.2.7 A set A € B(X) is (n-p)-small on (X, B(X)) if for some non-trivial positive (i.e., not all sets have zero
measure) measure pLand n € N

P"(z,B) > u(B), Vo € A, and B € B(X)

Often, we simply say that a set is small without specifying the smallness measure p or time index n.

The results on recurrence apply to uncountable chains with no atom provided there is a small set or a petite set (to be
discussed further below). In the following, we construct an artificial atom through what is commonly known as the splitting
technique, see [[246] [247] (see also [20]).
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Suppose a set A is 1-small. Define a process z; = (¢, at), where z; is €X x{0, 1}-valued and {a;} is i.i.d. Bernoulli with
P(a; = 1) = ¢. That is, we enlarge the state space and observe that z; is also Markov. When x; ¢ A, {a;}, {x:} evolve
independently from each other. When x; € A, depending on the realization of a., with probability ¢ the state is mapped to
A x {1} and with probability 1 — ¢ the state is mapped to A x {0}. From A x {1}, the transition for the next time stage is

given by @ (forall (z,1) € A x {1}), and from A x {0}, it visits the future time stage with transition probability

P(dwyqq|z,) — v(dag)
1-6 ’

where § = v(X). That s,

Plevnesl(ana) = (1) = "2 1) e ax )

P(z,B) —v(B)

P(‘TtJrlGB‘(xhat) = (m,O)) = 1-46 ) (LL',O) € A X {0} (322)

In this case, A x {1} is an accessible atom for the extended (split) Markov chain (x4, a;), and the marginal distribution of
the original Markov process {x;} has not been altered by this construction.

The following can be established using the construction above.

Proposition 3.2.1 If

sup E[min(t > 0: z; € A)|xg = 2] < 00
r€A

then,

sup  Emin(t > 0: 2 € (A x {1}))]20 = 2] < c0.
z€(Ax{1})

Now suppose that a set A is m-small. Then, we can construct a split chain for the sampled process ,,,n € N. Note that
this sampled chain has a transition kernel as P™™. We replace the discussion for the 1-small case with the sampled chain
(also known as the m-skeleton of the original chain). If one can show that the sampled chain has an invariant measure 7,,,
then (see [233} Theorem 10.4.5]):

m—1

7(B) = % > /ﬁm(dz)Pk(x,B) (3.23)

k=0

is invariant for P. Furthermore, 7 is also invariant for the sampled chain with kernel P™. Hence if P™ leads to a unique
invariant probability measure, ™ = .

From small to petite sets
Definition 3.2.8 [233] A set A € B(X) is vg-petite on (X, B(X)) if for some distribution R on N, and some non-trivial
positive measure VR,

> P"(z,B)R(n) > vg(B),  Vx € A, and B € B(X).
n=0

By [233] Proposition 5.5.6], if a Markov chain is ¢-irreducible and if a set C' is v-petite, then R can be taken to be a
geometric distribution a. (i) = (1 —€)e?, i € Z, (with the randomly sampled chain also known as the resolvent kernel).

Another useful result to be utilized later is as follows.
Theorem 3.2.3 [233] Let {x;} be p-irreducible and let A be v-petite. Then, there exists a sampling distribution such that

A is i-petite where 1 is a maximal irreducibility measure. Furthermore, A is 1)-petite for a sampling distribution with
finite mean.
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Definition 3.2.9 A <-irreducible Markov chain is periodic with period d if there exists a partition of X = U?_,X; U D so
that P(x,X; 1) = 1forall x € X, and P(z,X;1) = 1 for all x € Xg4, with yp(D) = 0. If no such d > 1 exists, the chain is
aperiodic.

Another useful result is the following.

Theorem 3.2.4 [233| Theorem 5.5.3] For an aperiodic and irreducible Markov chain {x} every petite set is v-small for
some appropriate v (but now v may not be a maximal irreducibility mesure; compare with Theorem|[3.2.3)).

The discussion up to (3.23)) and the split chain argument applies also for an arbitrary sampling distribution X on N. Suppose
that we have

/ W;C(da:)<ZIC(n)P”(x, B)) — 7c(B), BeBX) (3.24)

Then,

(B) = / S Km) 3 mc(de) Pz, B) (3.25)
m k=0

is an invariant measure for the original chain so that 7 = 7P. By normalizing this measure, we obtain an invariant
probability measure for the original chain, provided that ), n/(n) < oo (see Theorem [3.2.3).

Exercise 3.2.1 Show that is an invariant probability measure given that holds.

3.2.2 Existence of an invariant probability measure

We state the following very consequential results on the existence of invariant probability measures for Markov chains.

Theorem 3.2.5 Consider an aperiodic and irreducible Markov chain {x}. If there exists a set A which is also an m-small
set for some m € Z, and if the set satisfies

sup E[min(t > 0: 2, € A)|xo = z] < o0,
€A

then the Markov chain admits an invariant probability measure.

Note that for m = 1, we don’t need irreducibility or aperiodicity, by directly following the splitting construction presented.
In the following, we relax aperiodicity, in any case.

Theorem 3.2.6 (Meyn-Tweedie) Consider a Harris recurrent Markov chain {x:}. If there exists a p-petite set A for some
positive measure i, and if the set satisfies

sup E[min(t > 0: z; € A)|xg = z] < o0,
€A

then the Markov chain is positive Harris recurrent (and admits a unique invariant probability measure).

Remark 3.5. For the m-small case with m > 1, in view of the splitting construction, one question is whether

sup Elmin(mt > 0 : 2, € A)|zg = 2] < 00,
T€A

or in the petite case with a sampled chain with geometrically sampled times 75, whether
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sup E[min(7, > 0: z,, € A)|zo = 2] < o0,
z€A
is implied by
sup E[min(t > 0: z; € A)|xg = 2] < o0.
z€A
For the small set case, under irreducibility and aperiodicity, the above holds. See Remark [4.4] on the positive Harris re-
currence discussion for an m-skeleton and split chains: When a Markov chain has an invariant probability measure, the
sampled chain (m-skeleton) also satisfies a drift condition, which then leads to the result that an atom constructed through
an m-skeleton has a finite return property, which can be used to establish the existence of an invariant probability measure.

However, the discussion for the petite set case is more direct and can be arrived at via the properties of a geometrically
sampled chain (following along the arguments in Exercise[3.5.4) In particular, an m-small set is 1-small for a geometrically
sampled chain (since Y~ o P"(z, C)R(n) > R(m)P™(x, C)), which then allows for the arguments for existence to be
applicable more directly (see also [[109]). The utilization of petite sets, via a sampled chain, thus allows for relaxing the
aperiodicity requirement and also with a more direct argument as discussed above.

In this case, the invariant measure satisfies the following, which is a generalization of Kac’s Lemma [[116]:

Theorem 3.2.7 For a u-irreducible Markov chain with invariant probability measure T, the following holds:

To—1

(A) :/ T d0) Bl 3 meny), VA € B(X), u(A) > 0,7(C) > 0
¢ k=0
Observe that with the above, by taking A = X we have that for any Borel C,

, 1
Inf Ey[re] < =0 < sup E.[rc]

3.2.3 On small and petite sets: sufficient conditions (Optional)
Establishing the smallness or petiteness of a set may be difficult to directly verify. In the following, we present a few
conditions that may be used to establish petiteness properties.

T-chains. By [233] p. 131], for a Markov chain with transition kernel P and C a probability measure on natural numbers,
if there exists for every E € B(X), a lower semi-continuous function N'(-, E) such that >~ P"(z, E)K(n) > N (z, E)
for a sub-stochastic kernel N (, -) with A (z, X) > 0 for all z € X, the chain is called a T—chain.

Theorem 3.2.8 [233, Theorem 6.2.5] For a T'—chain which is irreducible, every compact set S is petite.

Proof Sketch. We will prove the result with the stronger assumption P(z, A) is continuous in x for every Borel A (that is,
P is strong Feller). Note that this implies that > P"(x, B)K(n) is continuous for every sampling distribution K, by
the dominated convergence theorem. Due to irreducibility, by Theorem [3.2.9] a petite set B exists so that with a positive v
measure, for every Borel C, we have

i P"(z,CYR(n) > v(C), Vx e B.
n=0

Now there exists K such that Y~ ; P"(z, B)K(n) puts a positive measure on B for every z € X, due to irreducibility
and that B has positive measure under the irreducibility measure. Since

> P(x,B)K(n)
n=0
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is continuous, there exists z* € S such that the minimum )~ P"(z, B)K(n) over z € S is attained. The desired
petiteness result then comes from bounding, for any Borel C, for an appropriate probability measure 7:

S )P0 = Sk ([ Pt ¥ RmP0.0))

for every x € S. o
A reflection on the proof of the result above, via Lusin’s theorem (see Theorem [D.5.1), leads to the following: Small or

petite sets exist for irreducible Markov chains.

Theorem 3.2.9 [233| Thin 5.2.2] Let {x+} be p-irreducible. Then, for every Borel B with j1(B) > 0, there exists m > 1
and a Vy,-small set C C B with u(C) > 0 and v,,(C) > 0.

For a countable state space, under irreducibility, every finite set S is petite.

Tweedie’s uniform countable additivity condition. Tweedie [310] considers the following. If S is such that the following
uniform countable additivity condition

lim sup P(z, B,) =0, (3.26)

n—oo resS

is satisfied for B,, | 0, then S is petite (and for example, to be studied in Chapter 4 implies the existence of an
invariant probability measure). In this case, there exists at most finitely many invariant probability measures. By [233]
Proposition 5.5.5 (iii)], under irreducibility, the Harris recurrent component of the space can be expressed as a countable
union of petite sets C,, with U, C,,, with UXC,,, — 0 as m — oo. By Lemma 4 of Tweedie (2001), under uniform
countable additivity, any set UM, C; is uniformly accessible from S. Therefore, if the Markov chain is irreducible, the
condition implies that the set .S is petite. This may be easier to verify for a large class of applications. Under further
conditions (such as if S is compact and V' used in a drift criterion (4.10) has compact level sets), then the analysis will lead
sufficient conditions leading to @ In particular, [310, Lemma 1] notes that if .S is bounded and V' is continuous (and
thus uniformly bounded on S), it suffices to test (3.26) only for B,, sets inside sets on which V" is bounded (that is with B,
such that sup,. 5, V(z) < 0c.). In applications, this is often much easier to apply, see e.g. [350].

A further condition. We have the following complementary condition, where irreducibility can be relaxed, but the strong
Feller property is imposed.

Proposition 3.6. /16| Assume that

(i) The transition kernel T is bounded from below by a conditional probability measure that admits a density with respect
to some positive measure ¢. In other words there exist a measurable f: X x U x X — R, such that

P(z,D) > /Df(wyy)sb(dy)

for every D € B(X).
(ii) The function f(x,vy) is continuous in x for every fixed y.
(iii)It holds that
/X(ggg f(@,y)(dy) >0

for every nonempty compact set A C X.
Then, every compact set is 1-small.

Proof. The measurable selection results in Appendix [C] (see [202,283]] and [[169] Theorem 2]) show that, for any compact
A C X, there exist measurable functions g and F such that
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inf = mi = F 3.27
inf f(z,y) = min f(z,y) (9(v),9) (3.27)

Thus, we have forallz € A

P(z,D) > /D inf f(z,y)(dy)

Te

(3.28)
= /DF(g(y),y)cb(dy) =: v(D)

for some finite (sub-probability) measure v. Thus, every compact set is 1-small. o
3.2.4 Rates of convergence to equilibrium

We can extend Dobrushin’s contraction result for the uncountable state space case. In this general setup, we define the
Dobruhsin coefficient for a Markov chain with transition kernel P as

0(P)= inf min{ P(x, 4; A; 3.29
(P) = inf 2:: { ) Py, Ai)} (3.29)
where the infimum is over all x, y € X and all finite partitions A,, := {A?,i = 1,--- ,n} consisting of disjoint sets whose

union is X. Note that this definition holds for both continuous or countable X. We then have for two probability measures
m, 7 (see Appendix for areview on probability measures) [[106]]

7P —7'P|rv < (1= 6(P))|lm —7'||l7v.

As such, if 6(P) > 0, the iterations m; = m;_1 P converge to a unique fixed point geometrically fast. To better appreciate
this coefficient, first note that by the property that |a — b| = a + b — 2min(a, b), the Dobrushin’s coefficient in (3.13) can
be written as (for the countable state space case):

5(P)—17*H1&XZ| P(k, j)|

For the continuous setup, in case P(z,dy) is the transition kernel admitting a density for each x (that is P(z, A) =
J 4 p(, y)dy with probability density function p(z, -)), the expression

5(P) _1—§sup/|p$ y) —p(z,y)|dy,
xT,z

is the Dobrushin’s ergodic coefficient for R—valued Markov processes.

The versatility of using Dobrushin’s coefficient for establishing rates of convergence manifests itself in the following
conditions (noted from [[163, Theorem 3.2]).

Theorem 3.2.10 Consider the following conditions.

(i) There exists a state ©* € X and a number 3 > 0 such that P({x*}|z) > S forall x € X.
(ii) There exist n € N and a non-trivial (positive )measure i such that P™(-|x) > u(-) forall x € X.

(iii)There exist n € N and a positive number 3 < 1 so that for all z,x' € X

1P (-|) = P ([a)[lrv < 2.

(iv) There exist ¢ > 0, 3 € (0, 1) such that there is a probability measure T with

|moP™ — 7| < eB™, m € P(X),neN
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We have that

Note that condition (i¢) amounts to the entire state space being n-small. The results above can be established through an
analysis based on Dobrushin’s ergodic coefficient. In the next chapter, we will provide more relaxed conditions leading to
rates of convergence, even though those conditions will not lead to a uniform (over x € X) rate of convergence.

3.3 Further Conditions on the Existence and Uniqueness of Invariant Probability Measures

3.3.1 Further conditions on existence of invariant probability measures
Markov chains with the Feller property

This section uses certain properties of spaces of probability measures, reviewed in Section D}

Definition 3.3.1 (i) A Markov chain is weak Feller if [, P(x,dz)v(2) is continuous in x for every continuous and bounded
vonX.

(ii) If the above holds (i.e., fx P(z,dz)v(z) is continuous in x) for every bounded measurable v, the Markov chain is called

strong Feller.

Example 3.7. (i) Letxy1q = f(xy) + wy, where f : R — R is continuous and {w; } is an i.i.d. real valued noise sequence.
In this case {z;} is weak Feller, regardless of the random variable w;.

(ii) The chain {x;} is strong Feller if f : R — R is continuous and w; is an i.i.d. random sequence where w; admits a
continuous probability density function.

See Section [5.6] for further examples and discussions (while those examples involve controlled models, you can assume
that the control term is a singleton in the context of the discussion in the current chapter).

Theorem 3.3.1 Let {x:} be a weak Feller Markov process living in a compact subset of a complete, separable metric
space. Then {x;} admits an invariant probability measure.

Proof. Proof follows the observation that the space of probability measures on a compact set is tight (that is, it is weakly
sequentially pre-compact), see Appendix[D]for a discussion on weak convergence. Consider a sequence

1T—1
=_ pt T>1
KT T;MO ) = 1,

There exists a subsequence 7, which converges weakly to some p*. It follows that for every continuous and bounded
function f

imf) = [ (do)f(a) > (1)
Likewise, since Pf(z) = [ f(x1)P(dz1|zo = ) is continuous in z (by the weak Feller condition), it follows that

1) = [ o) ( [ Plaans®) - P

Now,
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1 Te—1 Tr—1
(/’[‘Tk_luTkP)(f) :HEMt)l:ZPwkf_Zpﬁ_‘—lf}
k=0 k=0
_ TikE,m [f(xo) _ f(ka)] 0. (3.30)

Thus,
(ILLTk _/’[’TkP)(f> = </’[’Tk’f> - </’[/TkP’f> = <N’Tk7f> - <MTk7Pf> - <M* _M*P’f> =0.

Now, if the relation (u* — p* P, f) = 0 holds for every continuous and bounded function, it also holds for any measurable
function f: This is because continuous functions are dense in measurable functions under the supremum norm (in other
words, continuous and bounded functions form a separating class for the space of probability measures, see e.g. p. 13
in [42] or Theorem 3.4.5 in [120])). Thus, x* is an invariant probability measure. o

Remark 3.8. The theorem applies identically if instead of a compact set assumption, one assumes that the sequence p; takes
values in a weakly compact set (e.g. via Prohorov’s theorem [111]]); that is, if the sequence admits a weakly converging
subsequence.

Remark 3.9. Reference [213]] gives the following example to emphasize the importance of the Feller property: Consider a
Markov chain evolving in [0, 1] given by: P(x,2/2) = 1 for all z # 0 and P(0,1) = 1. This chain does not admit an
invariant measure. This can be established by a continuity of probability argument for any invariant probability measure (if
one existed) on the absorbing sets (0, ) for any § > 0.

In the following, we generalize the above result to a case where the state space X is not compact, but is locally compact.

Theorem 3.3.2 Let {x,} be a weak Feller Markov process taking values from a locally compact X. Suppose further for
some initial probability measure [y, with

T
MT:T;NOPta T>1,

we have that for some compact B
lim inf pr(B) > 0.
T—o0

Then, {x:} admits an invariant probability measure.

Proof. The proof builds on an application of the Banach-Alaoglu theorem; the space of signed measures under the total
variation norm with finite total variation is the topological dual of the space of continuous functions which vanish at infinity,
and the unit ball in this space is weak*-compact by the Banach-Alaoglu theorem. By an argument similar to the proof of
Theorem then there exists a subsequence 7, which converges in the weak™ sense to a limit x*. Since p* cannot
be the trivial (all-zero) measure, ;* must be invariant and positive. Normalizing this measure implies that there exists an
invariant probability measure. o

Quasi-Feller chains

Often, one does not have the Feller property, but the set of discontinuity is appropriately negligibe.
Assumption 3.3.1 For fbounded and continuous, P f(x) := E[f(X+1)| Xt = x]) is continuous on X \ D where D is a

closed set with P(X11 € D|z) = 0 for all x. Furthermore, with D. = {z : d(z, D) < €} for ¢ > 0 and d the metric on
X, for some K < oo, we have that for all x and € > 0

P(XH_l € D|a; = :17> < Ke.
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Theorem 3.3.3 Suppose that Assumption holds. If the state space is compact, there exists an invariant probability
measure for the Markov chain.

Proof. The sequence of expected empirical probability measures

n—1
1
on(A) = Ba[ > 1ixeal]
k=0

is tight, and thus there exists a weakly converging subsequence. Assumption [3.3.1] implies that every converging subse-
quence vy, of is such that for all € > 0
lim sup vy, (D) < Ke.

N —r 00

Note that with v = lim,,, _, o0 ¥p,,, it follows from the Portmanteau theorem (see e.g. [[111, Thm.11.1.1]) that
v(De) < Ke.

Now, consider a weakly converging empirical occupation sequence v, and let this sequence have an accumulation point
v*. We will show that v* is invariant.

Observe that the transitioned probability measure v, P satisfies the following for every continuous and bounded f: Con-
sider (vy,, Pf) = (vy,,95) + (vs,,, Pf — g5), where gy is a continuous function which is equal to P f outside an open
neighborhood of D and is continuous with ||g¢|lcc = |Pf|loc < |/f|loc- The existence of such a function follows from the
Tietze-Urysohn extension theorem [[111]], where the closed set is given by X \ D.. It then follows from Assumption
that, for every € > 0 a corresponding gy can be found so that (v, , Pf — g¢) < K|| f|o€, and since (v, , g5) — (v*, g¢),

it follows that

limsup [{vy,, Pf) — (v*, Pf)]

tr—00

= limsup [(vy,,, Pf —g5) — (", Pf = g5)|

tr —00

<limsup |(vy,., Pf = gp)[ + [(v", Pf = g5)]

tr—00

<2K'e (3.31)

Here, K’ = 2K || f|| is fixed and € may be made arbitrarily small. We conclude that v* is invariant. ©

Remark 3.10. In his definition for quasi-Feller chains, Lasserre assumes the state space to be locally compact. In the proof
above [344] tightness is invoked directly with no use of convergence properties of the set of functions which decay to zero
as is done in [[167]]; for a related result see Gersho [[142]].

Cases without the Feller condition

One can relax the weak Feller condition and instead consider spaces of probability measures which are setwise sequentially
pre-compact. The proof of this result follows from a similar observation as but with weak convergence replaced by
setwise convergence (see Appendix [D)). Note that in this case, if p7;, — p* setwise, it follows that pr, P(f) — p*P(f)
and thus p* is invariant. It can be shown (as in the proof of Theorem [3.3.T)) that a (sub)sequence of occupation measures
which converges setwise, converges to an invariant probability measure. A sufficient condition for a sequence of probability
measures to be setwise sequentially compact is that there exists a finite measure 7 such that v, < 7 for all £ € N [16§]].

As an example, consider a system of the form:
Top1 = fo) +wy (3.32)

where w; admits a distribution with a bounded density function, which is positive everywhere and f is bounded. This
system admits an invariant probability measure which is unique.
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3.3.2 Uniqueness of an invariant probability measure
Unique ergodicity properties

For a Markov chain, the uniqueness of an invariant probability measure implies the ergodicity of the measure; such a
Markov chain is often referred to as uniquely ergodic.

The following definition will be useful.

Definition 3.11. Let 7 be a probability measure on X with metric d. The topological support of 7 is defined with
supp7 := {z : 7(B,(x)) > 0}, Vr >0,

where B, (z) = {y € X : d(z,y) <}

Theorem 3.3.4 Let {x:} be a v-irreducible Markov chain which admits an invariant probability measure. The invariant
measure is unique.

Proof. Let there be two invariant probability measures p1 and po. Then, there exists two mutually singular invariant
probability measures v; and v, that is v (B1) = 1 and v3(Bs) = 1, By N By = () and that P"(z, BY) = 0 forall z € B;
and n € Z and likewise P"(z, B{') = 0 for all z € By and n € Z, . This then implies that the irreducibility measure has
zero support on BY and zero support on BS and thus on X, leading to a contradiction. o

A further result on uniqueness is given next.

Definition 3.12. For a Markov chain with transition kernel P, a point x is accessible (or reachable) if for every y and
every open neighborhood O of x, there exists k > 0 such that P*(y,0) > 0.

One can show that if a point is accessible, it belongs to the (topological) support of every invariant measure (see, e.g.,
Lemma 2.2 in [[154]). The support (or spectrum) of a probability measure is defined to be the set of all points = for which
every open neighbourhood of x has positive measure. A Markov chain V; is said to have the strong Feller property at x if
E[f(Xt+1)|X¢ = x) is continuous at « for every measurable and bounded f.

Theorem 3.3.5 [154] [259] If a Markov chain has the strong Feller property at an accessible point, then the chain can
have at most one invariant probability measure.

Proof. Let there be two invariant probability measures p; and po. Then, as earlier, there exists two mutually singular
invariant probability measures v; and vy, that is vy (B1) = 1 and v5(B3) = 1, B; N By = ) and that P"(z, BY') = 0 for
all z € By and n € Z, and likewise P"(z, B{') = 1forall z € By and n € Z, . Now, every point z in S is so that one
can approach z through two sequences %,,, z,,, one in B; and one in B whose evaluations of P™(-, B{') are 1 apart from
each other as y,,, z,, converge to one another (through z). This violates strong continuity. o

Another useful result is the following. Let us first recall the following: A family of functions F' mapping a metric space S
to R is said to be equi-continuous at a point xy € S if, for every e > 0, there exists a § > 0 such that d(z,z9) < § =
|f(z) = f(zo)| < eforall f € F. The family F is said to be equicontinuous if it is equicontinuous at each x € S.

Definition 3.13. /253, Chapter 6] A Markov chain with transition kernel P is called an e-chain if for each continuous
function f with compact support, the sequence of functions { [ P"(x,dy) f(y),n € Z.} is equi-continuous on compact
sets.

Theorem 3.3.6 (233 Prop. 18.4.2] If a Markov chain is an e-chain, X is compact, and a reachable state x* exists, then
there exists a unique invariant probability measure.
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In the following, we present a more concise argument compared with [233| Prop. 18.4.2].

Proof. By compactness, by Theorem [3.3.1| we know that there exists at least one invariant probability measure. Let there
be two different probability measures ', 2. We may assume v! and v? to be ergodi via an ergodic decomposition
argument of invariant measures on compact subsets [309, Theorem 6.1]. Now, similar to the proof of Theorem [3.3.5] since
2™ must belong to the support of any two distinct probability measures (recall that B,.(«*) is visited under either of the
probability measures in finite time for any given r > 0) we have that there exists two sequences y,,, 2, Which converge to

one another (through z*) where y,,, 2, belong to the support sets of these two distinct probability measures /!, 2.

Now, by equi-continuity and the Arzela-Ascoli theorem [111]], we have that

PO =1 Y [ Prieds) (.33)
k=0

has a subsequence which converges (in the sup norm) to a limit ¥y : X — R, where is F'; continuous.

The above imply that, for every continuous and bounded f, the term

lim | lim P™N(f)(yn) = PMN(f)(20)] = 0.

n—oo N—oo

Suppose not; there would be an € > 0 and a subsequence 7, for which the difference

| lim P(N)(f)(ynk) - P(N)(f)(znk” > €.

N—o00

However, for each fixed nj, we have that
lim P™(£)(yn,)

N—o0

converges by the ergodicity of v! to (¢!, f) and the limit, by the Arzela-Ascoli theorem, will be equal to Fi(yny) (as
every converging subsequence would have to converge to the limit; which also implies that the subsequential convergence
in (3.33) is in fact a sequential convergence). The same argument applies for PN (f)(z,, ) — (V2, f) = Fi(zn, )

The above would then imply that [F} (yn, ) — F} (2n, )| > € for every (yn,, 25, ). This would be a contradiction due to the
continuity of F.

1 2

Therefore, the time averages of f under v~ and v* will be arbitrarily close to each other. However, since continuous
functions separate probability measures (e.g. via the metric given in (D.3)), see also [120, Theorem 3.4.5]), this implies that
the probability measures ' and v/? must be equal. o

There exist further refinements on unique ergodicity via such equi-continuity conditions on transition kernels [[195] and
with equi-continuity replaced with uniform Lipschitz regularity [/1].

3.4 Ergodic Theorems for Markov Chains

3.4.1 Ergodic theorems for positive Harris recurrent chains

Letc € Li(p) == {f : [ |f(2)|p(dx) < oo}. Suppose that 4 is an invariant ergodic probability measure for a Markov
chain (a sufficient condition being that p is the unique invariant probability measure [168, Prop. 2.4.3]). Then (see e.g. [[163,
Chapter 2]) it follows that for p almost everywhere = € X:

T

lim %Zc(xt) = /c(x)u(dx),

T—o0
t=1

“we say that an invariant measure 4 measure is ergodic if for every absorbing set S, 1(S) € {0, 1} [168, Definition 2.4.1]
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P, almost surely (that is conditioned on xy = z, with probability one, the above holds); see also Theorem Further-
more, again with ¢ € L; (), for  almost everywhere x € X

lim ;E_TL: c(xt)] - / c(z)p(dz),

T—o0

On the other hand, the positive Harris recurrence property allows the almost sure convergence to take place for every
initial condition: If y is the invariant probability measure for a positive Harris recurrent Markov chain, it follows that for
all z € X and for every ¢ € Ly () [233, Theorem 17.1.7] or [[168, Theorem 4.2.13]

. 1
lim —
T—o0

M=

() = / e(x)ulde), (3.34)

=1
almost surely. However, for every ¢ € L1 (p), while (7.48) holds for all x € X, it is not generally true that
1 T

lim —FE.[» c(z)] = /c(az)u(dm).

T—oo T
t=1

Thus, we can not in general relax the boundedness condition for the convergence of the expected costs. However, with ¢
bounded, forall x € X

lim. ;Em[ic(xt)} - / o(@)(dz) (3.35)

t=1

This follows as a consequence of Fatou’s lemma and (7.48). Further refinements are possible via return properties to small
sets and f-regularity of cost functions [[13|233]; e.g., this convergence holds if Theorem [4.2.4] holds for the given f and
for some Lyapunov function V with Xo = z € {z : V(2) < oo}; see the proof of Theorem [4.2.4] and [233| Theorem
14.0.1] for further related results. We refer the reader to [233, Chapters 14 and 17] or [[168, Chapters 2 and 4] for additional
discussions. See Exercise[3.3.8]

3.4.2 Further ergodic theorems for Markov chains

Although beyond the scope of this course, for completeness, we state the following. When an invariant probability measure
is known to exist for a Markov chain, we state the following ergodicity results.

Theorem 3.4.1 [167, Theorems 2.3.4-2.3.5] Let P be an invariant probability measure for a Markov process.

(i) [Individual ergodic theorem] Let Xo = x. For every f € L1(P)

1 N—-1

n=0
forall x € By where P(B ¢) = 1 (where By denotes that the set of convergence may depend on f) for some f*.
(ii) [Mean ergodic theorem] Furthermore, the convergence %Ew[anz_ol f(X,)] — f*(x) isin Li(P).

Theorem 3.4.2 [|/67, Theorem 2.5.1] Let P be an invariant probability measure for a Markov process. With Xy = x, for
every f € L1(P)

1 N-1
3 FX) = (@),
n=0
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forall x € By where P(By) = 1 for some f*(z) with

[ Pan)s(@) = [ Plaoysa

One may state further refinements; see [[167] for the locally compact case and [336] for the Polish state space case.

Theorem 3.4.3 336, Prop. 5.4] or [168, Theorem 3.1(g)] Let P be an invariant probability measure for a Markov
process.

(i) [Ergodic decomposition and weak convergence] For x, Pas., %Em[ é\:)l 1{%6.}] — P, () weakly and P is invari-
ant for P (+) in the sense that

P(B) = / P.(B)P(dz)

(ii) [Convergence in total variation] For all p € P(X) which satisfies that jn < P (that is, ju is absolutely continuous with
respect to P), there exists an invariant v* such that

N-1

1 *
HE“[N Z Lirnxeq] =v*()llrv — 0.
t=0

3.5 Exercises

Exercise 3.5.1 For a countable state space Markov chain, prove that if {x.} is irreducible, then all states have the same
period.

Exercise 3.5.2 Prove that
Px(TA = 1) = P(I7A)’
and forn > 1,

P.(t4=n) = ZP(z,i)Pi(TA =n-—1)
igA

Exercise 3.5.3 Let {x;} be a Markov chain defined on state space {0, 1, 2}. Let the one-stage probability transition matrix
be given by:

0 1 0
P=1/2 0 1/2
0 2/31/3

Compute E[min(t > 0 : x; = 2)|xo = 0], that is the expected minimum number of stages for the state to move from 0 to 2.

Hint: Building on the previous exercise, one way to solve this problem is as follows: Note that if the expected minimum
time to go to state 2 is from state 1 is t1 and the expected minimum time to go to state 2, from state 0 is t, then the expected
minimum time to go to state 2 from state 0 will be to = 1 + P(0,2)ty + P(0,1)t1 + P(0,0)t, where to = 0. You can
follow this line of reasoning to obtain the result.

Exercise 3.5.4 Let ({2, F, P) be a probability space on which a Markov chain is defined: Let X be a finite set and X, be
the X-valued Markov chain. Let a € X with E,[1,] = 5, where

To = min{k > 0: 23 = a}

As we know from our class, this Markov chain admits an invariant probability measure, call it m. Suppose that X,, is
irreducible so that the invariant probability measure is unique.
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Now, let Yy, be an i.i.d. {0, 1}-valued Bernoulli process (defined on the same probability space) with
P(Y,=1)=n¢€(0,1).
Let
T(a,1) ‘= mm{k >0: (Xk,Yk) = (Oé, 1)}
a) Is Zy, .= (X, Yy) a Markov chain? Prove your answer.

b) Find E[r(s1)|(Xo0, Yo) = (a,1)].

Exercise 3.5.5 Show that irreducibility of a Markov chain in a finite state space implies that every set A and every x
satisfies U(x, A) = oo.

Exercise 3.5.6 Show that for an irreducible Markov chain, either the entire chain is transient, or recurrent.

Exercise 3.5.7 Show that for o, € (0, 1),
o0
H(l — Ozt) >0
t=0

ifand only if ), oy < 00.

Hint. For one direction, use log(1 — x) < —x for small x € (0, 1). For the other direction, use lim,_, W = —1and
that as a result for small enough x > 0 : log(1 — x) > —2x and that ), o < oo implies that a; — 0.

Exercise 3.5.8 In view of Exercise let us revise the example given in Remark ' Let X =N, P(1,1) = 1 and for
x>1:P(x,x+1) =1—1/x and P(x,1) = 1/x. This chain is then Positive Harris Recurrent with invariant measure 01
and irreducibility measure also 61. Show that with f(x) =z — 1:

1 N-—-1
i B3 f@] # Bal/(0] =0, a1

Thus, expected empirical summations do not necessarily converge to the summation under the invariant measure when
the function is not bounded. Note that this would be the case if the functions are bounded. Observe also that sample path
convergence here does not imply the convergence of expected averages.

Exercise 3.5.9 For a Markov chain with a countable space X, and a € X, show that if P,(1, < o0) < 1 then
Ea[2 521 Hap=ay] < 00

Exercise 3.5.10 For a Markov chain with a countable space X, and a € X, show that if Py(1, < 00) = 1 then
Pa(zzozl l{mk:a} = OO) =1.

Exercise 3.5.11 Consider a Markov chain with state space [0, 1] and transition kernel given as follows:
P(XIZE‘XOZ‘(E):]W €T € [O,l]n

Does there exist an invariant probability measure w for this Markov chain? If so, what is one such measure? Is this a unique
invariant probability measure? If there is no invariant probability measure, precisely explain why this is the case.

Exercise 3.5.12 (Gambler’s Ruin) Consider an asymmetric random walk defined as follows: P(x11 = x+ 1|z = x) =
p and P(xyy1 = x — 1|z, = x) = 1 — p for any integer x. Suppose that xo = x is an integer between 0 and N. Let
T=min(k >0:xx ¢ [1, N — 1]). Compute P,(x; = N) (you may use Matlab for your solution).

Hint: Observe that one can obtain a recursion as Py(v, = N) = pPyi1(z; = N)+ (1 — p)Py—1(x; = N) for
1 < < N — 1 with boundary value conditions Py (z, = N) =1 and Py(x. = N) = 0. One observes that
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1—
Pyir(zr = N) — Py(z; = N) = —2 <Px(x7 =N)—P,_i(z, = N))
and in particular

Pu(e, = N) = Py-a(ar = N) = ()" (le — N) - Py(a, = N))

Exercise 3.5.13 Let 2411 = f(z:) + wy, where f : R — R is continuous and {w, } is an i.i.d. real valued noise sequence.
a) Show that {x;} is weak Feller, regardless of the random variable w.

b) Show that {x+} is strong Feller, if wy is a Gaussian random variable with a positive variance.
Exercise 3.5.14 a) Consider a Markov chain defined on 7 with the transition kernel

1

(r1 =2+ l|zo = 2) L

x#0,x € Zy,

1
P(xlz()\xozx):m, x#0,x € Zy,
with
P(z1 =1|zg =0) = 1.

Does there exist an invariant probability measure w for this Markov chain? If so, what is one such measure?

b) Consider a Markov chain defined on Z. with the transition kernel

1
P(w1=x+1|xo=x)=m, r#0,x€Zy,
P($1=0|I0=$)=1—m, x#0,x €Zy,

with
P(!L‘l = 1|{l70 = 0) =1.
Does there exist an invariant probability measure w for this Markov chain? If so, what is one such measure?

b) Consider a Markov chain defined on [0, 1] with the transition kernel:

P(x1=g|x0:x):1, x #0,z€10,1],

Does there exist an invariant probability measure w for this Markov chain? If so, what is one such measure?

Exercise 3.5.15 Consider a square and join opposite corners of this square by straight lines meeting at the point C.
Consider the symmetric random walk performed by a particle on these 5 vertices, starting at some vertex A. Find

(a) the expected time to return to A,
(b) the expected number of visits to C' before returning to A,

(c) the expected time to return to A given that there is no prior visit to C.
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Martingales, Foster-Lyapunov Criteria for Stability of Markov Chains, and
Stochastic Iterative Dynamics

In this chapter, we will study martingales, which constitute a critical class of stochastic processes for our understanding
of stochastic dynamics. We will arrive at stochastic stability of Markov chains through martingale methods and Foster-
Lyapunov type stability criteria; this will be followed by an analysis on stochastic iterative dynamics.

4.1 Martingales

In this section, we introduce martingales and discuss a number of important martingale theorems. Only a few of these will
be critical within the scope of our coverage, some others are presented for completeness.

These are very important for us to understand stabilization of controlled stochastic systems. These also will pave the way
to optimization of dynamical systems as well as the supporting theory for stochastic learning, reinforcement learning, and
approximation algorithms to be studied later. The second half of this chapter is on the stability of Markov chains or the
stabilization of controlled Markov Chains via martingale and Lyapunov methods.

4.1.1 More on expectations and conditional probability

Let ({2, F, P) be a probability space and let G be a subset of F which is itself a o-field (such a collection is said to be
a sub-o-field of F). Let X be an R—valued random variable measurable with respect to ({2, F) with a finite absolute
expectation that is

BIXI) = [ 1X(@)IP(d) < .
where w € (2. We call such random variables integrable.

We say that = is the conditional expectation random variable (and is also called a version of the conditional expectation)
of X given G, denoted with,
E[X|9],

if
1. = is G-measurable.

2. Forevery A € G,
E[14Z] = E[14X],

where we use the notation

E[lAE]z/QE(w)l{weA}P(dw):/AE(w)P(dw)
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For example, if the information that we know about a process is whether an event A € F happened or not -that is, the
sub-o-field is o ({A}) = {0, 2, A, 2\ A}-, then the conditional expectation of X given the sigma-field generated by A is
the random variable:

nw) = E[X|c({A}](w) = Xaliweay + Xacliugay
Observe that this random variable is o({ A})-measurable. We then have that for w € A:
1
N(w) =: Xy =: B[X|A :7/Pdew.
(@) X14) = o [ Pld)X (@)

This follows from the fact that [, E[X|A](w)P(dw) = E[X|A] [, P(dw) since n(w) = E[X|A] cannot distinguish
between any w € A: this is a consequence of the fact that the conditional expectation is o ({ A})-measurable. Thus, we can
simply write n(w) = E[X|A] for the conditional expectation rather that n(w). If the information we have is that A did not
take place; then for w ¢ A:

N(w) =: Xac := E[X‘AC] _ B 1

Pl A) " P(dw)X (w).

Note that conditional probability can be expressed as
P(X € B|G) = Ell{xep|9],
hence, conditional probability is a special case of conditional expectation.
It is a useful exercise (see Exercise[I.6.6) to consider the o-field generated by an observation variable, and what a condi-

tional expectation means in this case.

Theorem 4.1.1 Let X be an X valued random variable, where X is a complete, separable, metric space and'Y be another
Y —valued random variable, Then, X is Fy or o(Y') (the o—field generated by Y ) measurable if and only if there exists a
measurable function f : Y — X such that X (w) = f(Y (w)).

With the above, the expectation F[X |o(Y)](w : Y (w) = yo) = E[X|Y = yo] can be defined as a measurable function on
o(Y"), and this expectation can be expressed as a measurable function of Y.

The notion of conditional expectation is key for the development of stochastic processes which evolve according to a
transition kernel. This is useful for optimal decision making when only partial information is available with regard to a
random variable.

The following discussion is optional until the next subsection.

Existence of Conditional Expectation.

Theorem 4.1.2 (Radon-Nikodym) Let p and v be two o-finite positive measures on (§2, F) such that v(A) = 0 implies
that u(A) = 0 (that is p is absolutely continuous with respect to v). Then, there exists a measurable function [ : 2 — R,
(integrable under v if p is a finite measure), such that for every A:

H(A) = /A F(@)r(dw)

The representation above is unique, up to sets of measure zero. With the above discussion, the conditional expectation
X = E[X|F'] exists for any sub-o-field 7' C F, as the following discussion shows. Let X be an integrable non-negative
random variable and observe that for any Borel A € F’

/A(E[X}—/](w)>P(dw):/AX(W)P(dw).
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We may view ((A) := [, X(w)P(dw) as a measure (defined on the measurable space ({2, 7)) which is absolutely

continuous with respect to P, and thus, (E [X|F'] (w)), is the Radon-Nikodym derivative of this measure with respect

to P (This discussion extends to arbitrary integrable variables by considering the negative valued portion of the variable
separately).

In case X is a real random variable which is of second-order (i.e., with finite second moment), another way to establish
existence is through a Hilbert theoretic approach, by viewing the conditional expectation as the projection of X onto a
subspace consisting of the set of all functions measurable on F’. We will revisit this later in the notes while deriving
the Kalman Filter in Chapter 6. However, for this we would require X to be square-integrable (i.e., with a finite second
moment).

4.1.2 Some properties of conditional expectation:

One very important property is given by the following.
Iterated expectations:
Theorem 4.1.3 For three o-fields over a given set, if H C G C F, and X is F—measurable and integrable, it follows

that:
E[E[X|G][H] = E[X|H]

Proof. Proof follows by taking a set A € , which is also in G and F. Let 1) be the conditional expectation variable with
respect to H. Then it follows that
E[lan] = E[1aX]

Now let F[X|G] be . Then, it must be that E[1 4n'] = E[14X] for all A € G and hence for all A € H. Thus, we have
that forall A € H
Elan'] = E[Lan,

and as 7 is H-measurable, E[n/|H] = 7. o

Theorem 4.1.4 Let G C F, and Y be G—measurable. Let X be F —measurable and XY be integrable. Then, P almost
surely
E[XY|G] = YE[X|F]

Proof. First assume that Y =Y, is a simple function (a simple random variable of the form: Y;,(w) = Y"1, a;il{wen;)
with A; € G). Letus call E[X|G] = nand call E[XY|G] = ¢

Then, forall A € G

| Yantwpiaw) = / > il uea ) Pl
Z /A , N@)P(d) Zm P(dw) @.1)

ANA;

Z/A;ail{%f‘i}X(w)P(dw)Z/AYnXP(dw)

Here, (4.1) holds since AN A4; € G and E[X|G] = 7. On the other hand,

/A ((w)P(dw) / X(w )P(dw)



54 4 Martingales, Foster-Lyapunov Criteria for Stability of Markov Chains, and Stochastic Iterative Dynamics

n

/Zall{weA 1 X (w) P(dw) Z / (w)P(dw) /YXP dw)
ANA;

Thus, forall A € G
/ ¥, X P(dw) = / E[XY,[G](w)P(dw) = / Y, E[XG](w) P(dw), “2)
A A A

and the two conditional expectations E[XY,|G] and Y,,E[X|G] are equal. Now, the proof is complete by noting that
any integrable Y can be approached from below monotonically by a sequence of simple functions measurable on G. The
monotone convergence theorem leads to the desired result. o

4.1.3 Discrete-time martingales

Let ({2, F, P) be a probability space. An increasing family {7, } of sub-o—fields of F is called a filtration.

A sequence of random variables defined on ({2, F, P) is said to be adapted to F,, if X,, is F,-measurable, that is
X, 1(D)={we 2: X,(w) € D} € F, for all Borel D. This holds for example if 7,, = o/(X,,,, m < n),n > 0; in this

n
case we call the filtration, the natural filtration.

Given a filtration F,, and a sequence of real random variables adapted to it, (X,,, F,) is said to be a martingale if
E[|X,]] < oo
and
EXp 1| Fn] =X
We will often take the sigma-fields to be the natural filtration F,, = o(X1, Xo,..., X,,).

Letn > m € Z,. Since F,,, C JF,, it must be that A € F,,, should also be in F,,. Thus, if X, is a martingale sequence,
we have for A € F,,
ElaX,]|=E[laX,—1]="--=E[14X,],

and thus E[X,|Fp] = X.

If we have that
E[X,|Fn] 2 Xm

then {X,, } is called a submartingale.

And, if
E[X,|Fn] < X

then {X,, } is called a supermartingale.

A useful concept related to filtrations is that of a stopping time, which we discussed while studying Markov chains. A
stopping time 7 is a random time, whose occurrence at any given time is causally measurable with respect to the filtration
in the sense that foreachn € N, {r < n} € F,.

Definition 4.1.1 (Filtration up to a stopping time) Ler F; denote a filtration and T be a stopping time with respect to this
filtration so that for every k, {T < k} € Fy. Then, the o-field of events up to T, F, is the collection of all events A € F
that satisfies:

Aﬂ{TSt}E}_t, Vt€Z+

Intuitively, then, the natural filtration up to a stopping time is all the information generated by a stochastic process up to
the stopping time.

Exercise 4.1.1 Let T be a stopping time with T > m for some m € Z.. Show that F,, C F;.
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4.1.4 Doob’s optional sampling theorem

Theorem 4.1.5 Suppose (X,,, F,,) is a martingale sequence, and p, T < n (for some fixed n € N) are (uniformly) bounded
stopping times with p < 7. Then,
EX:|F)) =X,

Proof. We observe that

T—1
E[X; — X,|F)] = E[Y_ X4 — Xil|F)]
k=p

=ED_ 1rory (Xi1 — Xi)|F]
k=p

=B 1irsny (Xep1 — Xi)| 5]
k=p

= Z Ell{rap (X1 — Xi)|F)) 43)
= ZE Lirsky (Xrg1 — Xe) | Fel| Fp

Zl{r>k}E[(Xk+1 Xk)|fk]|-7:]
k=p
T—1
=E[> 0[F,]=0 4.4)

k=p
Here, we invoke Theorem and Theorem(4.1.4] since 1(;+y is Fi-measurable. o

The statement of the theorem leads to inequalities for supermartingales or submartingales with the appropriate inequality
signs.

In the above, the main properties we used were (i) the fact that the sub-fields are nested, (ii) n is bounded so that the
expectation of the sum can be written as the sum of expectations in (.3).

Let us try to see why boundedness of the stopping times is important: Consider the following game. Suppose that one
draws a fair coin; with equal probabilities of heads and tails. If we have a tail, we win a dollar, and a head will cause
us to lose a dollar. Suppose we have 0 dollars at time 0 and we decide to stop when we have 5 dollars, that is at time
7 =min(n > 0: X,, = 5). In this case, clearly E[X ] = 5, as we will stop when we have 5 dollars. But E[X ] # X!

Remark 4.1. For this example, X,, = X,,_1 + W,,, where W, is either —1 or 1 with equal probabilities and X, is the
amount of money we have. Clearly X,, is a martingale sequence. The problem is that one might have to wait for an
arbitrarily long period of amount of time to be able to have the 5 dollars, the sequence E[|X,,|] is not uniformly bounded,
and > k=p Lirsky (Xet1 — Xk) = Xuin(r,n) — X, is not a (uniformly) integrable sequence, and the proof method adopted
in Theorem [4.1.5| will not be applicable. Note that if we were able to claim that

E[X; = X |, = Bl im Xuinr.n) = X,17]
n—oo

= E[nhj;o (Z Lrspp (Xpg1 — Xk)> ‘-Fp:| = lim E| Z Lirsky (Xe1 — Xi)[|Fpl, (4.5)
k=p

then the result would have been applicable even if we didn’t have a finite upper bound on the stopping times. This requires
in particular:
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(i) the almost sure finiteness of 7 so that lim,, KXmin(r,n) = X, and

(ii) a dominated convergence result for the sequence X in(r,n) — Xp = ZZ:p Lirsky (Xig1 — Xi) (e.g., the presence of
an integrable random variable G (w) with X in(7.) (w) < G(w)).

If these hold, then we can indeed apply the argument above when the stopping times are not bounded. More on this will be
discussed below in Theorem [4.1.14] in the context of uniform integrability.

4.1.5 Doob’s maximal inequality (optional)

Theorem 4.1.6 For a non-negative supermartingale M,, for all A > 0,

M,
P( sup M, >X) < —=
0<n<oo A

Proof. Let 7V = min { min{n > 0: M, > \}, N} for some NV € N. Then,

E[M,~] _ My
> = > <— < —
P(ngE(N M, >N =PMn~>))< h S0

where the first inequality follows from Markov’s inequality and the last from Doob’s optional sampling theorem. The
relation above applies for all N € N, and since the left hand side is non-decreasing in NV, the limit of it as N — oo
is well-defined. Furthermore, by an application of continuity in probability limy_,oc P(maxo<n<ny M, > A) =
P(Supg<,<oo My > A), and the result follows. o

An important generalization is known as Doob’s L,,-maximal inequality.
Theorem 4.1.7 For a submartingale M, let M} = supg<,, <y |My|. Then, for every p > 1:

BIMRP] < (25 P ElIMyl

Proof Sketch. Write E[| M} [P = [° P(IM} [P > t)dt = p [;° P(|M}|P > sP)sP~'ds, where we apply a change of
variables with ¢ = sP. Let 7V := min{min{n > 0 : M,, > s}, N}. Then, we have that for every s > 0,

sP(|My| > s) < E[|Mo~ Ly >3] < ElIMN[1(arg >3]
by the submartingale property and the optional sampling theorem (as E[|My||F ~]| > |E[My|F ]| > [M,~|). There-
fore,

E[|MxP < p/ P(IM3%| > s)sPtds < p/ E[|MN\1|M;|>5}8”—2dS
0 0

o My |
- EHMN|/ PL{ary 55y 8" ds] = EUMN|/ psP2ds]
0 0

p

= B{[My | E MR [P < - E (B My )P (BIMEI)' 7, (4.6)

where we use Holder’s inequality in the final step. The result then follows by rearranging the terms. o

This inequality is very useful in the approximation theory for controlled diffusions, as it relates the maximal deviations to
L, deviations.
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4.1.6 An important martingale convergence theorem

We first discuss Doob’s upcrossing lemma. Let (a,b) be a non-empty interval. Let X, € (a,b). Define a sequence of
stopping times

Ty = min{N;min(n: 0<n < N, X, <a)} To = min{N;min(n: T3 <n < N, X, >b)}

T3 = min{N;min(n: T <n < N, X, <a)} Ty =min{N;min(n: T3 <n < N, X, > b)}

and for m > 2:

Tom—1 = min{N;min(n : Toy—2 <n < N, X,, <a)} Tom = min{N;min(n : Toy,—1 <n < N, X,, > b)}
The number of upcrossings of (a,b) up to time N is the random variable {y (a,b) = the number of times between 0 and
N, {X,} crosses the strip (a,b) from below a to above b.

Note that if the sequence is a supermartingale, X7, — X7, has a negative expectation.

Theorem 4.1.8 Let X1 be a supermartingale sequence. Then,

Elmax(0,a — Xx)] < El|Xn|]) + |a\.

Blgw(a,b)] £ =R 2N < SIS

Proof.

There are three possibilities that might take place: The process can end, at time N while the process is below a, between a
and b, or above b. If it crosses above b, then we have completed an upcrossing. In view of this, we may proceed as follows:
Let By ;= min(m : Ty, = N or Ts,—1 = N) (note that if T,y = N, Ty, = N as well). By the supermartingale
property

BN
0 > E[Z XT27: - XT27:—1]
=1
BN BN
= E[<Z X, = XT2H> Uty Ny L (1o, =N} + E[<Z Xy, = XTzi—l) UTysy o1 =N} Ty =N}
i=1 i=1
N
= E( Z Xr,, — XT2i1> + E[(XN - XTQ/sN—l)1{T25N71¢N}1{T2BN:N}] 4.7

Thus,

Bn—1
( Z X1y = X1y, ) < —EBlXN = X1y )5 12N} (105, =)

(XT2EN 1= XN)l{TQ/jN_1¢N}l{TQ[-jN:N}} S E[maX(O,a — XN)l{TgﬁN:N}] S E[maX(O, a — XN)} (48)
Since, E(ZﬁN ' Xq, — XT%l) > E[Bn — 1)(b — a), it follows that (x (a,b) = (Bn — 1) satisfies:

El(n(a,b)](b—a) < E[max(0,a — Xy)] < |a] + E[|Xn|],
and the result follows. o

Recall that a sequence of random variables X, defined on a probability space ({2, F, P) converges to X almost surely (a.
s.) if

P(w: lim X, (w) X(w)) =1.

n—oo
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Theorem 4.1.9 Suppose X,, is a supermartingale and sup,,~, E[max(0, —X,,)] < oo. Then lim,, o, X, = X exists
(almost surely). The same result applies for submartingales, by regarding —X,, as a supermartingale and the condition
sup,,>o E[max(0, X,,)] < co. A sufficient condition for both cases is that

sup E[| X, |] < oo.
n>0

Proof. The proof follows from Doob’s upcrossing lemma. Now, for any fixed a, b (independent of w) with a < b, by the
upcrossing lemma we have that

E[[ XN + |a]

E[CN(av b)] é E[max((), a — XN)} S (b — a) )

which is uniformly bounded. The above holds for every N. Since (y(a, b) is a monotonically increasing sequence in N,
by the monotone convergence theorem it follows that

E[lXn]] +a]

]\;E}noo E[CN(aa b)] = E[l\/lgnoo CN (CL, b)] S Sl],\l[p (b — a)

Thus, for every fixed a < b, the number of up-crossings has to be finite almost surely. Hence, the limsup cannot be above
b and the liminf cannot be below a, for otherwise the number of up-crossings would be infinite. It then follows that

P(w : |limsup X, (w) — liminf X, (w)| > (b —a)) =0,
since this probability can be expressed also as

P(UTEQ {w :limsup X, (w) > (b —a+r),liminf X, (w)| < r}),

and by a union bound argument, the probability is upper bounded by the probability of a countable union of zero probability
events which is zero. Finally, a continuity of probability argument (for taking b — a — 0) then leads to

P(w : [limsup X, (w) — liminf X, (w)| > 0) =0.

We can also show that the limit variable has finite absolute expectation.

Theorem 4.1.10 (Submartingale Convergence Theorem) Suppose X, is a submartingale and sup,,»q E[|X,[] < oo.
Then X := lim,,_, oo Xy, exists (almost surely) and E[| X|] < oo.

Proof. Note that, sup,,~q E[|X,|] < oo, is a sufficient condition both for a submartingale and a supermartingale in Theo-
rem Hence X,, — X almost surely. For finiteness, suppose E[|X|] = co. By Fatou’s lemma,

limsup E[| X, |] > liminf E[|X,|] > E[liminf |X,|] = E[ lim |X,|] = cc.

n—oo

But this is a contradiction as we had assumed that sup,, E[| X,,|] < occ. o

4.1.7 The ergodic theorem[Optional]

See Exercise[4.3.11]
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4.1.8 Further martingale theorems [Optional]

This section is optional. If you wish not to study it, please proceed to the discussion on stabilization of Markov Chains.

Theorem 4.1.11 Let X, be a martingale such that X,, converges to some integrable X in Ly that is E[| X, — X|] — 0.
Then,
X, =E[X|F,], neN

We will use the following while studying the convex analytic method, as well as on the stabilization of Markov chains while
extending the optional sampling theorem to situations where the sampling (stopping) time is not bounded from above by a
finite number. Let us define uniform integrability:

Definition 4.1.2 : A sequence of random variables { X, n € N} is uniformly integrable if

lim sup/ | X, |P(dX,) =0
[ Xn|>K

K—00 peN

This implies that
sup E[| X, ] < oo

Let for some € > 0,
sup E[| X, '] < 0.
n

This implies that the sequence is uniformly integrable as

X, 1
sup/ | Xn|P(dX,) < sup/ (—| |)6|Xn|P(an) < sup—E[|Xn|1+€] — 0,
[ Xn|>K X >k K n K€

n n

as K — oo. The following result is important in many applications:

Theorem 4.1.12 [f X, is a uniformly integrable martingale, then X = lim,,_, ., X,, exists almost surely (for all sequences
with probability 1) and in L, (i.e. E[|X — X,,|] = 0), and X,, = E[X|F,].

Theorem 4.1.13 Let X be integrable and F,, be a filtration (not necessarily the natural filtration). Then, M,, = E[X|F,]
is uniformly integrable.

Proof. First note that by Jensen’s inequality |E[X|F,]| < E[X||F,] (since | - | is a convex function). Therefore, by
Markov’s inequality, for any K € R, :

P(E[X|F,)| > K] < E[|E[X|F,|/K < E[E[|X||F.))/K = %

which decays to zero as K — oo. Now, consider the measure defined with | X (w)|dP(w): For any set sequence A,, with
P(A,,) — 0, we have that

lim B[la, | X[ =0 (4.9)

This follows from a contradiction argument: suppose this is not true, then there exists a subsequence A, with E[1,,, |X|] >
e some fixed € > 0 and a further subsequence Ami with a finite ), P(Am;v ). Then a monotone convergence theorem
: ke ,

violation can be established so that with B,, = Uy >n Ay E[1p, | X[] 7 0 where By, is a monotone decreasing sequence
whose measure vanishes. Therefore

E |E[X|fn11{|E[mn>K}} < E[E[annumx;n]m
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=E |:E[|X|1{|E[X|]-"n]>K}|~7:n]:| = B[ X|1{ x| 7> Kk}
where we use Theorem [.1.3] (iterated expectations) and thus combining the above
lim sup & [E[X|fn]|1|E[x|fn]l>K] < lim SUPE[X|1|E[X|fn]>K] =0,
K—oo p K—oco o

where the last step follows from (£.9). o

Optional Sampling Theorem For Uniformly Integrable Martingales

The following builds on Remark [4.1]

Theorem 4.1.14 Let (X,,, F,,) be a uniformly integrable martingale sequence, and p, T are finite stopping times with
p < 7. Then,
E[X;|F, p] =X,

Proof. See the discussion following (4.5) for an explicit analysis and derivation. o

Azuma-Hoeffding inequality for martingales with bounded increments

The following is an important concentration result:

Theorem 4.1.15 Ler X; be a martingale sequence such that | Xy — X;_1| < c¢ for every t, almost surely. Then for any

x>0,
X — Xo > ta?

P( ; >x) <2 2

As a result, % — 0 almost surely.

Backwards (reverse) martingales and decreasing information

An important class of martingales is known as backward martingales. A sequence of increasing o-fields with a negative
time index,
e CF pCF qy1 C---CF o CF 1 CH,

is called a reverse filtration. Note that here information is decreasing as n — —oo. M,, is called a backwards martingale
with respect to the reverse filtration if (i) E[|M_,|] < oo, (i) E[M_y41|F_n] = M_,, forall n € Z.

Using similar arguments as those in the proof of the martingale convergence theorem studied earlier, we can arrive at the
following:

Theorem 4.1.16 Let (M_,,, F_,,) be a backwards martingale sequence. Then, lim,,_, o, M,, =: M_., = E[My| N2,
F_n] almost surely and also in L.

4.2 Stability of Markov Chains: Foster-Lyapunov Techniques

Via martingale theory, a Markov chain’s stability can be characterized by drift conditions, as we discuss below in detail.
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4.2.1 Criterion for invariance (existence of invariant probability measures) and positive Harris recurrence

Theorem 4.2.1 [Foster-Lyapunov for Positive Harris Recurrence] [233] Let S be a petite set, b € R, ¢ > 0, and V : X —
R.. If the following is satisfied for all x € X:

BV (aes)lon =] = [ Plo.dg)V () < V() = e+ blees). (.10
X
then the chain is positive Harris recurrent (and thus a unique invariant probability measure T exists).

Proof. We will first assume that S is such that sup, g V(x) < oc. Define My := V (xg), and for t > 1

t—1
My :=V(x) — Y (—e+blgesy)

g

Il
o

We have that - -
E[M(t+1)|x5,8§t] SMt; VtZO

It follows from that E,[|M;|] < oo for all ¢ (by an application of the monotone convergence theorem applied
inductively: suppose that E[V (x4)] < oo; then first show that E[E[min(N1, V(z¢41))|z¢]] < E[V ()] + b, then the take
the limit as N; — oo to conclude that E[V (z441)] < oc as well) and thus, {M;} is a supermartingale sequence with
respect to the natural filtration 7; = (g, - - - , ;). Now, define a stopping time: 7V := min(r, N), where 7 = min{i >
0: 2; € S}. Note that the stopping time 7% is bounded. Hence, we have, by the martingale optional sampling theorem

E[MTN|170] < Mp.

Thus, we obtain

N1 N1
€Er| Y 1 <V(20) +bEro[ D 1{aes)]
1=0 1=0

Thus,
€By TN —14+1] < V(xg) +b,

and by the monotone convergence theorem (and that P(7 < co) = 1 by the uniform bound on the expectation below),

v b
lim By, (V] = By, [r] < LE)HE 4.11)
N—o0 €
Note that, the first equality above is a consequence of the drift criterion:
14 b
ﬂ > lim E,, [TN] > limsup(N Py (T > N) + Eq[T1{n>ry]) = limsup NP, (1 > N),
€ N—oo N—o00 N—o0
implying that P, (7 > N) — 0as N — oo and that P, (7s < 00) = 1.) Now, if we had that
sup V(z) < oo, (4.12)

€S

the proof would essentially be complete in view of Theorem The fact that E,[r] < W < ooforany xz € X
leads to the Harris recurrence of the chain since this implies that P, (7 < oo) = 1 for every « and petiteness implies that
the chain would be positive Harris recurrent [233| Proposition 9.1.7] (see also [90, Theorem 3.1]).

Typically, condition (#.12)) is satisfied. However, the theorem statement does not impose this condition. Then, we proceed
with constructing another petite set on which (4.12) holds. Following 233 Chapter 11], define for some [ € Z

Ve() = {z € 8:V(z) <}
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We will show that B := V(1) is itself a petite set which is recurrent and satisfies the uniform finite-mean-return property. It
can be shown that, without any loss S is petite for some measure v with v(S) > O,Dand thus by a continuity of probability
argument, for sufficiently large [, we also have that v(B) > 0. Again, since S is petite for measure v, we have that

Ka(‘raB) 2 l{xES}V(B)7 r€X,

where K, (z, B) = >, a(i)P(z, B), and hence

1
lizesy < mKa(%B)

Now, for x € B,

EI[TB] < V(l‘)—FbEI[Bzé 1{zk65}} < V(Jf) —‘y—bEx[Bzé @Ka(l‘k,B)] 4.13)
k=0 k=0
T8—1 T8—1
=V(z)+ bﬁ&[ > Ka(ax, B) =V(z) + bﬁ&[ > > a(i)P(ax, B)] (4.14)
k=0 k=0 1
1 . TB—1
= V(x) + bV(B) ZZ:G(Z)EJU[ ;) 1{:Ek+i€B}]
1 . .
<V(x)+ b@ zi:a(z)(l + 1), (4.15)

where ({.13)) follows since at most once the process can hit B between 0 and 75 — 1. Now, the petiteness measure can be
adjusted such that ), a;i < oo (by Theorem or [233] Proposition 5.5.6]), leading to the result that

sup E,[tg] < sup V(z) + bﬁ Z a(i)(1+1) < oo.

zEB z€B P

Finally, since .S is petite, so is B and it can be shown that P, (75 < oo) = 1 for all z € X. This concludes the proof. ¢

Remark 4.2. Note that irreducibility of the Markov chain is not imposed a priori building on [233| Proposition 9.1.8]
or [90, Theorem 3.1], the drift criterion and the small/petite nature of the set leads to an irreducible Markov chain (possibly
defined on a proper subset of X).

Remark 4.3. Meyn and Tweedie [233| Theorem 13.0.1] show that under the hypotheses of Theorem [4.2.1] together with
aperiodicity, it also follows that for any initial state x € X,

lim sup |P"(x,B)—n(B)| =0,
n—=00 BeB(X)

thatis P™(z, - - - ) converges to 7 in fotal variation, for every « € X. This follows from a coupling argument, to be discussed
further in the chapter.

Exercise 4.2.1 Consider a queuing system with

Qi1 = max(Q¢ + Ay — Nlg,>n,0)

where A; is an i.i.d. Poisson arrival process with rate \ so that

'To see this, first take some set B with v(B) > 0 and also with V' (z) < M for all z € B for some M large enough (such a set B
exists since the set {x : V(z) < oo} is absorbing and then by a continuity of probability argument) and then consider the transitions
from B to S using the uniform probability of transitions by some time m large enough, by Markov’s inequality given @.1T), which then
provides a positive lower bound on transitions under a sampling distribution on Z. from any x € S to S via first visiting B and then
coming back to S.



4.2 Stability of Markov Chains: Foster-Lyapunov Techniques 63

m

P(At:m):e_’\m|7 m € Zy

Suppose that N > \. Show that Qy is positive Harris recurrent.

Remark 4.4. We note that if x, is aperiodic and irreducible and such that for some small set A we have sup,c 4 E[min(¢ >
0:x; € A)|lzg = ] < oo, then the sampled chain {xy,, } is such that sup,c 4 E[min(km > 0 : zgy, € A)|zo = 2] < 00,
and the split chain discussion in Section [3.2.1] applies (See [233| Theorem 11.3.14]). The argument for this builds on the
fact that, with o = min(k > 0 : 2 € C), V(z) := 1+ E;[oc], itfollows that E[V (z;11)|z; = 2] < V(2)=14+blzecy
and iterating the expectation m times we obtain that

m—1

EV (@tm)|ze = 2] < V(2) = m +bE:[ Y Liz.ecyl- (4.16)
k=0

By [233], it follows that E,[ km:_ol 1{%60}] < mlyzec.y + me for some petite set C, and € > 0 (this follows from the
observation that {x : P¥(x,C) > ¢} will be included in the petite set for at least one k with 1 < k < m — 1 and the
complement of these sets {z : P*(x,C) < €} will contribute to an upper bound of me in ). This set is petite also
for the sampled chain (see Lemma @ As a result, we have a drift condition for the m-skeleton, the return time for an
artificial atom constructed through the split chain is finite and hence an invariant probability measure for the m-skeleton,
and thus by (3.23), an invariant probability measure for the original chain exists. o

In the following, we relax the existence of a petite set or irreducibility, but impose that the space is locally compact (and
not just Polish or standard Borel). This builds on [233| Theorem 12.3.4] or [[168, Theorem 7.2.4].

Theorem 4.2.2 If the Markov chain is weak Feller, the space is locally compact, and S is compact; under (#-10), there
exists an invariant probability measure.

Proof. Iterating (4.10) we obtain that, with

n—1
1
P(n) (x7 S) = EEI[Z 1{l’k€S}]’
k=0

we arrive at

lim inf P™(z, S) >

n—oQ

S

The result then follows from Theorem[3.3.2] o
There are other versions of Foster-Lyapunov criteria, as we discuss in the following.
4.2.2 Criterion for finite expectations

Theorem 4.2.3 [Comparison Theorem] [233| Theorem 14.2.2] Let V : X — R4, f,g : X = Ry. Let {x,} be a Markov
chain on X. If the following is satisfied:

/X Pla,dy)V(y) < V(@) - f(z) +gx), zeX,

then, for any stopping time T with P(1 < c0) = 1, it follows that

B[S fa)] < Vo) + BIY gle)]

Proof. As in Theorem|4.2.1} define My := V (z), and for ¢ > 1
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t—1

My = V() + Y (fw:) — g(x))-

i=0
It follows that B B
E[M t+1 |x378 S t] S Mt, Vt Z 0.

Now, deﬁne a stopping time: 7V = min(7, min(k > 0 : k4 V (x3) + ZZ o Y Fa) +9g(xx) > N)). Note that the stopping
time 7% is bounded. It then follows that (through defining a supermartingale: M, := M nin(t,7~))> and by the martingale
optional sampling theorem:

E[MTN|$0] S M() = V(ito)

Hence, we obtain

E{V(xTN) + > (f@i) — g(x:)

=0

JZQ:l S MO = V(Z‘o),

and thus by the fact that the terms inside the expectations are separately integrable, we have that

§ff Yol < My = V(wo) + B[S g(ai)lzo] — BV (o o]
=0

Now, since each of the terms in the expectations is positive, and that E[V (z,~)|zg] > 0, the monotone convergence
theorem implies the desired result. o

Theorem above also allows for the computation of useful bounds. For example if g(x) = bl{,¢c 4}, then one obtains

) =
that E[Y [ f(x:)] < V(xo) + b. In view of the invariant measure properties, if f(z) > 1, this provides a bound on
J w(dz) f(z), as we note next.

Theorem 4.2.4 [Criterion for finite expectations] [233] Let S be a petite set, b € Ry and V : X — R, f : X — [¢,00)
for some € > 0. Let {x,,} be a Markov chain on X.

(i) If the following is satisfied:

[ Pl.dnVin) < V) - )+ blpes), v, @17
X

then for every xo = z € X

lim — Z flxy) / z)f(z) <b, (4.18)

T—oo T

almost surely, where i is the invariant probability measure on X.

(ii) If {x} is positive Harris recurrent, even if f : X — Ry (and not necessarily f : X — [e,00) for some ¢ > 0) and
S = Xitself (that is, with no indicator function), (#17) implies (#-18).

That under Theorem[#.2:4] the process is a positive Harris recurrent Markov chain is a consequence of Theorem[#.2.1] The
proof of Theorem {.2.4] will then build on the following result and the ergodicity of a positive Harris recurrent Markov

chain.

Theorem 4.2.5 Let (#.17) hold (but with not necessarily an irreducibility assumption), or the following more relaxed form
hold:

/P (z,dy)V(y) < V(z)— f(z) +b, reX (4.19)

Under every invariant probability measure m, [ w(dx)f(x) < b.
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Proof. By Theorem[4.2.3] with taking 7" to be a deterministic stopping time, for any initial condition z¢ = =

T-1
lim sup %EZ[Z f(zg)] < limsup % (V(z) + bT) =b. (4.20)

T—o0 b—0 T—o0

Now, suppose that 7 is any invariant probability measure. Fix N < oo, let fy = min(N, f), and apply Fatou’s Lemma as
follows, where we use the notation 7(f) = [ w(dz) f(z),

n—o0

n—1
m(fn) = limsupw(% Z Pth)
t=0

n—1
< W(limsup%ZPth) <b.

Fatou’s Lemma is justified to obtain the first inequality, because fy is bounded. The monotone convergence theorem, with
taking N — oo, then gives 7(f) < b. o

Remark 4.5. We note that where the system starts from, or what the initial distribution is on xg is, affects the convergence

properties of

=
TE > flaw)]

k=0

See Section [3.4.1] for a detailed discussion. In particular, it is not necessarily the case that for every initial measure con-
vergence of expected normalized values to [ 7(dz) f(x) holds. Furthermore, sample paths and expectations have slightly

different convergence characteristics for unbounded f.

4.2.3 Criterion for recurrence

Theorem 4.2.6 (Foster-Lyapunov for Recurrence) Let S be a compact set, b < oo, and V' be an inf-compact functional
from X — Ry such that for all « € Ry {x : V(z) < a} is compact (note: this implies that lim| ||| V (z) = o0 if
X = R4 for some d € N). Let the following be satisfied for the Markov chain {x},}:

[PV < V@) +bpesy, YoeX, @21)
X

Furthermore, with Ts = min(¢ > 0 : a4 € S), and 7,, = min(t > 0 : x4y € By) where By = {z : V(z) > N}, if we
have that P,(min(7s, 7, ) = 00) = 0 for every x € Xand N € N, it must be that

Pm(TS < OO) =1

forallz € X

Proof. Define two stopping times: Let 7¢ = min(t > 0 : z; € S) and 75, = min(t > 0 : z; € By) where By =
{2 : V(2) > N} with N > V(x) where 7o = z. Note that V'(x;) is bounded until 7V := min(7g, 75, ) and until this
time E[V (x:11)|F;] < V(x). By assumption 7V = min(7g, 75, ) < co with probability 1. Define M; = V (Zuin(t,rv))s
which is a supermartingale sequence uniformly bounded (see Exercise[.5.3). It follows then that a variation of the optional
sampling theorem (see Theorem [.1.14) applies so that

E:c [MTN] = Ez [V(xmin(‘rs,‘rBN))] < V(LL')

Without any loss take x ¢ S (for otherwise, in the next time stage x; we can make the argument replacing xo with 21) and
there exists IV large enough so that z ¢ (S U By). Now, for z ¢ (S U By), since when exiting into By the minimum
value of the Lyapunov function is N:
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V() > Bz [V (2min )] > Po(tBy < 7s)N + Py(1By > 75)M,

TS, TBy)
for some finite non-negative M := inf s V(z).

Hence,
V(z)
N
We also have that P(min(7s, 75, ) = c0) = 0. As a consequence, we have that

P.(tpy <715) <

P.(1s = 0) < P(t,y < 75) < V(2)/N

and taking the limit as N — oo, P, (7¢ = 00) = 0. o
Remark 4.6. If S is further petite, then once the petite set is visited, any other set with a positive measure (under an
irreducibility measure, since the petiteness measure can be used to construct an irreducibility measure) is visited with

probability 1 infinitely often and hence the chain is Harris recurrent. o

Exercise 4.2.2 Show that the random walk on Z is Harris recurrent.

4.2.4 Criterion for transience

Criteria for transience is somewhat more difficult to establish. One convenient way is to construct a stopping time sequence
and show that the state does not come back to some set infinitely often. We state the following.

Theorem 4.2.7 (Criterion for Transience) [1233)], [154)] LetV : X — R... Ifthere exists a set A such that E[V (x441)|z; =
x) < V(z) forall x ¢ Aand 3z ¢ A such that V() < inf,ca V(2), then {x:} is not recurrent, in the sense that
Pr(T4 < 00) < 1.

Proof. Let © = Z. Proof follows from observing that

V(@)= [ VP 2 (nf VP ) + [ | VO)PLedy) > (i V) P, )

It thus follows that

B V()
P(ra <2) = P(r,A) < g s
Likewise,
V(z) > XV(y)P(fanly)
> (i V)P A) + [ eA( [ VP, d)P.dy)

¢A
— (iuf V() (Pl ) + y p@,dwp(m) 422)

Thus, noting that P({w : Ta(w) < 3}) = [, P(Z,dy) + [ 4, P(Z,dy)P(y, A), we observe:

V(z)

Bara <9 < G, vy
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Thus, this follows for any n: Pz(74 < n) < % < 1. Continuity of probability measures (by defining: B,, =

{w : 74 < n} and observing B,, C B, and that lim,, P(74 < n) = P(U,B,) = P(t4 < 00) < 1) now leads to
Pi(t4 < 0) < 1. o

Observe the striking difference with the inf-compactness condition leading to recurrence and the condition above, leading
to non-recurrence.

4.2.5 Criterion for almost sure convergence to equilibrium

The following build on stochastic stability theorems due to Khasminskii [[193] and Kushner [204].

Theorem 4.2.8 (i) Let x,, be Markov so that for some V : X — Ry and k : X — Ry, we have that
ElV(zpi1)|zn =2 <V(z) —k(z), zeX
Then, k(x,) — 0 with probability 1.
(ii) Let Sy := {z : V(x) < A}, and suppose that

EV(xpy1)|zn = 2] <V(z) — k(z), x € Sh.
If xg € S, then,

Pwo( sup V(z,) > /\) < V(zg)/A. (4.23)

0<n<oo

Hence, the paths remain in Q with probability at least 1 — @ Furthermore, for paths that remain in Qy, k(x,) — 0
with probability 1.

(iii)Suppose that for each v > 0, there exists § > 0 so that k(x) > § for |x| > ~ and that k(0) = 0. Then, the origin is
globally asymptotically stable with probability 1, that is, lim,, o x,, = 0 almost surely.

(iv) Suppose that for some increasing function ¢ : X — Ry with ¢(0) = 0 and c(z) > 0 for all x # 0, we have that
c(|z]) < V(x) and for some o > 0

ElV(zpt1)|zn =2] <V(z) —aV(z), zeX

Then, the system is exponentially asymptotically stable in the sense that:

P, { sup V(zn)>A}< M.

N<n<oo A
Proof.

(i) By arguments presented earlier, it follows that 0 < E, [V (z,,)] < V (20)—Eay [S27 % k(2m)]. Thus, B, [S2°°_ k(zm)] <

m=0 m=0

oco. But then, Y7 k(2ym,) < oo almost surely and thus k(z,,) — 0 almost surely.

(ii) Define My = V(xo) and forn > 0 : M, = V(z,) — Z:‘n;lo k(2 ), which is a supermartingale sequence with

respect to the natural filtration. Let us stop the process x,, on first leaving Sy where S§ = X'\ Si. Then, the stopped
process Min(t,7¢.) 18 also a supermartingale process, where the drift equation holds with k(x) =0 forxz ¢ Sy and if
A

T = 00, we have that k(zm) — 0.

On the other hand, the bound in (#.23)) builds essentially on the proof of Doob’s maximal inequality Theorem
which notes that for a non-negative supermartingale R,,, for all A > 0,
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Ry
> < —
P(Ogaéxoo R,>)\)< \

With M,, the super-martingale sequence defined as before, we have that

Tge —1

2 M,

ProV(arsg) 2 0 < Poy (Vi) = 3 hlom) 22) < 52
m=0

(iii)By (i), we have that k(z,,) — 0; the hypothesis then implies that z,, — 0.

(iv)Observe first that M,, := (YEZTS) is also a supermartingale. Apply Doob’s maximal inequality (Theorem ) as
follows:

P( sup w > \) < P( sup V(zn) > A ) < E[Mpy](1 - a)N < Mo(l)\—oz)N.

Nen<oo  (L—a)m 7 Nen<oo (1—a)” = (1 —a)¥

4.2.6 State dependent drift criteria: Deterministic and random-time

In many applications, a drift term (e.g. by a controller) can be applied on a system only intermittently.

Theorem 4.2.9 [350] Suppose that {x;} is a p-irreducible and aperiodic Markov chain. Suppose moreover that there are
Sunctions V: X — (0,00), §: X = [1,00), f: X = [1,00), a small set C on which V is bounded, and a constant b € R,

such that
E[V(wﬂ-u) | ‘Fﬂ] < V<x7'1) - 6(x71) + blc(xﬂ)

redt 4.24
E{ > f(xk)‘]:ﬂ] < 6(zr,), i>0. (29

k:Ti

Then the following hold:

(1) {z:} is positive Harris recurrent, with unique invariant distribution
(i) 7(f) := [ f(z) n(dz) < oo

(iii) For any function g that is bounded by f, in the sense that sup, |g(x)|/f(x) < oo, we have convergence of
moments in the mean, and the strong law of large numbers holds:

lim E,[g(x;)] = 7(g)

t—o0

By taking f(z) = 1 for all z € X, we obtain the following corollary to Theorem [4.2.9]

Corollary 4.2.1 [350|] Suppose that X is a p-irreducible Markov chain. Suppose moreover that there is a function V :
X — (0, 00), a petite set C on which V is bounded,, and a constant b € R, such that the following hold:

ElV(zr, )| Fr] <V(zr) -1+ bliz, ecy

sup E[roq41 — 72 | Fr.] < o0. (4.25)
220

Then X is positive Harris recurrent. o
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The above extend the deterministic state-dependent results presented in [233[], [234]]: Let 7.,z > 0 be a sequence of
stopping times, measurable on a filtration, possible generated by the state process.

Without the irreducibility condition, if the chain is weak Feller, if (4.10) holds with S compact, then there exists at least
one invariant probability measure as discussed in Section[3.3.1]

Theorem 4.2.10 (350 Suppose that X is a Feller Markov chain, not necessarily p-irreducible. If @24) holds with C
compact then there exists at least one invariant probability measure. Moreover, there exists ¢ < oo such that, under any
invariant probability measure T,

Erlf(@) = [ aldn)@) < (4.26)

X

Petite sets and sampling

Unfortunately the techniques we reviewed earlier that rely on petite sets become unavailable in the random time drift setting
considered in Section as a petite set C for {z,} is not necessarily petite for {z,, }. Some of the discussion in this
section is due to Zurkowski et. al. [354]

Lemma 4.2.1 [354] Suppose {x+} is an aperiodic and irreducible Markov chain. If there exists sequence of stopping times
{7} independent of {x:}, then any C that is small for {x.} is petite for {x }.

Proof. Since C is petite, it is small by Theorem for some m. Let C be (m, d, v)-small for {z;}.

Pz, )= Plr = )Pz, ) > S P(r = k) / P™ (e, dy) P*™ (y, -)

k=1 k=m

> > P(rn=k) / Lo(x)ov(dy) PF=™(y, -) (4.27)
k=m

which is a well defined measure. Therefore defining x(-) = [v(dy) Y. P(r1 = k)P¥~™(y, -), we have that C' is
k=m

(1,6, k)-small for {z, }. o

Thus, one can relax the condition that V is bounded on C in Theorem[4.2.9] if the sampling times are deterministic. Another
condition is when the sampling instances are hitting times to a set which contains C' [354]].

4.2.7 Convergence Rates to Equilibrium

In addition to obtaining bounds on the rate of convergence through Dobrushin’s coefficient studied earlier, a more relaxed
and often more general approach is via Foster-Lyapunov drift conditions and an associated coupling analysis.

Regularity and ergodicity are concepts closely related through the work of Meyn and Tweedie [233]], [237] and Tuominen
and Tweedie [|308]].

Definition 4.2.1 A set A € B(X) is called (f,r)-regular if

sup Bo[ 37 7(k) flan)] < o0
T€A b—0

forall B € BT(X). A finite measure v on B(X) is called (f,r)-regular if
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TB—1

E[Y r(k)f(a)] < oo

k=0

forall B € BT (X), and a point x is called ( f,r)-regular if the measure 5, is (f,r)-regular.

This leads to a lemma relating regular distributions to regular atoms.

Lemma 4.2.2 If a Markov chain {x,} has an atom o € B*(X) and an (f,r)-regular distribution )\, then o is an (f,r)-
regular set.

Definition 4.2.2 (f-norm) For a function f : X — [1, 00) the f-norm of a measure y defined on (X, B(X)) is given by

Il = sup | / u(d)g )|

The total variation norm is the f-norm when f = 1, denoted by ||.||7v .

Definition 4.2.3 A Markov chain {x+} with invariant distribution 7 is (f, r)-ergodic if
r(n)|[|[P"(x, -) —7(-)||f =0 asn— oo forall x € X. (4.28)

If is satisfied for a geometric r (so that r(n) = M{" for some { > 1, M < o0) and f = 1 then the Markov chain
{4} is called geometrically ergodic.

Coupling inequality and moments of return times to a small set The main idea behind the coupling inequality is to
bound the total variation distance between the distributions of two random variables by the probability they are different
Let X and Y be two jointly distributed random variables on a space X with distributions u., 1, respectively. Then we can
bound the total variation between the distributions by the probability the two variables are not equal.

It = oyl = suplpi (A) = 1y (A)]
:sB‘p|P(X EAX=Y)+P(XcAX#Y)
—PYeAX=Y)-PYecAX#Y)
§sip|P(X €EAX#Y)-PY cAX#Y)|
SP(X #Y)
The coupling inequality is useful in discussions of ergodicity when used in conjunction with parallel Markov chains.

Later, we will see that the coupling inequality is also useful to establish the existence of optimal solutions to average cost
optimization problems.

One creates two Markov chains having the same one-step transition probabilities. Let {z,} and {z/,} be two Markov
chains that have probability transition kernel P(x, ), and let C be an (m, d, v)-small set. We use the coupling construction
provided by Roberts and Rosenthal [264], building on the splitting technique presented in Section[3.2.1]

Let zg = x and x(, ~ 7 where 7 is the invariant probability measure for both Markov chains.

() Iz, =, thenz, =), ~ P(xy,")

. p . s o, . o
b ny s fn4+m — Lpyy ' -
(2) Else, if (z,,z),) € C x C then with probability d, =, Ty ~ V() with probability 1 — ¢ then

n
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independently
Tn4m ~ ?L;(le(xnv ) - 61/())
Trpm ~ 105 (P (@, ) = 6v())

(3) Else, independently 2,1, ~ P™(xy,-) and 27, ,,, ~ P™(x7,,").

The in-between states Zy, 41, ..-Zntm—1, Ly, 1, --- Ly, 1,1 are distributed conditionally given 'y, Ty 4 m.27,, T3, 4 -

By the Coupling Inequality and the previous discussion with Nummelin’s Splitting technique in Section [3.2.1] we have
[P (x,) = 7()llry < Plen # 27,).

Remark 4.7. Through the coupling inequality one can show that mgP" — 7 in total variation. Furthermore, if The-
orem [{.2.4] holds, one can also show that with some further analysis if the initial condition is a fixed determinis-

tic state [ (P”(:v,dz) - w(dz)) f(z) — 0, where f is not necessarily bounded. This does not imply, however,

J { (moP™)(dz) — w(dz) ) f(z) — O for a random initial condition. A sufficient condition for the latter to occur is that

J mo(dz)V(2) < oo provided that Theoremholds (see Theorem 14.3.5 in [233])).

Rates of convergence: Geometric ergodicity

In this section, following [233]] and [[264]], we review results stating that a strong type of ergodicity, geometric ergodicity,
follows from a simple drift condition. An irreducible Markov chain is said to satisfy the univariate drift condition if there
are constants A € (0, 1) and b < oo, along with a function V' : X — [1, 00), and a small set C' such that

PV < AV +blc. (4.29)

Theorem 4.2.11 [264| Theorem 9] Suppose {x+} is an aperiodic, irreducible Markov chain with invariant distribution .
Suppose C'is a (1,€e,v)-small set and V : X — [1, 00) satisfies the univariate drift condition with constants X € (0,1) and
b < oo. Then {x;} is geometrically ergodic.

That geometric ergodicity follows from the univariate drift condition with a small set C'is proven by Roberts and Rosenthal
by using the coupling inequality to bound the 7'V -norm, but an alternate proof is given by Meyn and Tweedie [233]
resulting in the following theorem.

Theorem 4.2.12 (233, Theorem 15.0.1] Suppose {x} is an aperiodic and irreducible Markov chain. Then the following
are equivalent:

(i) Ex|tB] < oo forall x € X, B € BT (X), the invariant distribution w of {x} exists and there exists a petite set C,
constants v < 1, M > 0 such that for all x € C

|P"(z,C) — w(C)| < M~™.
(ii) For a petite set C' and for some k > 1

sup E,[™] < 0.
zeC

(iii) For a petite set C, constants b > 0 X\ € (0, 1), and a function V : X — [1, o] (finite for some x) such that
PV <AV +ble.

Any of the conditions imply that there exists r > 1, R < oo such that for any x
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Yo rIP (@, ) =7l < RV ().
n=0

We note that if (iii) above holds, (ii) holds for for all £ € (1, A71).

We now show that under (4.29), Theorem [4.2.12] (ii) holds. If (4.29) holds, the sequence {M,, } is supermartingale (with
respect to the natural filtration), where

n—1
M, = A"V (z,) = Y ble(ap) A *,
k=0
with Mo = V(). Then, with (4.29), defining 75 = min{N, 75} for B € B*(X) gives, by Doob’s optional sampling
theorem,

N
T —1

E, {A-Tév V(ng)} < V(x) +Em[ > ble(z,) A" (4.30)
n=0

forany B € BY(X),and N € Z,..

Since V is bounded above on C, we have that C' C {V < L;} for some L and thus,

sup B, {Afév V(x,N)} <L+ A"
zeC ¢

and by the monotone convergence theorem, and the fact that V' is bounded from below by 1 everywhere and bounded from
above on C,

sup F, {)\_Tc} < Li(Ly + X7M).
zeC

Using the coupling inequality, Roberts and Rosenthal [264]] prove that geometric ergodicity follows from the univariate drift
condition. They show that under mild conditions [264} Prop. 11], the univariate drift condition implies a drift condition for
the pair of Markov chains who will be coupled in the small set C' x C":

Proposition 4.2.1 [264, Proposition 11] Suppose the univariate drift condition is satisfied for V : X — [1,00) and
constants \ € (0,1) b < oo and small set C. Letting d = inf,ccc V(x), if d > 12 — 1, then the bivariate drift condition

is satisfied for h(z,y) = £(V(z) + V(y)) and =" = X+ b/(d + 1) < 1, that is, we have the following condition.

Ph(z,y) gh(z’ y) (z,y) & C x C

Ph(z,y) <co (z,y) € C xC

where

Ph(z,y) :/X/Xh(z,w)P(%dz)P(y,dw)

But now if one applies Theorem [4.2.12| (ii), the desired coupling condition and hence the convergence rate result will
follow.

We also note that the univariate drift condition allows us to assume that V' is bounded on C' without any loss (see Lemma
14 of [264]).
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Subgeometric ergodicity

Here, we review the class of subgeometric rate functions (see [[154, Sec. 4], |89} Sec. 5], [233], [[108], [308]).
Let Ay be the family of functions 7 : N — R+ such that
r is non-decreasing, (1) > 2

and |
M $J0 asn— o0
n
The second condition implies that for all r € Ag if n > m > 0 then
nlogr(n+m) < nlogr(n) + mlogr(n) < nlogr(n) + nlogr(m)

so that
r(m+n) <r(m)r(n) forallm,n € N. 4.31)

The class of subgeometric rate functions A defined in [308] is the class of sequences 7 for which there exists a sequence

ro € Ag such that
0 < liminf r() < limsup r(n)
n=oc 19(n) T nooo To(n)

< 0.

The main theorem we cite on subgeometric rates of convergence is due to Tuominen and Tweedie [308].

Theorem 4.2.13 (308, Theorem 2.1] Suppose that {x }+cn is an irreducible and aperiodic Markov chain on state space X
with stationary transition probabilities given by P. Let f : X — [1,00) and r € A be given. The following are equivalent:

(i) there exists a petite set C € B(X) such that

sup Eu[ 37 (k) f(an)] < oo
zeC b—0

(ii) there exists a sequence (V) of functions V,, : X — [0, 00|, a petite set C € B(X) and b € R such that Vj is bounded
on C,
Vo(z) = o0 = Vi(z) = oo,

and
PV <Vp—r(n)f+br(n)le, neN
(iii) there exists an (f,r)-regular set A € BT (X).

(iv) there exists a full absorbing set S which can be covered by a countable number of (f,r)-regular sets.

Theorem 4.2.14 [308] If a Markov chain {x} satisfies Theorem{d.2.13|for (f,r) then r(n)||P"(zo,-) — w(-)||f — O as

n increases

The conditions of Theoremmay be hard to check, especially (ii), comparing a sequence of Lyapunov functions {V}, }
at each time step. We briefly discuss the methods of Douc et al. [[108]] (see also Hairer [[154])) that extend the subgeometric
ergodicity results and show how to construct subgeometric rates of ergodicity from a simpler drift condition. [|108|] assumes
that there exists a function V' : X — [1, 00, a concave monotone nondecreasing differentiable function ¢ : [1,00] —
(0, 00], aset C' € B(X) and a constant b € R such that

PV + ¢oV <V +blc. 4.32)
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If an aperiodic and irreducible Markov chain {z;} satisfies the above with a petite set C, and if V(z¢) < oo, then it can
be shown that {x; } satisfies Theorem4.2.13[ii). Therefore {x; } has invariant distribution 7 and is (¢oV/, 1)-ergodic so that

lim ||P™(z, -) —7(-)|l¢ov = Ofor all z in the set {x : V(x) < oo} of m-measure 1. The results by Douc et al. build then
n—oo

on trading off (¢ o V, 1) ergodicity for (1, r,)-ergodicity for some rate function r, by carefully constructing the function
utilizing concavity; see Propositions 2.1 and 2.5 of [[108]] and Theorem 4.1(3) of [[154].

To achieve ergodicity with a nontrivial rate and norm one can invoke a result involving the class of pairs of ultimately
non decreasing functions, defined in [[108]]. The class ) of pairs of ultimately non decreasing functions consists of pairs
Uy, W5 : X — [1,00) such that ¥y ()W (y) < x + y and ¥;(x) — oo for one of ¢ = 1, 2.

Proposition 4.2.2 Suppose {x} is an aperiodic and irreducible Markov chain that is both (1, r)-ergodic and ( f, 1)-ergodic
Sforsomer € Aand f : X — [1,00). Suppose W1, W, : X — [1,00) are a pair of ultimately non decreasing functions. Then
{z:} is (W1 o f,Ws o 1)-ergodic.

Therefore we can show that if (¥, %) € ) and a Markov chain satisfies the condition (4.32), then itis (¥ 0poV,Ws074)-
ergodic.

Thus, we observe that the hitting times to a small set is an important random variable in characterizing not only the existence
of an invariant probability measure, but also how fast a Markov chain converges to equilibrium. Further results exist in the
literature to obtain more computable criteria for subgeometric rates of convergence, see e.g. [[108].

Rates of convergence under random-time state-dependent drift criteria

The following result builds on and generalizes Theorem 2.1 in [350].

Theorem 4.2.15 [354)] Let {x:} be an aperiodic and irreducible Markov chain with a small set C. Suppose there are
Sunctions V : X — (0, 00) with V bounded on C, f : X — [1,00),0 : X — [1,00), a constant b € R, and r € A such that
for a sequence of stopping times {1, }

E[V@mﬂ) | v, ] < V(2r,) = d(zr,) +blc(2s,)

E[Z Far)r(k) |f7n} < 8(er,). (433)

k=Tn
Then {x;} satisfies Theorem4.2.13|and is (f,r)-ergodic.

Further conditions and examples are available in [354].

4.3 Applications to Stochastic Learning Algorithms and Iterative Dynamics
In this section, we present a number of applications of martingale theory to the analysis of stochastic dynamics, which will
have applications to stochastic learning and reinforcement learning results to be studied later in the book.

We start with a convergence theorem useful in stochastic approximation]

Theorem 4.3.1 [243| p. 33, Exercise 1I-4] Let X, Bi, Yy, be three sequences of non-negative random variables defined on
a common probability space and Fy, be a filtration so that all three random sequences are adapted to it. Suppose that

E[Xk+1|]:k] < (1 + ﬁk)Xk +Y., keN.

Then, limit lim,, ,o, X,, exists and is finite with probability one conditioned on the event that ZkEN Bn < o0 and
Y ken Yo < 00.
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Proof sketch. (i) Define
n—1
M, =X, - > Y},
m=1

r_ Xn I _ Yy : : .
where X, = =150 and Y, = AL Define the stopping time:

s=1
n—1
T, = min(n : E Y, >a).
m=1

(ii) Show first that a + Myin(r,,n), 7 € Nis a positive supermartingale (iii) Thus, for any fixed a, a + Min(r, n), 7 € N
converges to a limit. For a given sample path (almost surely), taking a sufficiently large a, by the boundedness of ), . Y,
show that 7, = oo for sufficiently large a for this given sample path. (iv) Then invoke the supermartingale convergence
theorem Finally, using the fact that ) 7, _ Y3 < 0o and the implication (from ), . B, < o0) that ], (1+8,) < o0
under the stated conditions, complete the proof. o

This theorem is important for a large class of optimization problems (such as the convergence of stochastic gradient descent
algorithms) as well as stochastic approximation algorithms. For further reading on stochastic approximation methods,
see [209] and [34] and for a recent review [319]. We will use this result to establish the convergence of the celebrated
Q-learning algorithm in Theorem [9.1.1] A slight generalization of this result appears in [263].

Theorem 4.3.2 [Another convergence theorem useful in stochastic approximation and Q-Learning convergence analysis]
Let Xy, Yy, Z1, be three sequences of non-negative random variables defined on a common probability space and Fy, be a
filtration so that all three random sequences are adapted to it. Suppose that

E[Yk+1|]:k] <Y, Xi+ Z; (4.34)

and & Zk < 00. Then, > x Xx < 0o and Yy, converges to some random variable Y almost surely.

Proof sketch [341].: Apply Theorem by noting first that E[Yj41|Fx] < Yi + Zi with S = 0. This implies that
Y} converges. Now write My = Y; + Zf;zll X, leading to E[M;11|F:] < My + Z;. Applying Theorem again, it
follows that M; converges and since Y; converges, so does > + Xt o

We now apply the above to an explicit iterative stochastic dynamics:

Theorem 4.3.3 [38, Corollary 4.1] Consider the following: Let r; be a scalar and
rev1 = (1 — ap)re + apwy,
where Y, oy = 00, Y, & < 00, and the noise wy is so that E[w|F;_1] = 0 with
Ewi|F] < A,

where Ay is possibly a random variable (thus, sample path dependent). If A; is bounded with probability 1 (that is,
Supsez, |At(w)| < oo almost surely), then i — 0 almost surely.

We remark that if the bounded random variable sequence A; above was instead a fixed number, the proof would have been
slightly more direct.

Proof. Take Y; = r2 and apply Theorem o

We end the section, with a final applicatiorﬂ

“Thanks to Prof. Jerome Le Ny (of Polytechnique Montreal).
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Theorem 4.3.4 [Application in stochastic optimization: Stochastic gradient descent] Consider a convex function f : R™ —
R and denote the set of minima of f by X*. We know from convex analysis that X* contains, if non-empty, either a single
point, or is a convex set. Denote the subdifferential [70] of f at x, that is the set of subgradients of f at x, by 0 f(x) and let
d; be a random variable which is a noisy version of a sub gradient of f at x; at time t. A stochastic subgradient algorithm
is one with the form:

Tht1 = Ti — Vede+1, To € R", (4.35)
where vy, is a sequence of non-negative step sizes. We have the following theorem:
Suppose that the set of minima X* is non-empty and that the stochastic subgradients satisfy that

sng[||dk+1||2|}"k] < K < .

where Fy, = o(xg,ds, s < k) with the condition that
gr+1 = Eldy41|Fy] € 0f (2).

Moreover, ), v, = oo and ), Y2 < oo. Then the sequence of iterates converges almost surely to some element
r* e X"

Proof. y € R", we have that due to the definition of a subgradient,

fW) > f(@) + g (y — 21).(4.36)

Thus,

Elllzks1 — yl?|Fr] = Elllzx — mdrgr — yll* | Fi

= Elllzx — yl* — 29 (ze — )" digr + il disa || Fi]

= Ell|zr — ylI*[Fr] — 2 (@r — v)" Eldri1|Fi] + BVl digr|[*| F]
< Bz — yllP1Fe] = 27 (f (@) — f(y)) + 1K

where in the inequality we use (4.35). Now, let in the above y = Z* € X* for some element in X*. Then one obtains
through the comparison theorem (Theorem f.2.3)) that

B v an) = FW)] < llao — ylP + 3. 2K
k

k

In particular, since f(xx) — f(y) > 0, through the convergence theorem from the preceding exercises we have that almost
surely

S (@) — £(y) < o
k

Thus, f(zx) — f(y). We now show that indeed x;, — some particular element in X* (and does not wander in the set). By
the convergence result in we know that for any z* € X*, ||z — 2*|| converges almost surely. This implies that z,
is bounded almost surely. Now, consider a countable dense subset {a!*, .- 2™* ...} of X*. It must be that ||z — 2%*||
converges for all ¢ through the convergence theorem. On the other hand, since ||z|| is bounded, there exists a converging
subsequence for xy, . But the limit of each such subsequence must be identical for otherwise ||zx, — 2%*|| would have
different limits. Thus, 2, must converge to one element in X *. o

4.4 Conclusion

This concludes our discussion on martingales, their applications to controlled Markov chains, ergodic theorems, as well
as stochastic iterative dynamics. We will revisit one more application of martingales while discussing the convex analytic
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approach to controlled Markov problems. Notably, we have observed that drift criteria are very powerful tools to establish
various forms of stochastic stability and instability.

4.5 Exercises

Exercise 4.5.1 Let X be an integrable random variable defined on (2, F, P). Let G = {£2,0}. Show that E[X|G] = E[X],
and if G = o(X) then E[X|G] = X.

Exercise 4.5.2 Consider and through this relation establish a sufficient condition on the martingale sequence X,, so
that the optimal sampling theorem would be applicable even if the stopping times in Theorem[d.1.5|would not necessarily
be bounded from above by a deterministic constant.

Exercise 4.5.3 A useful property of martingales is that a stopped martingale is a martingale. This is very useful for proving
stability results when one lives in a bounded set since the stopped martingale sequence will typically be uniformly bounded
(and hence the optional sampling theorem will be applicable without requiring a stopping time to be uniformly bounded).
Let T be a stopping time that is finite almost surely. Let Xy, Fy be a martingale sequence. Define My = Xyyin(s,r). Show
that (My, F;) is a martingale sequence:

E[Mn+1|]:n] = M,

Hint: Write My, 11 = My, + 1750y (M1 — My). Then, show that E1;sny (Myy1 — My)|Fn] = 1irsny E[Mp1 —
M, |F,] =0.

Exercise 4.5.4 a) Consider a Controlled Markov Chain with the following dynamics:
Tep1 = azy + buy + wy,

where wy is a zero-mean Gaussian noise with a finite variance, a,b € R, b # 0, are the system dynamics coefficients. One
controller policy which is admissible (that is, the policy at time t is measurable with respect to o (o, x1,...,2:) and is a
mapping to R) is the following:
a+0.5
b

Show that {x+}, under this policy, has a unique invariant probability measure.

Uy = Tt.

b) Consider a similar setup to the one earlier, with b = 1:
Tl = ATt + U + Wi,

where wy is a zero-mean Gaussian noise with a finite variance, and a € R is a known number.

This time, suppose, we would like to find a control policy such that there exists an invariant probability measure 7 for {z; }
and under this invariant probability measure
E.[2?] < 00

Further, suppose we restrict the set of control policies to be linear, time-invariant; that is of the form u(xy) = kx, for some

keR.
Find the set of all k values for which there exists an invariant probability measure that has a finite second moment.

Hint: Use Foster-Lyapunov criteria.

Exercise 4.5.5 Suppose that some price process {x,t € Z. } is given by the following dynamics:

Ti41 = max(zt + We, 0), te Z+,
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where {w;} is a sequence of independent and identically distributed {—1, 1}-valued random variables with mean @ > 0.
Furthermore, xo € Z,,xo > 0 is a given initial condition for the process.

Is the price process recurrent in the sense that, Py, (19 < 00) = 1, where 79 = min(l > 0 : z; = 0)?
Exercise 4.5.6 Consider a queuing process, with i.i.d. Poisson arrivals and departures, with arrival mean p and service

mean \ and suppose the process is such that when a customer leaves the queue, with probability p (independent of time) it
comes back to the queue. That is, the dynamics of the system satisfies:

Lt+1 :maX(Lt—l—At—Nt—l—ptNt,O), teN.

where E[A;] = A\, E[Ny] = pand E[p;] = p.

For what values of p, A is such a system stochastically stable? Prove your statement.

Exercise 4.5.7 Consider a two server-station network; where a router routes the incoming traffic, as is depicted in Figure

Station 1 )

Station 2 >

Fig. 4.1

Let L}, L? denote the number of customers in stations 1 and 2 at time t. Let the dynamics be given by the following:
L}, = max(L; +u A — N},0), teN.
L7, = max(L} + (1 —w)A; — N2,0), teN,
Customers arrive according to an independent Bernoulli process, Ay, with mean . That is, P(A; = 1) = A and P(A; =
0) =1 — A Here u; € [0, 1] is the router action.
Station 1 has a Bernoulli service process Nt1 with mean ny, and Station 2 with no.

Suppose that a router decides to follow the following algorithm to decide on u.: If a customer arrives, the router simply
sends the incoming customer to the shortest queue.

Find sufficient conditions (on A\, n1,ne) for this algorithm to lead to a stochastically stable system with invariant measure
7 which satisfies E.[L' + L?] < cc.

Note: For this problem, we acknowledge the lecture notes of Prof. Bruce Hajek: ECE567 Communication Network Analysis,
University of Illinois at Urbana-Champaign [|157)].

Exercise 4.5.8 Consider the following two-server system:

1 1 1.1
rp = max(z; + Ay —uy,0)

oy = max(z} + A7+ ugl i <oty any — Ui, 0), (4.37)

where 1) denotes the indicator function and Al A? are independent and identically distributed (i.i.d.) random variables
with geometric distributions, that is, for 1 = 1, 2,
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P(Al=k)=pi(1—-p)f ke{01,2,...,},
for some scalars py, pa such that E[A}] = 1.5 and E[A?] = 1.

Suppose the control actions uy, u? are such that u} +u? < 5 forallt € Z, and u},u? € Zy. At any given time t, the

controller has to decide on u} and u? with knowing {x!, 22, s <t} but not knowing A}, A?.

Is this server system stochastically stabilizable by some policy, that is, does there exist an invariant probability measure
under some control policy?

If your answer is positive, provide a control policy and show that there exists a unique invariant distribution.

Exercise 4.5.9 Let there be a single server, serving two queues; where the server serves the two queues adaptively in the
following sense. The dynamics of the two queues is expressed as follows:

Li,, =max(L| + A} — N},0), i=1,2; teZ,
where L is the total number of arrivals which are still in the queue at time t and A’ is the number of customers that have
just arrived at time t.

We assume, for i = 1,2, {Al} has an independent and identical distribution (i.i.d.) which is Bernoulli so that P(Al =
)=X\=1-P(Al =0).

Suppose that the service process is given by:

N/ =1pisry NP =1

For what values of \1, \o is the system stochastically stable, in the sense of the existence of an invariant probability
measure.

Exercise 4.5.10 Let X be a real random variable with E[| X |] < co. Let Yy, Y1, Ya, - - - be a sequence of random variables.
Let F,, be the o-field generated by Yy, Y1, ..., Y,. a) Is it the case that

lim E[X|F,]

n—roo

exists? b) Is it the case that
lim E[X|F,] = E[X|Fo],

n— oo

where Foo := 0 (Y1,Ya2,-)

Exercise 4.5.11 Prove the Ergodic Theorem for a finite state space Markov chain; that is the result that for an irreducible
Markov chain {x;} living in a finite space X, which has a unique invariant probability measure p, the following applies
almost surely:

1o -
Jim g 2@ = 2SOt
forevery f: X — R.

Hint: You may proceed as follows. Define a sequence of empirical occupation measures for T € N, A € B(X):

T-1
1
T Z 1{X,,€A}v VA e B(X)

t=0

vr(A) =

Now, define:

Fi(4) = (Z Lx.ear — tZP(Au)vt(x))
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<Zl{x €A} — ZZP Al.’lﬁ 1{X _x}> (438)

s=0 X

Let Fy = o(Xo, -+ , Xy). Verify that, fort > 2,

E[F;(A)|Fi-1]
= EKZ lix.cay — ZZP Alz)1x, _z}> ’]—"t_l}
s=0 X
E|:(]~{Xt€A} ZP A‘I 1{X,5 1—1})‘ft 1:|

+<Zl{x €A} — ZZP Alz)lx, —m})

s=0 X

=0+ (Zl{x ca} — ZZP Alz)1x, I}) ‘}}1] (4.39)
s=0 X

= Fia(4), (440

where the last equality follows from the fact that E[1;x,c ay|Fi—1] = P(X; € A|F;_1). Furthermore,
F(A) — Fa(4)] < 1.

Now, we have a sequence which is a martingale sequence. We will invoke a martingale convergence theorem; which is
applicable for martingales with bounded increments. By a version of the martingale stability theorem, it follows that

lim ! F[»(A) 0.

t—oo t
You need to now complete the remaining steps.

Hint: You can use the Azuma-Hoeffding inequality (Theorem . 1.13) [98]] and the Borel-Cantelli Lemma to complete the
steps.

We note that a similar argument could also be made for countably infinite X or uncountable X under additional conditions.

Exercise 4.5.12 Let T be a stopping time with respect to the filtration F;. Let X,, be a (discrete-time) sequence of random
variables so that each X,, is F,-measurable. Show that X . is F,.-measurable.

Hint: We need to show that for every real a: {X, < a} N {7 < k} € Fy. Observe that {X, < o} N{r < k} =
Uk _o{X,; < a} N {7 =m} and that for each m, {X, < a} N {r =m} € F,,, C F.

Exercise 4.5.13 To appreciate that the condition of measurability on control or estimation policies is not a superfluous
one, read the paper [324)]: G. L. Wise. A note on a common misconception in estimation. Systems & Control letters, 1985:
355-356.
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Optimal Stochastic Control with Finite and Discounted Infinite Horizons and
Dynamic Programming

In this chapter, we introduce the method of dynamic programming for controlled stochastic systems, and consider optimal
stochastic control problems under finite horizon and discounted infinite horizon expected cost criteria.

Recall that a fully observed Markov control model is a five-tuple
(X’ U? {U(m)7 x 6 X}? 7-7 C)

such that X is the (standard Borel) state space, U is the action space, U(x) C U is the control action set when the state is

x, so that
K={(z,u):zeXueclU(x)} cXxT,

is the set of feasible state-action pairs. 7 is a stochastic kernel on X given K. Finally ¢ : K — R is the cost function.

One also can have a dependence of the cost function on the time variable so that ¢; can be the cost at time ¢ or the action
set U(x) can also depend on time. In this case one can add the time variable ¢, as a further component, to the state variable
z, with a deterministic evolution for the time variable. Conceptually, such a generalization does not introduce any further
obstacles for finite horizon problems. Often, ¢; = c, that is ¢ does not depend on time (however, there may be a terminal
cost different from c, to be considered).

Let, as in Section [2.2.1} I'4 denote the set of all admissible policies. Let v = {v,0 <t < N — 1} € I'4 be a policy.
Consider the following expected cost:

N

In(@,) = B el w) + enfon)) 5.1)
t=0

=

where ¢ (.) is the terminal cost function. Define

Jy(z) = WLnlfA In(z,7)

5.1 Dynamic Programming, Optimality of Markov Policies and Bellman’s Principle of
Optimality

The goal is to find, if there exists one, an admissible policy such that J§ () is attained; this will be an optimal policy.
We note that the infimum value, in general, may not be attained by some policy. In the following, we will also present
conditions which will ensure the existence of optimal policies.
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5.1.1 Backwards Induction

Let hy = {2[9,4,u[,.—1)} denote the history process for t € N. By Theorem 4.1.3| provided that the cost is integrable
under the induced probability measure given a policy, we note that the cost can be expressed as:

Iiv(e.) = B |ean, )
o {c(ml, w)

+E7 [c(mg, us)

+...
+E[c(zn—1,un—1) + en(zn)|hn—-1] hN_2:| hl} Ty = 1‘],
= EJorN-1 {c(mo, uo)
_|_E’Yh“‘ SYN—1 |:C(CE1, u1>
+ R IN - [c(xg,uQ)
+...
+ENe(xn—1,un—1) + en(zn)|hn—1] hN—2:| h1:| To = 96}7

=E)° [c(xo, Up)
+EM {c(xl,ul)

+E72 |:C(I2, us)
+...

hN2:|... LL'():.%‘:|,

+E™e(zn_1,un—1) + en (@) |y 1]

Thus, by the equalities above, we obtain:

inf Jpr(z,v) = inf EJ° [c(wo, oy
V€l Y0

+inf B {c(zl, up)
71

+inf E7? [c(xg, uz)
2

+...

—|—ﬂ/inf E"N-te(zy—1,un—1) + cn(zn)|hn—1]
N-—-1

3

The discussion above reveals that we can start with the final time stage, obtain a solution for y5_1 and move backwards
for t < N — 2. To this end, we present a critical supporting result in the following.

To = x} , (5.2)

vea)
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5.1.2 Optimality of Deterministic Markov Policies

We will observe that when there is an optimal solution, the optimal solution can be taken to be Markov. Even when an
optimal policy may not exist, any measurable policy can be replaced with one which is Markov, under fairly general
conditions, as we discuss below. In the following, first, we will follow David Blackwell’s [48] and Hans Witsenhausen’s
[330] ideas to obtain a very interesting result.

Theorem 5.1.1 (Blackwell’s Theorem on Redundancy of Information beyond the State) Let X, Y, U be complete, sep-
arable, metric spaces, and let P be a probability measure on B(X x Y), and let ¢ : X x U — R be a Borel measurable and
bounded cost function. Then, for any Borel measurable function v : X x Y — U, there exists another Borel measurable
Sfunction v* : X — U such that

/ c(z, v (x))Px(dz) < / c(z,y(z,y))P(dz, dy)

X XxY

where Px is the marginal of P on X. Thus, policies based only on x almost surely, are optimal.

Proof. We will construct a v* given v. Let u = 7(z, y). To emphasize the random nature of the variables considered, let

us again denote with capital letters X, Y, U the random variables whose realizations are x, y and u, respectively. Given 7,
we write for any Borel D C Uand z € X,

P’Y(U S D‘J}) = P(’y(X,Y) S D|X = .23) = / 1{7(I,y)€D}P(Y S dy|X = l‘)
Y

We then have

/MC(‘"“(‘”’“”@/”P (dz, dy) = /X ( /U c(x,u>P”(du|x))P(dx>,

Consider
h (z) ::/c(x,u)PV(du\x) (5.3)
U

 Suppose the space U is countable. In this case, let us enumerate the elements in U as {u’,i = 1,2,...}. Then, we
could define: ‘
Di={zeX:c(r,u")<h'(x)},i=1,2,....

We note that X = |J; D;: Suppose not, then 3z € X with ¢(z,u’) > h7(x) for all i € N, and thus for this x:

h (z) = <Zc(x,u)m(du|x)) > W (x), (5.4)

U

leading to a contradiction. Now define,
v (x) =ub if € Dy \ (UTDy), k=1,2,...,
Such a function is measurable, by construction and performs at least as good as .

*  We now provide a proof for the actual statement. Let D = {(x,u) € X x U : ¢(z,u) < h7(z)}. D is a Borel set
since ¢(x,u) — h7(x) is Borel. Define D, = {u € U : (xz,u) € D} for all x € X. Now, for every element x we can
pick a member « which is in D; this defines a map from X to U. The question now is whether the constructed map is
Borel measurable. Now, for every x, f Ly (zy)e D}P (dy|x) > 0 by the relation , since otherwise we would arrive
at a contradiction via (5.4). Then, by a measurable selection theorem of Blackwell and Ryll-Nardzewski [51]] (see also
p. 255 of [[117]), there exists a Borel-measurable function v* : X — U such that its graph is contained in D, that is,

{(z,7"(x)) € D}.
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The following culminate into the following critical result.

Theorem 5.1.2 Let {(z, ut) } be a controlled Markov chain. Consider , that is, the minimization of E7 [Zi\;l c(xe, ug)+
en(zn)], over all admissible control policies. Any such policy can be replaced with one which is (deterministic) Markov
and which is at least as good as the original policy. In particular, if an optimal control policy exists, there is no loss in
restricting policies to be Markov.

Proof. The proof follows from a sequential application of Theorem[5.1.1] starting with the final time stage. For any admis-
sible policy, the cost

E[C(fola'YNfl(thl))+/XCN(Z)T(dzlfola'YN—l(thl)ﬂa

can be replaced with a measurable policy yx_;

E[C(IN—lm*v_l(xN—l))+/XCN(Z)T(dZIIN—l,vz*v_l(fvzv—l))],

which leads to a cost that is at least as good as one obtained with yx_1.

We define
In_i(zn—q) = E|:C($Nla'7]*\fl(xN1)) + / CN(Z)T(dszla'YJ*Vl(-TNl))]a
X

and consider then, in view of (5.2)),

E|:C($N2>'7N2(hN2)> + / JN1(Z)T(dZ$UN27’YN2(hN2))]-
X

This expression can also be lower bounded by a measurable Markov policy v;_5 so that the expected cost

JN_xxN_a:—-E[dmN_%v;_xxN_a>+‘L;hhqurrwaN_%vx_xxN_ﬁﬂ.

is lower than that achieved by the admissible policy. By induction, for all time stages, one can replace the policies with
a deterministic Markov policy which leads to a cost which is at least as desirable as the cost achieved by the admissible
policy. o

Given this result, we have the following important optimality principle.

5.1.3 Bellman’s principle of optimality and Dynamic Programming

Consider[5.1] Let {J;(x¢)} be a sequence of functions on X defined by
In(z) = en(2)
andfor0<t< N -1

Ju@) = min {e(z,u) + /X o1 ()T (d=z, )}

u€Uy(z)

Let there be minimizing measurable functions which are deterministic, denoted by { f;(z)}, so that

@uﬁw@ﬂm»+ééﬂwﬂwmﬂm»

Then we have the following:

Theorem 5.1.3 The policy v* = {fo, f1,.-., fn—1} is optimal and the optimal expected cost function (also called the
value function) is equal to
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Iy (@) = Jo(x)
Proof. We compare the expected cost generated by the above policy, with respect to the cost obtained by any other policy,
which can be taken to be deterministic Markov in view of Theorem [5.1.21

We provide the proof by a backwards induction method in view of (5.2)). Consider the time stage ¢ = N — 1. For this stage,
the optimal cost (or, value) is equal to

In_1(z) = Hhin{c(x,u) —&-/XCN(Z)T(dz\a:N,l =z,uny_1=u)}

Suppose there is a cost C'y,_;(z), achieved by some policy n = {ny,k € {0,1,--- ,N — 1}}, which we take to be
deterministic Markov (without loss). Since,

Ch-1(z)

= c(z,mn-1(2)) + /XCN(Z)T(dZWN—l =z, un-1 = NN-1(TN-1))

> JIn-1(x)

— min{c(a. u) + /X ex ()T (d2]zn 1 = 2 uy_1 = W)}, 5.5)

it must be that C%,_, (x) > Jy_1(x). Now, we move to time stage N — 2. In this case, the cost is given by

Civa(2) = cle,n(zx—2)) + / Cir 1 ()T (dzly—2 = &, un—s = n(ex—2)

> min{e(e. 1) + | Iva()T(@lo-a = . uv-2 = w)
=: JN,Q(.”L’)

where the inequality is due to the fact that C'y,_; () > Jy_1(x) and the minimization. We can, by induction, show that
the recursion holds forall 0 < ¢t < N — 2.

5.1.4 Examples

Example 5.1 (Dynamic Programming and Investment). [[165, Section 3.6] A investor’s wealth dynamics is given by the
following:
Tr41 = UtWe,

where {w;} is an i.i.d. R -valued stochastic process with E[w;] = @. The investor has access to the past and current
wealth information and his actions. The goal is to maximize, for some b > 0,

!

J(2o,7) = B [ bl — u)].

Il
o

The investor’s action set for any given « is: U(z) = [0, z]. We will find an optimal admissible policy.

For this problem, the state space is R, the control action space at state z is [0, z], the information at the controller is
It = {0 4, ujo,+—1] }- The kernel is described by the relation 24,1 = usw;. Using Dynamic Programming

Jr_1(z) = ue[%lgil] Elb(zr—1 —ur—1)|zr—1 = 2, ur—_1 = U

= max b(z — u) = b(z). (5.6)
w€e[0,z]
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Since there is no more future, the investor needs to collect the wealth at time 7" — 1, thatisup_; = 0. Fort =T — 2
Jr_o(x) = max Eb(x —u) + Jr_1(xr_1)|Tt—2 = 2, ur—2 = U]
u€l0,z]
= max E[b(x —u) + bxr_1|ri_0 = ,ur_o = u]

we[0,z]

= max (b(x —u)+ bE[wT_g]u>

u€l0,x

= max <bx + b(w — 1)u>
we[0,z]

It follows then that if w > 1, up_s = zp_o (that is, investment is favourable), otherwise ur_s = 0. Recursively, one

concludes that if @ > 1, us = x; is optimal until ¢t =T — 1,att =T — 1, up_1 = 0, leading to Jy(x¢) = bw’ 1.

If w < 1, it is optimal to collect at time 0, that is ug = 0, leading to Jy(xo) = bxg. If w = 1, both of these policies lead to
the same reward.

Example 5.2 (Linear Quadratic Systems). Consider the following Linear Quadratic (LQ) problem with ¢ > 0,7 > 0, pp >

0:
T—1

inf Eg[z qr} + 1} + prad]
K t=0
for a linear system:
Ti41 = ATy + Uy + Wy,

where w; is a zero-mean random variable with variance o2 < oo. We can show, by the method of completing the squares,
that:

T-1
Jt(xt) = Ptll}% + Z Pt+10-12u
k=t
where s 5
P ia
P = + P, a2 ot
t=4q t+1 Py 7
and the optimal control policy is
Up = 7_Pt+1a x
Y P

Note that, the optimal control policy is Markov (as it uses only the current state). For a more general treatment for such LQ
problems, see Section[5.3] A typical setup is the case where w; is Gaussian; in this case the problem above is often referred
to as the Linear Quadratic Gaussian (LQG) optimal control problem.

5.2 Existence of Minimizing Selectors and Measurability

The above dynamic programming arguments hold when there exist minimizing control policies (selectors measurable with
respect to the Borel o-field on X). The following results build on [[169, Theorem 2], [283]], [282] and [202]] (see Appendix
Q). We also refer the reader to [[165]] for a comprehensive analysis and detailed literature review and [126, Theorem 2.1].

Measurable Selection Hypothesis: Given a sequence of functions J; : X — R, there exists

Ji(x)= min (c(zeu) + / oor (9) T(dylz, ),
u €U () X

forallz € X, fort € {0,1,2..., N — 1} with

JN(LUN) = CN({EN).



5.2 Existence of Minimizing Selectors and Measurability 87

Furthermore, there exist measurable functions f; such that

T(e) = elan fiw) + [ Tea )T e, fwn),
o
Recall that a set in a normed linear space is (sequentially) compact if every sequence in the set has a converging subse-
quence.
Assumption 5.2.1 (Condition WF) (i) For every continuous and bounded v on X (that is, v € Cy(X)), [ T (dy|x, u)v(y)
is a continuous function on X x U (in this case, we call T a weakly continuous transition kernel).
(ii) The cost function to be minimized c(x, ) is bounded and continuous on both U and X.
(iii)If applicable, cn is continuous and bounded.
(iv)Us(z) = U is compact.
Assumption 5.2.2 (Condition S) (i) For every measurable and bounded v on X (that is, v € Loo (X;R)), [¢ T (dy|x, u)v(y)

is a continuous function on U, for every fixed x (in this case, we call T a strongly continuous transition kernel in u for
every fixed x).

(ii) For every x € X the bounded measurable cost function c(x,u) is continuous on U,

(iii)If applicable, c is bounded measurable.

(iv)U.(x) = U is compact.

Theorem 5.2.1 Under Assumption[5.2.1|or Assumption[5.2.2] there exists an optimal solution and the measurable selection

hypothesis applies, and there exists a minimizing control policy f; : X — U. Furthermore, under Assumption Jy is
continuous for any t > 0.

The result follows from the following three lemmas below:
Lemma 5.2.1 A continuous function f : X — R over a compact set A C X admits a minimum.

Proof. Let § = inf,c4 f(x). Let {x;} be a sequence such that f(xz;) converges to J. Since A is compact {z; } must have
a converging subsequence {x;(,)}. Let the limit of this subsequence be z. Then, it follows that, {x;(,)} — ¥ and thus, by
continuity { f(z;(n))} — f(Z). As such f(z) = 4. o

To see why compactness is important, consider inf, ¢ 4 % for A =[1,2) or A = R. In both cases there does not exist an x
value in the specified set which attains the infimum.

Lemma 5.2.2 Let U be compact, and c(x, u) be continuous on X x U. Then, min,cy c(z, u) is continuous on X.

Proof. Let z,, — x, u,, optimal for z,, and u optimal for x. Such optimal action values exist as a result of compactness of
U and continuity. Now,

| min ¢(x,, u) — min c(z, u)|
u u

< max (c(a:n, u) — c(z,u), c(z,uy) — c(xn, un)> (5.7

The first term above converges to zero since c is continuous in x, u. The second converges also. Suppose otherwise. Then,
for some € > 0, there exists a subsequence such that
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le(@, ug, ) — c(h, , ur, )| = €

Consider the sequence (z,,,ux, ). There exists a further subsequence (in this sequence (zg, ,us, )) (Zx ,ur, ) Which
converges to x,u’ for some u’ since U is compact. Hence, for this subsequence, we have convergence of c(zy: , u: ) as
well as c(z, uy ) to the same term, leading to a contradiction. o

Lemma 5.2.3 Let ¢(x,u) be a continuous function on U for every x, where U is a compact set. Then, there exists a Borel
measurable function f : X — U such that

el £(2)) = min (i, v)

Proof. A sketch is as follows: Let ¢(x) := min,ecp ¢(x, u). The function

¢(x) :=mine(z,u
() 1= min c(a, v),
is Borel measurable. This follows from the observation that it is sufficient to prove that {x : é(x) > «} is Borel for every
a € R. By continuity of ¢ and compactness of U, with a successively refining quantization of the space of control actions U
(such a sequence of quantizers map U to a sequence of finite sets (expanding as n increases), so that lim,, . sup,, |Qn(u)—
u| = 0 and the cardinality |Q,,(U)| < oo for every n)

fz:e@)>at =) () fo:el@Qu)>a}

" Qn(u),u€l

the result follows since each of {x : ¢(z, @, (u)) > a} is Borel. Define F := {(z,u) : ¢(x,u) = &(x), « € X.} This set
is a Borel set and for every x, {u : (z,u) € F} is a closed set. The question is now whether one can construct a measurable
(selection) function + in F so that {(x,v(z)),z € X} C F. One can construct a measurable function which lives in this
set, using the property that U is a separable metric space: This builds on measurable selection results, e.g. Schal [283|]
and [202]; see Theorem (building on [169, Theorem 2], [283], [282] and [202]], among others; see Appendix |C).

5.2.1 Some Relaxations on the Measurable Selection Conditions

We first note that one can replace the compactness condition with an inf-compactness condition, and modify Condition 1
in Assumption[5.2.T] as below:

Assumption 5.2.3 (Condition 3) For every x € X the cost function to be minimized c(x,u) is continuous on X x U; is
non-negative; {u : c(x,u) < a} is compact for all o > 0 and all x € X; [ T (dy|z, w)v(y) is a continuous function on
X x U for every continuous and bounded v.

Theorem 5.2.2 Under Assumption the Measurable Selection Hypothesis applies.

The measurable selection results also hold when U(x) depends on « so that it is compact for each x and {(x,u) : u €
U(z),z € X} is a Borel subset of X x U:

Lemma 5.2.4 (169 Theorem 2], [283|] [202|] Let X, U be standard Borel spaces and T = (x,¥(x)) where ¢ (x) C U be
such that, ¥ (x) is compact for each x € X and T is a Borel measurable set in X x U. Let c¢(x,u) be a continuous function

on Y (x) for every x.
(i) Then, there exists a Borel measurable function f : X — U such that

ol f(@) = min clx.u)
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(ii) If continuity is also to be attained for the value function c¢(x, f(x)) (a close look at the proof of Lemma reveals
that) it suffices if U(x) is compact and U(x) is an upper semi-continuous set-valued function (the implication being
that: for any ™ — x and u'™ € U(a™), there exists a subsequence u'™* which converges to some u' with the property
that u' € U(z)) and c is continuous.

We could relax the continuity condition and change it with lower semi-continuity. A function is lower semi-continuous
at zo if liminf, ., f(z) > f(xo). We state the following, see also [[165, Theorem 3.3.5] (we note there is a slight typo
in [165) Theorem 3.3.5]; in [[165, Condition 3.3.2.(c2)] should be assumed and only [165, Condition 3.3.2(c1)] is not
sufficient for [[165, Condition 3.3.2] to imply measurable selection).

Theorem 5.2.3 The following hold:

(a) Suppose that (i) U(x) is compact for every x and {(z,u) : u € U(z)} is a Borel subset of X x U, (ii) c is lower
semi-continuous on U(z) for every x € X, and (iii) [ v(2i11)P(dzii1|zy = @, up = u) is lower semi-continuous on
U(z) for every x € X and every measurable and bounded v on X. Then, the measurable selection hypothesis applies.

(b) If (i) c is lower semi-continuous on {(z,u) : u € U(z),x € X}, (ii) for every lower semi-continuous function v on
X, [v(@i1)P(dzisr]|ze = z,up = w) is lower semi-continuous on {(x,u) : u € U(z),x € X}, and (iii) U(x) is
compact for every x € X and U(x) is an upper semi-continuous set-valued function, then the value function v is lower
Semi-continuous.

For further related relaxations, see Appendix |C|and [165, Appendix D].

Universally Measurable Policies. As we discuss in Appendix [C] studying the class of universally measurable and semi-
analytic functions allows one to even further relax conditions required for carrying out dynamic programming recursions
(and integrations) with regard to their well-posedness properties and for arriving at e-optimal policies via dynamic pro-
gramming.

For many problems, one can compute an optimal solution directly, without explicitly studying existence. The linear
quadratic setup is one such important case.

5.3 The Linear Quadratic Regulator (LQR) Problem

Consider the following linear system
Tip1 = Azy + Buy + wy, (5.8)

where 7 € R”, u € R™ and w € R™. Suppose {w;} is i.i.d. zero-mean with a given covariance matrix E[w;w] | = W for
all ¢ > 0 (not necessarily Gaussian).

The goal is to obtain

inf J

where

N-1

J(z,v) = El[z ! Qry +ul Ru; + 2 5Qna ], (5.9
t=0

with R =RT > 0,Q = QT > 0,Qx = Q% > 0 (where, for matrices, the notations > and > denote the positive-definite
and positive semi-definite properties, respectively).

Theorem 5.3.1 Consider (5.9). The optimal control is linear and has the form:
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uy = —(BTP,y 1B+ R)"'BTP, | Az,
where P; solves the Discrete-Time Riccati Equation:
Po=Q+A"P,  A—ATP,,,B(B"P,,1B+ R)"'BTP, A, (5.10)

with final condition Py = Q . The optimal cost is given by

N-1
J(z0) = ¥ Pyxo + Z Elwl P, 1wy]
t=0

In the following, we study the Riccati equation (5.10). Consider the linear system
Ti+1 :A$t+But, Yt = C’xt (511)

Here, y; is a measurement variable and x; is an R"-valued state variable. Such a system is said to be controllable 83|,
if for any initial z; and a final x ¢, there exists " € N and a sequence of control actions g, u1,- -+ ,ur—1 such that with
o = x;, we have xp = xy. If x; is restricted to be 0 € R", and the above holds (but possibly with T" — c0), the system
is said to be stabilizable. Thus, the only modes in a stabilizable system that are not controllable are the stable ones.

Now let B = 0 in (5.11). Such a system is said to be observable if by measuring yo, y1, - - - , yr, for some T' € N, z can
be uniquely recovered. Such a system is called detectable if all unstable modes of A are observable, in the sense that if
y¢ — 0, it must be that x; — 0.

There are well-known algebraic tests to verify controllability and observability. A very useful result building on the Cayley-
Hamilton theorem is that if a system cannot be moved from any initial state to any final state in n (that is, the dimension
of R™) time stages, the system is not controllable; and if a system’s initial state cannot be recovered by having the n
measurements {yo, y1,- - , Yn—1 |, the system is not observable. In particular, the linear system above with matrices (A, B)
is controllable if and only if

[B AB --- A"ilB}

is full-rank. The pair (A, C) is observable if and only if (A7, CT') is controllable.

For a review of linear systems theory, the reader is referred to, e.g. [83].

Theorem 5.3.2 (i) If (A, B) is controllable there exists a solution to the Riccati equation
P=Q+A"PA— ATPB(BTPB + R)"'BTPA.
(ii) if (A, B) is controllable and, with Q) = CTC’,_(A7 C) is observable; ast — —oo (or as N — oo with Qn = P fixed
for an arbitrary positive semi-definite matrix P), the sequence of Riccati recursions,
Po=Q+A"P 1 A— ATP,,\B(B"P,, 1B+ R)"'BTP,,, A,
converges to some limit P that satisfies
P=Q+ ATPA—- ATPB(BTPB + R)"'BT PA.

That is, convergence takes place for any initial condition P. Furthermore, such a P is unique, and is positive definite.
Finally, under the optimal stationary control policy

u; = —(B"PB + R)"'BT PAux,,
the solution to x4, = Axy + Buy is stable; i.e., xy — 0.

(iii)Under the conditions of part (ii), the stationary policy above minimizes,
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N-1
1
lim sup NE;[Z z] Qe + uf Ruy), (5.12)
t=0

N—o00

for the system , for every x € R™. Furthermore, the optimal cost is E[wT Pw] = Trace(PW).

Remark 5.3. Part (i) can be relaxed to (A, B) being stabilizable; and part (ii) to (A4, C) being detectable for the existence
of a unique P and a stable system under the optimal policy. In this case, however, P may only be positive semi-definite.

Proof.

(1) Assume that w; = 0 for all ¢; the noise does not affect the recursions in the Riccati equation. Now, since the system is
controllable there exists a control sequence such that z; = 0 for ¢ > n which also satisfies u; = 0 for ¢ > n. The cost
> oo zi Quy + uf Ruy induced by this control sequence is finite (and thus bounded by some M (z)). Now, define

PSN) through

=

-1

xOTPO(N):vO = inf EY[Y zl'Qux+ ul Ruy
YElA n

Il
=]

and observe that

SL’gPéN)(E(] S $(?PSN+1)$0 S M({Eo).
As a result, for a fixed xg, we can conclude that the sequence {ngéN)xo, T > 0} is monotone (non-decreasing) and
bounded from above. Thus, the sequence has a limit. By selecting different values of x( (e.g., with zg = [1 00--- 0] T
o = [0 10--- 0} T, Ty = [1 10--- O} " and so on), we conclude that there is a fixed point P such that ngéN)mo —

i

xOTP:EO for any x¢ € R™ (i.e., PéN) — P point-wise in the matrix entries).

(ii) As above, assume again that w, = 0 for all ¢ > 0. Let P be the fixed point in (i). We will show that this is the unique
fixed point.

We use the property that, through a change of limit supremum and infimum argument (as in Lemma further
below),

N-1
oo > M(z) > inf limsup E;[Z ¥ Quy + ul Ruy)
Y€l'a N—ocoo =0

N-1
> limsup inf E7[> 2! Quy+uf Rus) = 2" P (5.13)
N—oco Y€l =0

Now, we show that, the sequence of policies that are optimal for each N converge to the stationary policy by v*(z;) =
—(BTPB + R)~! BT PAx, and that this policy attains the cost 27 Px: Note that, with 7o = =,

N-1
2T Pr = EV[( Z el Quy + ul Ruy) + 25 Pay) (5.14)
t=0

is finite and as a result, under this policy v*, we have that >_,° ) #f Qz; + uf Ru is finite.

However, since the induced cost is finite and R > 0, under this control policy, u; — 0. Therefore, the policy v*
uy = —(B"PB+ R)"'BTPAx, = v*(zy),

is stabilizing: This follows because since J:Tth — 0 (and uy — 0), by observability of (C, A) it must be that ; — 0
as well (note that here one should also use that u; — 0). As a result, we conclude that, by taking N — oo in @ y*
satisfies

2" Pr=FE" [Z zf Qy + uf Ruy,
t=0
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and is therefore optimal (by [5.13).

Given this optimality (which will be useful also for (iii) below), we now show uniqueness. Let

N-1
Po xo = inf E]| Z o] Qry + ul Ruy + 2% Pry] (5.15)
’yE A t=0

be the solution of the optimization problem where Py = P. We will show that Pév’ﬁ)

the positive semi-definite matrix P, leading to the uniqueness of the limit.

— P regardless of the value of

By writing E}. [z Pzy] = EJ, [25 Pay] + EJ [25(P — P)zy], noting that, as P is a solution to the Riccati
recursion,

N-1
EY [Z el Quy + ul Ru; + 25 Pry] = 2l Py,
t=0
we have that
. N-1
ngéN)xo <zl PN Pry < E) [Z o{ Quy + uf Ruy + 2y Pry] + E) [2X (P — P)ay].
t=0
or

P(N)J:O < xTPN Pro < zt Pxo + E'Y (25 (P — P)xy].

The above holds as v* is not necessarily optimal, and provides an upper bound, for (5.15). However, through the
property that x y — 0 as N — oo under u; = v*(x;), we conclude that Pév + _, P and hence uniqueness follows.

(iii)As in (ii), we use the property that, through a change of limit supremum and infimum argument (as in Lemma [5.5.1]

further below),

N-1
1
inf limsu E] 2 Qzy + ul Ru
el N—>oopN [tz% ¢+ Qg t t]

N-1
> lim sup — inf EJ| E o7 Quy + ul Ruy) (5.16)
N—oo "/6 A =0

Since, inf,er, [Zt —0 xt TQut + ul Ruy] is determined by P(Y) that converges to P, leadmg to the optlmahty of
~*, and the policy u; = —(BPB + R) ™! BT P Az, is stabilizing, this implies that the policy v* is optimal for (5.12) as
well; see (5.13) and the following discussion. The optimal cost then is E[w? Pw] = Trace(PW), via observmg that

Pt(frvl) — P forall t as N — oo and writing

N-1
1
lim N <xOTP(§N)ac0 + Z E[thPt(_ﬁ)wt]) = E[w! Pw).

N—o0
t=0

We will discuss average cost optimization problems in further detail in Chapterf[7|

5.4 Optional: A Strategic Measures Approach

For stochastic control problems, strategic measures are defined (see [283]], [117]] and [[124])) as the set of probability
measures induced on the product spaces of the state and action pairs by measurable control policies: Given an initial
distribution on the state, and a policy, one can uniquely define a probability measure on the product space. Topological
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properties, such as measurability and compactness, of sets of strategic measures are studied in [283], [[117], [[124]
and [49].

We assume, as before, that the spaces considered are standard Borel. In the following, we consider a finite horizon
problem, with time horizon N — 1.

Theorem 5.4.1 Let L (1) be the set of strategic measures induced by (possibly randomized) I'4 with xoy ~ . Then,
forany P € Lg(u), there exists an augmented space {2 and a probability measure 1 such that

P(B) = / n(dw)PY“)(B), B e B((XxU)),
2
where each y(w) € I is deterministic admissible.

Proof. Here, we build on Lemma 1.2 in Gikhman and Shorodhod [144] and Theorem 1 in [123]]. Any stochastic
kernel P(dx|y) can be realized by some measurable function = f(y,v) where v is a uniformly distributed random
variable on [0, 1] and f is measurable (see also [56] for a related argument). One can define a new random variable
(w = (vo,v1,- - ,v7—1)). In particular, 7 can be taken to be the probability measure constructed on the product space
[0, 1]V by the independent variables vy, k € {0,1,--- , N — 1}. o

One implication of this theorem is that if one relaxes the measure 7 to be arbitrary, a convex representation would be
possible. That is, the set

P(B) = [ n(do)P))(B), B e B(xx0)").n e P(2)

is convex, when one does not restrict ) to be a fixed measure. Furthermore, the extreme points of these convex sets
consist of policies which are deterministic. A further implication then is that, since the expected cost function is linear
in the strategic measures, one can without any loss consider the extreme points while searching for optimal policies. In
particular,

inf J(z,7) = inf J(z,
ot (z,7) it (z,7)

and

inf J(z,7) = inf J(z,).
’YGH}AR (37 7) ’YIEHFA (:E 7)

Thus, deterministic policies are as good as any other. This is not surprising in view of Theorem[5.1.1]

We present the following characterization for strategic measures. Let foralln € N, h,, = {zo, ug,** , Tn—1, Un—1, Tn, Un }»
and P(dzp|hp—1) = T (dxp|zn—1,u,—1) be the transition kernel.

Let L4(u) be the set of strategic measures induced by deterministic policies and let L (1) be the set of strategic
measures induced by independently provided randomized policies. Such an individual randomized policy can be rep-
resented in a functional form, as noted earlier: for any stochastic kernel I7 k from Y* to U*, there exists a measurable
function v* : [0, 1] x Y* — U* such that

m{r:y*(r,y") € A} = yF(uF € AjyP), (5.17)

and m is the uniform distribution (Lebesgue measure) on [0, 1].

Theorem 5.4.2 A probability measure P € P ( ngl (X% U)) is a strategic measure induced by a randomized policy

(that is in Lr(w)) if and only if for every n € N and for all continuous and bounded g:

/P(dhn_l,dxn)g(hn_l,xn) = /P(dhn_1)</Xg(hn_1,z)7'(dz|hn_1)),
(5.18)
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(where we recall that T (B|hp—1) = fB T (dxn|Tn—1,Un—1)), and

/P(dhn)g(hnflaxnvun) = /P(dhnlvdxn)(/ g(hn1>$n»a)’yn(dahn1>$n)>a
(5.19)

for some stochastic kernel v on U™ given hy,, ., with P(dwy) = p(dwo).

Proof. The proof follows from the fact that testing the equalities such as (5.18}5.19) on continuous and bounded
functions implies this property for any measurable and bounded function (that is, continuous and bounded functions
form a separating class, see e.g. [42, p. 13] or [120, Theorem 3.4.5]) o

An implication is the following.

Theorem 5.4.3 [283] The set of strategic measures induced by admissible randomized policies is compact under the
weak convergence topology, if Assumption oldssothatT(dxiy1 |y = x,uy = u) is weakly continuous in x,u and
also X, U are compact.

An implication of this result is that optimal policies exist, and are deterministic when the cost function is continuous in
x, U.

We note also that Schil [283] introduces a more general topology, w — s topology, which requires strong continuity in
control actions. In this case, one can generalize Theorem [5.4.3] to the setups where Condition 2 applies and existence
of optimal policies follows.

We refer the reader to the Appendix, Section[D.4] for a definition of the w-s topology.

Theorem 5.4.4 [283|] The set of strategic measures induced by admissible randomized policies is sequentially compact
under the w-s topology, if T (dxs11|xs = x,ur = w) is strongly continuous in u for every x and also X, U are compact.

Thus, the above is a counterpart for when Assumption[5.2.2] holds.

The proofs of Theorems and follow from the property that to check whether a conditional independence
property, as in (5.18}{5.19)), holds testing these on continuous and bounded functions implies this property for any
measurable and bounded function. Note that (5.19) holds since there is no conditional independence property condition,
and the main issue is to establish that (5.18) holds for any converging sequence of strategic measures. Applying the
hypotheses for each of the theorems leads to the desired results.

An implication of Theorem is that an optimal strategic measure exists under the conditions of the theorem,
provided that the R -valued cost function c is lower semi-continuous in u for every z. In particular, for any w-s
converging sequence of strategic measures which satisfies (5.18)-(5.19), so does the limit. By [283| Theorem 3.7], and
the generalization of Portmanteau theorem for the w-s topology, the lower semi-continuity of the integral cost over the
set of strategic measures leads to the existence of an optimal strategic measure.

Now, we know that an optimal policy will be deterministic as a consequence of Theorem [5.4.1] Thus, an optimal policy
(which is deterministic) exists.

5.5 Infinite Horizon Optimal Discounted Cost Control Problems

When the time horizon becomes unbounded, we cannot directly invoke dynamic programming in the form considered
earlier. Infinite horizon problems that we will consider will belong to two classes: Discounted cost and average cost
problems. In the following, we first discuss the discounted cost problem. The average cost problem is discussed in
Chapter[7}
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Under the discounted cost criterion, future cost realizations are discounted: the future is perceived to be less important
than the current time with different justifications depending on the applications, e.g. due to the uncertainty in the
future leading one become more cautious about optimizing for the distant time stages, or perhaps due to an economic
understanding that the current value of a good is more important than its value in the future.

For a given T € Z, the expected discounted cost criterion is given as:

T-1

T4 (w0,7) = EJ, 1D Be(xy,up)], (5.20)

t=0

for some 5 € (0, 1). If there exists a policy v* which minimizes this cost, the policy is said to be optimal. We often
consider an infinite horizon problem by taking the limit (when c is non-negative)

T—1
JB(‘/EO7 ’7) = Th—l;%o E:’L’Yo [Z ﬁtc(ml‘n Ut)L
t=0
and invoking the monotone convergence theorem:
o0
Tp(x0,7) = EJ 1D Ble(ws, ur)). (5.21)
t=0
We seek to find
J = inf J ,7Y)-
s(zo) = inf Js(z0,7)
Define

e T T
WlenlfA I3 (wo,7) = J3 (x0)

Lemma 5.5.1 Let A be a set and { f,,} be a sequence of maps from f,, : A — R for all n € N. Then,

limsup inf f,(z) < inf limsup f, ().

n—oo TE €A pooo

Proof. For any n € N and y € A we have

inf f,(z) < fu(y).

TEA

This holds for all n we can take the limit superior of both sides, which yields

lim sup ing frn(z) <limsup f,(y).

n—oo TE n—00

This inequality holds for all y € A and thus

limsup inf f,(z) < inf limsup f,(z).

n—oo TE €A nooo
o
By Lemma[5.5.1] we change the order of limit and infimum so that
Js(x0) > limsup J§ (z0) (5.22)

T—o0

but since lim exists for the right-hand side as the expression is monotonically increasing the limit superior becomes an
actual limit and thus

> i T(20).
Jp(wo) = lim J5 (zo)

We will make use of this relation explicitly in Lemma[5.5.4]below. Now, observe that (from (5.20))
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T—
J5 (x0,7) = EY, [C (zo,u0) + E7 Z c(@e, ue) |1, wo, uo]

Zo, ’U,():|

writes as
T-1

J,aT(fco,v) = EZO [C(SEO»UO) + BEV[Z ﬂtilc(ft»utﬂfﬂh Z0, U]
t=1

CL’(),’U,O:| .

Through the controlled Markov property and the fact that without any loss Markov policies are as good as any other
for finite horizon problems, it follows that (if dynamic programming recursions are well-defined)

J§ (o) = iilf E7 [c(mo, uo) + 5E7[Jgfl(x1)\x0, uo]} (5.23)

We also saw in fact, under measurable selection conditions, via Bellman’s Theorem [5.1.3] the above is in fact an
equality. The goal is now to take 7" — oo and obtain desirable structural properties. The limit

lim Jﬂ (x0)

T—o0

will be a lower bound to Jg(x) by (5.22)). But the inequality will turn out to be an equality under mild conditions to
be studied in the following. The next result is on the exchange of the order of the minimum and limits.

Lemma 5.5.2 [|165] Let V,,(x,u) 1 V (x,u) pointwise. Suppose that V,, and V are continuous in u for every x, and
u € U(x) = U is compact. Then,

lim min V,(z,4) = min V(z,u)
n—o0 uel(x) u€eU(x)

Proof. The proof follows from essentially the same arguments as in the proof of Lemma Let u; solve
min,ecy(g) Vo (2, u). Note that

Vi, - v <V — Vo (,u, 5.24
Iurerg(r;) (2, u) ug%}&) (,u)| < V(z,uy) (2, up), (5.24)

since V,,(x,u) T V(x,u). Now, suppose that for some € > 0
V(I7U:L) - V (CC,U") > €, (525)

along a subsequence 7. There exists a further subsequence nj, such that w ;= u for some u. By assumption, for this

x and @, and every € > 0, we can find a sufficiently large N such that V' (z, u) Vn(x,u) < €/2. Fix such an N. Now,
for every nj, > N, since V,, is monotonically increasing:

V(x,u;;)f‘/ (x,u /) <V(z,u /) VN(o:,u;';;c)

However, V (x,u, ) and for the fixed N, Vi (x, n ), are continuous hence these two terms converge to: V(x, @) —
Vi (z, ). Hence (5.23) cannot hold. o

Recall from dynamic programming equations that with

£ Jr =J7
'ylEnF B (.’L‘o, ) B ('TO)’

we have (3.23)):
Jg(ir()) = Hllj)n <C({E(], ’LL()) + ﬁE’Y[Jgil(ifl)kE(), U()]) .

It follows then that

T—oo ug

Jgo(zo) = Thm Jﬁ (z9) = hm min <c(:c0,u0) + BE[Jg_l(:cl)xo,uo]>,
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where the limit exists due to the monotone convergence theorem since the cost is increasing with 7": Jg(a:l) T Jg° as
T — oo. If Lemma[5.5.2]applies (i.e., the continuity condition in actions holds), we obtain that

J5° (wo) = Hﬁm Tlgn <c(m0,u0) + 6E[J§(m1)|mo, u0]>, (5.26)
and thus
J5°(xo) = Ir%n (c(xmuo) + BE[JZ (w1)] 20, u0]>. (5.27)

The following result shows that the fixed point equation (5.27) is closely related to optimality. Define T as follows:

(T)w) i=min (e) +6 [ )Tyl ).
“ X
and define the Discounted Cost Optimality Equation (DCOE) as follows

v(z) = (T(v))(z), z€X (5.28)

Lemma 5.5.3 [Verification Theorem] [|165]

(i) If v is a measurable R -valued function under Assumption [5.2.2] (or continuous and bounded function under
Assumption with v > Tv, then v(x) > Jz(x).

(ii) If Tv > v and
lim B"E][v(z,)] =0, (5.29)

n—oo

for every policy and initial condition, then v(x) < Jg(x). As a result, a fixed point to leads to an optimal

policy under ([5.29).

Proof.

(i) For some stationary policy f that achieves (whose existence is justified by the measurable selection conditions)
min(c(z, u) + SE[v(z1)|z0 = 2, u0 = u]) = ¢z, f(x)) + BE[v(z1)|z0 = 2,00 = f(2)],

apply repeatedly

() = ez, f(z)) + ﬂ/v(y)T(dy\w, f@) =z = Ef[z_: Bre(an, f(zx))] + B" Bl ()]
k=0

Thus, taking the limit and given that v is non-negative valued,

n—1 n—1
o(@) > limsup B[y B'c(ar, f(er)] + 6" Effo(ea)] > lim B[y Ble(er, f(xr))] > Js(@),
e k=0 R
since {f, f, f,---, f,--- } is a particular policy and Jg(x) is the optimal expected cost among all admissible poli-

cies.

(ii) If Tv(z) > v(z), then for any n € Z .,
E;[ﬁn-i_lv(xwrl)‘hn} =E] [ﬂn+lv(xn+1)|xna U]

=pg" ({c(mn,un) + ﬁ/v(z)T(dz|xn,un)} - c(xn,un))
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= B"(v(zn) = c(@n, un)), (5.30)

where we use the inequality ¢(z,,, u,) + 3 [ v(2)T (dz|xp, un) > v(x,). Thus, using the iterated expectations and
arranging the terms

B 8 clrm un)] > B[S B 0(ex) — 8" olenss) ]
k=0 k=0

leading to
n—1
E;[Z B e(Tns un)] > v(z) — B EF [v(2n)]
k=0
If the last term on the right hand size converges to zero, then the result is obtained so that for any fixed policy, v

provides a lower bound on the value function. Taking the infimum over all admissible policies, the desired result
v(x) < Jg(z) is obtained.

o
We have the following refinement, where we do not need to check (5.29) for every policy.
Lemma 5.54 If
— T T
v(z) = Th_r>r<1>o Jjs ()
is so that v = T(v) where
T(v)(z) = c(z, f(x)) + BE[v(z1)]x0 = ,u0 = f(z)]

is such that with v = {f, f,---} € I's,

lim S"E)[v(z,)] =0, (5.31)

n—oo

then v is optimal.

Proof. Equation (5.22) implies that Jz(z) > v(x) since v is the pointwise limit of the discounted cost functions as the
horizon increases. Now, since the stationary policy f achieves

o(e) = mip (e,) + BEDoo1) o = 2,00 = u] ) = el f(0)) + BElo(o)lo0 = 2.0 = F(o)]
applying this repeatedly to v(z), v(x1) and then up to v(z,—1) leads to
v(z) = c(z, f(z)) + ﬁ/v(fﬂl)’f(dm\x, f)=--= El[i: Bre(y, fxx))] + B EY[v(x,)].
k=0

Taking the limit, we have

v(z) = EJ[Y  Bre(an, fan))]

k=0
implying that v = {f, f, - - } is optimal. o
An implication of the proof of the result above is that for any stationary policy v = {f, f,---, f,--- }, we have the
following equation:

provided that
lim 8" E"[Js(wn,7)] = 0.

This will be useful later on when we study numerical methods.
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A sufficient condition for (5.31) is that the cost function c is bounded, though this is certainly not necessary.

5.5.1 Value Iteration Algorithm and Regularity of Value Functions

By dynamic programming, the Bellman optimality recursion for every finite horizon 7' € N be written as

Lfmﬂ=W#LX@=Hm<d%m+5/ﬁﬂﬂwTMWuW) F—T—1,T—2.0, (533)
w X
with

JE(z) = 0.

This sequence will lead to a solution for a 7-stage discounted optimal cost problem. In particular, if we define v := J%,
and v,, := J]Tun, we obtain the recursions forn = 1,2, -- -,

Unt1 = T(vn)(2),

which will form the basis of a very important algorithm, known as the value iteration algorithm, to be presented below.
The following then is a consequence of Lemmal5.5.4]

Theorem 5.5.1 [Value Iteration Algorithm: General Cost Setup] Suppose the cost function is non-negative. Consider
the successive iteration

U (z) = min{c(z, u) + 5/ Un—1(y)T (dy|z, w)}, Ve, n > 1 (5.34)
“ X

with vo(x) = 0 for all x € X. Then, v, is a monotonically non-decreasing sequence. If this sequence converges
pointwise to a function v where

ola) = el £(@) + 8 [ o) T (Ao, £ ()
is such that with v = {f, f,--- }, holds, then ~y is optimal and v is the value function.

A sufficient condition for the iterations in (5.33)) to converge is the following. Suppose that measurable selection condi-
tions apply so that the iterations are well defined for every n € Z . Let there exist a policy which leads to a finite cost
for every initial state and that by dynamic programming the recursions for every 71" given in hold. This sequence
will lead to a solution for a T-stage discounted cost problem. Since J (x) < JI *(x), if there exists some J such
that J' (z) 1 J2°(z), we could invoke Lemma |5.5.2{to argue that

Ji%(x) = T(J20)(x) = min{e(z, u) +ﬁ/XJ£°.i1(y)T(dylx,U)}~

Such a limit exists, by the monotone convergence theorem since J°(z) < oo due to the assumption that there exists a
policy leading to a finite cost for every initial state. Hence, a limit satisfying (5.28) indeed exists. If

@@W+Béﬁﬁ@T@Mﬂﬂ
and
@mm+ﬂéﬁg@ﬂ@mw}

are continuous in u for every = and every 7" and ¢, by (5.22)), a lower bound to an optimal solution will have to satisfy
a fixed point equation (5.28). The result then would follow from Lemmal[5.5.4]

In the bounded cost case, we can obtain a very strong result with a direct argument.
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Lemma 5.5.5 (i) The space of measurable functions X — R endowed with the ||.||oc norm (also called the supremum
norm) is a Banach space, that is

Loo(XiR) = {f : X = R+ [|floc = sup |f(x)] < oo}

is a Banach space.
(ii) The space of continuous and bounded functions from X — R, Cy(X), endowed with the ||.||cc norm is a Banach
space.

Theorem 5.5.2 [Value Iteration Algorithm - Bounded Cost Setup] Suppose the cost function is bounded, non-negative,
and one of the measurable selection conditions (Condition WF in Assumption[5.2.1|or Condition S in Assumption[5.2.2)
applies. Then, there exists a unique solution to the discounted cost problem which solves the fixed point equation.

v(z) = muin{c(mu) + 5/Xv(y)7'(dy|x,u)}, rzeX

Furthermore, the optimal cost (value function) is obtained by a successive iteration (known as the Value Iteration
Algorithm):

vp(x) = mln{c x,u Jrﬂ/ Un—1(y)T (dy|z,u)}, Vr,n €N (5.35)

For any vy € Loo(X;R), the sequence converges to a unique fixed point. If vo(z) = 0,z € X, then v, (z) T v(z) for
all x € X (that is, v,, monotonically converges to v). If Condition WF applies, then v is also continuous.

Proof of Theorem 5.5.2] Depending on the measurable selection conditions, we can take the value functions to be either
measurable and bounded, or continuous and bounded. (i) Suppose that we consider the measurable and bounded case
(Assumption . We observe that the vector J lives in L, (X;R) (since the cost is bounded, there is a uniform
bound for every x). We will show that the iteration given by

T(v)(x) = mln{c T, u Jrﬂ/ T (dy|z,u)}
is a contraction in L (X;R). Let

IT(v) = T(")l| = sup |T(v)(z) — T(v')(x)|

zeX

ml}n{c T,u +B/ T (dy|z,u)} — mln{c T,u +5/ T (dylz, u)}’

= sup
zeX

< 5up <I{I€A1}{ (x,u +5/ T (dy|z,u)) — ez, u) ﬁ/ T(dylz,u )}

-u@@n{—cxu =5 [ o) Tgloasr) + ewasr) + 5 [ T ol ﬁ)

= sup (1{%/{1}{6 /X(v(y) - u(y’))T(dylx,UZ)}) + sup <1{z€A2}{ﬁ/X(U/(y) —v(y)T (dy|z, UZ*)}>

SWW%%&MMH/ﬂ@%@ﬂ+m@ﬂ/ﬂ@m@ﬂ
X X
= Bllv — ]| (5.36)

Here

Ay = {x min{c(z, u +5/ T(dyle,w)} > min{c(z, u +5/ T (dylz, u)}}

and A, denotes the complementary event, w;* is a minimizing control for {c(z,u) + 8 [, v(y)T (dy|z,u)} and u} is
a minimizer for {c(x,u) + 8 [, v'(y)T (dylz,u)}. As aresult T defines a contraction on the Banach space Lo (X;R),
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and there exists a unique fixed point. Thus, the sequence of iterations in (3.33),
I (@) = 1L @) = {mine(o 0 + 5 [ )T (e 0},

converges to JL (x) = J§°(z).

In particular, if one lets vo(z) = 0 for all x € X, the iterations increase monotonically and converges to the value
function. If one is only interested in convergence (and not the monotone behaviour), any initial function vy € L (X; R)
is sufficient.

(ii) The above discussion also applies by considering a contraction on the space Cj,(X), if Condition WF (Assumption
[5.2.T) holds; in this case, the value function sequence v,, is continuous for every n € Z., and by the completeness of
C(X) under the supremum norm, so is the limit. o

Example 5.4. Consider a controlled Markov chain with state space X = {0, 1}, action space U = {0, 1}, and transition
kernel fort € Z :
Py =1z =0,us =1)=Plagpr =1llap =Lbup =1) =«

P(Jﬂt+1 = 1|£Ct = O,Ut = 0) = P(.I‘t+1 = l‘l‘t = 1,Ut = O) =1-a.
where o € (0,1). Let a cost function ¢(x, u), with ¢ : X x U — R, be given by

¢(0,1) = ¢(0,0) =1 ¢(1,0) =¢(1,1) = 2.

Suppose that the goal is to minimize the quantity

o0

Eq [Z Bre(wr, ur)),

t=0

for a fixed 8 € (0, 1), over all admissible policies v € I'4. Find an optimal policy and the optimal expected cost
explicitly, as a function of «, 5 (note that the initial condition is zy = 0).

Solution. Apply value iteration. Take vg = 0. Then,
v1(0) = muin(c(O,u) + BEvo(x1)|xo = 0,up = u]) =1

v1(1) = rrbin(c(l,u) + BEvo(z1)|zo = 1,ug = u]) =2
and

v2(0) = n%in(c(O,u) + BE[v1(z1)|zo = 0, up = ul)

= min (c(0,0) + B(av1(0) + (1 — @)v1(1)), ¢(0,1) + B((1 — @)v1(0) + ozvl(l)))

va(1) = n}lin(c(l,u) + BE[v1(z1)|z0 = 1, up = ul)
= muin (c(l,()) + B(av1(0) + (1 — a)v1(1)),¢(1,0) + B((1 — a)v1(0) + avl(l))>

We see that if o < %, then the optimal selection is © = 1, leading to
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We see that state 0 is always more desirable than state 1, in that v2(0) < vo(1) and this holds for all time stages. Then,
v, (0) T v(0) and v, (1) 1 v(1) with v(0) < v(1). As a result, for the discounted cost optimality equation

0(0) = min(c(0, u) + BE[v(z1)|zo = 0, 10 = u))
v(l) = Irhin(c(l,u) + BE[v(z1)|z1 = 0,up = ul)
using v(0) < v(1), we have that:
v(0) = ¢(0,1) + B((1 = a)v(0) + av(1))

v(l) =¢(1,1) + B((1 — a)v(0) + aw(1))
Noting that v(1) = v(0) + 1 and solving for v, we obtain

1+ Pa
1-5

v(0) =

For o > % a parallel argument can be made. o

5.5.2 Lipschitz Regularity of Value Functions and the Case with Unbounded Costs
Lipschitz regularity of value functions

A further regularity property is the following. In the following 1/ is the Wasserstein metric on probability measures;
see Appendix [D| The following property will be useful later, when we study approximation and learning theoretic
applications.

Assumption 5.5.1 [Condition WA] Let d(-, -) denote the metric on X. We assume that for some K1, Ky:
(a) |c(z,u) — c(y,u)| < K1d(z,y); that is, c(-, u) is K1-Lipschitz (denoted with the notation c(-,u) € Lip(X, K7)).
(b) Wi(T (dz1|zo = z,uo = w), T (dz1]zo = y,u0 = ) < Kad(z,y).

Theorem 5.5.3 [|/70] [270} Theorem 4.37] Suppose that Assumptions and hold, and BKy < 1. Then, the
solution to
v =T(v)

Ky

is Lipschitz with coefficient K = e

Proof Let f € Lip(X, k), thatis f be k-Lipschitz for some k£ € R. Then,
() = Tf0) | < s {fte) = )

+BéﬂmMMmawLﬂmM@M%W}
< K1d(z,y) + BkK2d(z,y) = (K1 + BkKs) d(z,y) =: M1d(z,y). (5.37)

By induction we have for all n > 2
T" f € Lip (X, M,,) ,

where M,, = K| + 8KyM,,_; and thus M,, = K, 2?701 (BKz)i +k (BK3)". Taking k < 1};%[(2, we certify that the

fixed point satisfies the desired Lipschitz continuity, as the sequence M,, monotonically converges to 1};%1(2 Hence,

T" f € Lip (X7 kﬁﬁ) for all n, and therefore, the unique solution to the fixed point equation satisfies
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. K

&

When X is not compact, note that we may still need to verify (5.31) to claim optimality.

Remark 5.5. We finally note that similar contraction arguments can also be applied to functions that are not necessar-
ily continuous, but only lower semi-continuous bounded functions, which also constitute a Banach space under the
supremum norm.

A further contraction argument for unbounded costs

As discussed earlier, one could follow the iteration method for the unbounded case (as in the proof of Theorem @,
whereas the contraction method in the proof of Theorem[5.5.2]holds for the bounded cost case. The contraction method
can also be adjusted for the unbounded case under further conditions: If the cost is not bounded, one can define a
weighted sup-norm (called an f-norm): ||c||; = sup, |;((3;)) |, where f is a positive function uniformly bounded from
below by a positive number. The contraction discussion above will apply to this context with such a consideration,
provided that the value function v used in the contraction analysis can be shown to satisfy ||v||; < co. For a suitable
function w, let B,,(X) denote the Banach space of measurable functions with a bounded w-norm. We state the corre-
sponding results formally in the following. We state two sets of conditions, one corresponds an unbounded function
generalization of strong continuity and the other of weak continuity conditions.

Assumption 5.5.2 (i) The one stage cost function c(x,w) is nonnegative and continuous in u for every .

(ii) The stochastic kernel T (- |z, w) is strongly continuous in u for every z, i.e., if u, — u, then [u(y)T (dy|z,ur) —
J w(y)T (dy|z, w) for every measurable and bounded function u.

(iii)U is compact.

(iv) There exist nonnegative real numbers M and o € |1, %), and a weight function w : X — [1, 00) such that for each
z € X, we have

sup |e(z, u)| < Mw(z), (5.39)
uelU
Sup/ w(y)T (dy|z,u) < aw(x), (5.40)
uelU JX

and [, w(y)T (dy|z,u) is continuous in u for every x.

Assumption 5.5.3 (i) The one stage cost function c(x,u) is nonnegative and continuous in (z,u).

(ii) The stochastic kernel T (-|x,u) is weakly continuous in (x,u) € X x U, ie., if (xg,ur) — (x,u), then
T(- ok, up) = T(- |z, u) weakly.

(iii)U is compact.

(iv) There exist nonnegative real numbers M and o € [1, %) and a continuous weight function w : X — [1,00) such
that for each z € X, we have

sup |e(z,u)| < Mw(z), (5.41)
uelU
sup [ w)Tdyle. ) < aw(o), (5.42)
uelU JX

and [ w(y)T (dylz,u) is continuous in (x,w).
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Define the operator T on the set of real-valued measurable functions on X as

To(2) = min {c(z, a) + 5/Xv(y)7(dy\z, a)}. (5.43)

It can be proved that T is a contraction operator mapping B,, (X) into itself with modulus o = S (see [[166, Lemma
8.5.5]); that is,

|Tw — Ty < Bl|lu — vy for all u,v € B, (X).

Theorem 5.5.4 [166, Theorem 8.3.6] [166, Lemma 8.5.5] Suppose Assumption[5.3.2|(or[5.5.3) holds. Then, the value
Sfunction J* is the unique fixed point in B,,(X) (or By, (X) N C(X) under Assumption|5.5.3) of the contraction operator
T, i.e.,

Jr=TJ". (5.44)

Furthermore, a deterministic stationary policy f* is optimal if and only if
I = el £ @) + 8 [ I Wyl (). (5.45)
X
Finally, there exists a deterministic stationary policy f* which is optimal (and thus satisfies ).

The proof follows from [166, Theorem 8.3.6]. See also [[166, Lemma 8.5.5].

5.6 Regularity of Transition Kernels and Optimal Value Functions

We have seen in the chapter that continuity and regularity of transition kernels play a significant role for carrying out
optimality analysis. Later on we will see that these are also important for approximations, robustness, and learning
theoretic results and applications.

We review the following regularity properties for the transition kernels:

(i) T(-]z,u) is said to be weakly continuous (weak Feller) in (z,u), if T(:|zpn, u,) — T(:|z,u) weakly for any
(Tpy up) = (x,u).

(ii) 7 (-]x, u) is said to be strongly continuous (strong Feller) in u for every z, if T (+|x, u,) — T (-|z,u) setwise for
any u,, — u for every fixed x € X.

(iii)7 (-], u) is said to be continuous under total variation in (z,u), if |7 (-|2n,un) — T (-|z,w)||7v — 0 for any
(@, Un) = (x,u).

(iv) T (*]z, ) is said to be continuous under the first order Wasserstein distance in (x, u), if
Wi(T (xn, un), T(-|z,u)) — 0

for any (x,,,u,) — (x, u). To ensure continuity of 7~ with respect to the first order Wasserstein distance, in addition
to weak continuity, we may assume that there exists a function g : [0, 00) — [0, 00) such that as t — oo, @ 1 00,
and
sup [ gllyl) Tyl ) < o0
(z,u)e K xU

for any compact K C X. Note that the latter condition implies uniform integrability of the collection of random vari-
ables with probability measures T (dz1|Xo = zp, Uy = uy) as (zn, un) — (z,u), which coupled with weak con-
vergence can be shown to imply convergence under the Wasserstein distance. To see this, let (z,,, ) — (Zoo, Uoo)
and X, random variables with law 7 (|z,,, u,, ) satisfying X,, — X a.s., which is possible by Skorohod’s theorem
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(Theorem |B.3.5). Then the above condition implies uniform integrability of { X, }, and thus F[|| X,, — X.||] — 0.
Then W1 (T (*|zn, un), T (-|Zoo, Uoo)) — 0.
Example 5.6. Some example models satisfying these regularity properties are as follows:

(i) For a model with the dynamics 411 = f (¢, us, we), the induced transition kernel 7 (-|x, u) is weakly continuous
in (z,u) if f(x,u,w) is a continuous function of (z,u), since for any continuous and bounded function g

/ o) T (e [, ) = / 90 sty ) pa(d)
5 / o (&, w) () = / o) T (dar |2, w)

where 1 denotes the probability measure of the noise process. If we also have that X is compact, the transition
kernel 7 (-|x, u) is also continuous under the first order Wasserstein distance.

(ii) For a model with the dynamics z;y1 = f(x¢, u;) + wy, the induced transition kernel 7 (-|x, u) is continuous under
total variation in (z,u) if f(x,u) is a continuous function of (z,u), and w; admits a continuous density function.

(iii)In general, if the transition kernel admits a continuous density function f so that 7 (dz1|x,u) = f(z1, z,u)dxq,
then 7 (dx1 |z, u) is continuous in total variation. This follows from an application of Scheffé’s Lemma [44, Theo-
rem 16.12]. In particular, we can write that

HT(‘xn’un) - T(|$7U)HTV = / If(xlaxnvun) - f(xl,x,u)|dx1 — 0.
X
(iv)For a model with the dynamics x¢11 = f (x4, us, wy), if f is Lipschitz continuous in (x,u) pair such that, there
exists some o < oo with
| f(@n, tn, w) — fz,u,w)| < (v, — 2]+ [un —ul),

we can then bound the first order Wasserstein distance between the corresponding kernels with a:

W (T(|x7zaun),T(|$,U)) = sup
Lip(g)<1

[t wptan) - [ g(f(x,u,w»u(dw)’

[ st T@arlenun) - [ ate) T (1o,

= sup
Lip(9)<1

= /If(afmun,w) — f(@,u,w)| pldw) < a(|on — x| + [un —ul).

We next review the following regularity properties, which serves as a summary of Theorem[5.2.1] and Theorems|[5.5.2]
and[5.5.3|lead to the following.

Theorem 5.6.1 (Regularity for Finite Horizon Cost Criterion) Consider (3.1). Under Assumptions [3.2.1] and [5.2.2]
there exists a minimizing control policy { f,t > 0} which is Markov (and thus in I'y; ). Furthermore, under Assumption
B.2.1) the function Jy, for all t, is continuous, under[5.2.2] J; is Borel measurable, and under Assumptions [5.3.1] and
it is Lipschitz (in the latter case if cn exists, it is assumed to be Lipschitz).

Theorem 5.6.2 (Regularity for Discounted Cost Criterion) Consider (3.21). Under Assumptions and
there exists a minimizing control policy which is stationary (and thus in I's) without loss. Furthermore, under As-
sumption[3.2.1) the function Jg is continuous, under[5.2.2} it is Borel measurable, and under Assumption [5.5.1) (with
BKs < 1) and Assumption[5.2.1] it is Lipschitz
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5.7 Exercises

Exercise 5.7.1 An investor’s wealth dynamics is given by the following:
Tr41 = UtWy,

where {w;} is an i.i.d. R -valued stochastic process with E[/w¢] = 1 and u; is the investment of the investor at time
t. The investor has access to the past and current wealth information and his previous actions. The goal is to maximize:

T-1

J(x0,7) = E;O[Z Vay — ugl.
t=0
The investor’s action set for any given x is: U(x) = [0, z|. His initial wealth is given by x.

Formulate the problem as an optimal stochastic control problem by clearly identifying the state space, the control action
space, the information available at the controller at any time, the transition kernel and a cost functional mapping the
actions and states to R.

Find an optimal policy.
Hint: For o > 0, \/x — u + av/u is a concave function of u for 0 < u < x and its maximum is computed when the

derivative of \/x — u + an/u is set to zero.

Exercise 5.7.2 Consider the following linear system:
Tpr1 = Axy + Buy + wy,

where x € R", u € R™ and w € R"™. Suppose {w;} is i.i.d. zero-mean Gaussian with a given covariance matrix
Elww]l] =W forallt > 0.

The goal is to obtain
inf J(x,7),
¥
where

T-1

J(z,7) = BI>_ of Qv + uf Ruy + 25Qrar],
t=0

with R, Q, Qr > 0 (that is, these matrices are positive definite).
a) Show that there exists an optimal policy.

b) Obtain the Dynamic Programming recursion for the optimal control problem. Is the optimal control policy Markov?
Is it stationary?

c) For T — oo, if (A, B) is controllable and with Q = CTC and (A, C) is observable, prove that the optimal policy
is stationary.

Exercise 5.7.3 (Optimality of Threshold Policies) [ [36]]] Consider an inventory-production system given by
Tey1 = Tg + Up — Wy,
where x; is R-valued, with the one-stage cost
c(xg, ug, wy) = bug + hmax(0, x4 + uy — wy) + pmax(0, wy — x4 — uy)

Here, b is the unit production cost, h is the unit holding (storage) cost and p is the unit shortage cost; here we take
p > b. At any given time, the decision maker can take u; € R,. The demand variable wy ~ p is a Ry -valued i.i.d.
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process, independent of xq, with a finite mean where | is assumed to admit a probability density function. The goal is

to minimize
T—1

J(z,y) = E;Y[Z c(xy, ug, wy))

t=0

The controller at time t has access to Iy = {xg,us, s <t — 1} U {z}.

Obtain a recursive form for the optimal solution. In particular, show that the solution is of threshold type: There exists
a sequence of real-numbers s, so that the optimal solution is of the form: uy = 0 X 115, >6,1 + (st —xy) X Lz <s)-
See [35]] for a detailed analysis of this problem.

We note that the above is a relatively simplified model (e.g., the inventory can be negative and the cost/reward function
is simple) and such inventory problems can be made more general. Nonetheless, the solution method, via a convex
value function analysis and associated optimality arguments leading to threshold optimality, applies nearly identically
to many problems in stochastic control.

Exercise 5.7.4 (Optimal Stopping) /36/]

Consider a burglar who is considering retirement. His goal is to maximize his earnings up to time T. At any time, he
can either continue his profession to steal an amount of wy which is an i.i.d. R -valued random process (he adds this
amount to his wealth), or retire.

However, each time he attempts burglary, there is a chance that he gets caught and he loses all of his savings (and
cannot work any further); this happens according to an i.i.d. Bernoulli process so that he gets caught with probability
p at each time stage when he is attempting to steal.

Assume that his initial wealth is o = 0. His goal is to maximize E|x). Find his optimal policy for 0 <t < T — 1.
Note: Such problems where a decision maker can quit or stop a process are known as optimal stopping problems.
Exercise 5.7.5 (The Secretary Problem) Consider a manager who interviews N candidates for a position. The man-
ager wishes to maximize the probability of finding the best candidate. The candidates are interviewed in succession

according to a random order (uniformly distributed given all possible permutations). If a candidate is rejected, that
candidate is no longer available and if a candidate is selected, the process is over. The decisions must be made causally

given the available information up to that time, that is if the order is X1, Xo, - - , X3, the policy can only use the in-
Sformation generated by o(X1,--- , Xt). What is the optimal strategy?
Hint: Apply dynamic programming. At time N, Jy = % since at time N the past is given and the best one can

hope for is that the best candidate is the final one, which happens with probability % Now, consider m = N — 1:
In-1 = 5 (max(£2), In) + X=2 Jn. Here, the first event is the probability that the N — 1st candidate is the best
among the first N — 1 candidates, and in this case the manager needs to decide to stop or wait for the future (which
he does by comparing whether the best among the first N — 1 is the best among all, or whether he should skip and
move to the next time stage, N ). The second event is with probability % in which case the best among the first N — 1
candidates is not the N — 1st one, in which case the manager has to wait. Continuing on with this logic:
1 m m—1
Jm = E max(ﬁ, J7n+1) + TJWH-I
where % is the probability that the best in the first m is the best among all. Now, computing explicitly, we obtain

N-2 1 1,
N '‘N-2 "N-1" "

JN = l/N, JN,1 =

and with Jp, = (=5 + L 4 -+ F15), and we stop when %t > Jpp1 = R(E + ﬁﬂ + -+ 5=7)- When
N is large enough, the above suggests that we stop as soon as the best candidate thus far has been spotted at time m
when1 > (L + :_1 + -+ 1) ~ log(N/m) which means that an optimal policy is around when SN $ <L

m m m
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Approximately, this means that m* = % is a nearly optimal rule for large N if the m*th candidate is the best candidate
seen until then.

Exercise 5.7.6 A fishery manager annually has x units of fish and sells uixy of these where u; € [0,1]. With the
remaining ones, the next year’s production is given by the following model

i1 = wize(1 — ug) + vy,

with xq is given and {wy, v: } is a sequence of mutually independent, identically distributed sequence of random vari-
ables with wy > 0, vy > 0 for all t and therefore E[w;] = @ > 0 and E[v¢] = v > 0.

At time T, he sells all of the fish. The goal is to maximize the profit over the time horizon 0 <t <T — 1.

a) Formulate the problem as an optimal stochastic control problem by clearly identifying the state, the control actions,
the information available at the controller, the transition kernel and a cost functional mapping the actions and states
to R.

b) Does there exist an optimal policy? If it does, compute the optimal control policy as a dynamic programming
recursion.

Exercise 5.7.7 A common example in mathematical finance applications is the portfolio selection problem where a
controller (investor) would like to optimally allocate his wealth between a stochastic stock market and a market with a
guaranteed income : Consider a stock with an i.i.d. random return o, and a bank account with fixed interest rate r > 0.
These are modeled by:

Xiv1 = Xpue(1+04) + Xe(1—w)(14+7), Xo=1

and
Xt+1 = Xf(l +7r+ Ut(O't — ’f’))

Here, u; € [0, 1] denotes the proportion of the money that the investor invests in the stock market. Suppose that the
goal is to maximize E[log(Xr)]. Then, we can write:

T-1 T-1

log(X7) = log( XXL:) = Z log((1 47+ ui(or — 7)) (5.46)
k=0 k=0

Formulate the problem as an optimal stochastic control problem by clearly identifying the state and the control action
spaces, the information available at the controller, the transition kernel, and a cost functional mapping the actions and
states to R. Find the optimal policy.

Exercise 5.7.8 We will illustrate dynamic programming by considering a simplified version of a setup in [|156|]. Con-
sider a two server-station network; where a router routes the incoming traffic, as is depicted in Figure|5.1

Station 1 +

Station 2 +

Fig. 5.1
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Customers arrive according to a (continuous-time) Poisson process of rate \. The router routes to station 1 with
probability u and second station with probability 1 — u. The router has access to the number of customers at both of
the queues, while implementing her policy.

Station 1 has a service time distribution which is exponential with rate (11, and Station 2 with us = pq, as well. After
some computation, we find out that the controlled transition kernel is given by the following:

Pl = ¢ + 1.2 = Plgd. ) = A u
(Qt+1 qy qi+1 Qt|Qt ) N+ 200
1—wu)
Plghy = ¢ 2 = 2+ 1 1’2:>\(
(Qt+1 At 941 = 44 la;»q;) 7)\4‘2#1
H1
P(g{y, = max(q; — 1,0),¢7,1 = ¢flar,q7) = Nt 2
M1
P(qti1 = qt a7y = max(0,q7 — 1gf, q7) = o

There is also a holding cost per unit time. The holding cost at Station 1 is ¢y > 0 and the cost at Station 2 is co > 0.
That is if there are q} customers, the cost is c1q; at station 1 at time t and likewise for Station 2.

The goal of the router is to minimize the expected total holding cost from time 0 to some time T' € N, where the total
cost is

T
Z g + c2q;-
t=0
a) Express the problem as a dynamic programming problem, up until time T. That is; where does the control action
live? What is the state space? What is the transition kernel for the controlled Markov Chain?
Write down the dynamic programming recursion, starting from time T' and going backwards.
b) Suppose that c; = cy. Let J;(q}, q?) be the value function at time t (that is the current cost and the cost to go).
Via dynamic programming, prove the following:

For a given t, if, whenever 0 < g} < q? we have that
Je(ar i) < Jelay — Lgi + 1),
then the same applies for Jy_1 (., .), for t > 1. With the above, prove that an optimal control policy is given by:
ur = lygicgzy,

for all t values.

Exercise 5.7.9 Consider a scalar linear system with the following dynamics:
Tip1 = azy + buy + wy,

where {w.} is i.i.d Gaussian with zero-mean and unit variance. Suppose that the controller has access to I; =
{x[o’t], u[o’t,l]} at time t. Suppose that the initial state is vo = x for some x € R. We wish to find for some § € (0,1):

oo

inf J(wo,7) = BY[>_ 8" (qw} + ru)),
t=0

forq > 0andr > 0.

Compute the optimal control policy and the optimal cost.
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Hint: Use Lemma [5.5.3} Start with a finite horizon version, and apply dynamic programming, obtain the solution and
take the finite horizon to infinity. This is also equivalent to applying value iteration with vo(x) = 0 for all x € R. You
will see that a recursion with v,(x) = Cyx? + D, will be obtained and Cy; and Dy will have limits as t — oo, C and
D, respectively. The optimal control will be stationary and deterministic:

up = y(xy) = —(r + ﬂC’bz)*lﬂabC’zt, t>0.

Thus, you need to find C and D.

Exercise 5.7.10 Consider a controlled Markov chain with state space X = {0,1}, action space U = {0,1}, and
transition kernel fort € 7 :

P(xiy1 =1z =0,us =1) = P(agy = 1y = 0,us = 0) = «
where a € (0, 1). Furthermore,

1
P({Iit+1 = ].|517t = ].,’U/t = 0) = P(.’Et+1 = ].|.’Et = ].,Ut = ].) = 5

Let a cost function c : X x U — R be given by

c(0,1)=rk Ry, ¢(0,0)=1
1
¢(1,0) = 3 e(1,1) =1.

Suppose that the goal is to minimize the quantity

o0

B> Ble(a,ue)],

t=0
Sora fixed p € (0,1), over all admissible policies ~y € 4.

Find an optimal policy and the optimal expected cost explicitly, as a function of «, 3, k.
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Partially Observed Markov Decision Processes, Non-Linear Filtering, and
the Kalman Filter

As discussed earlier in Section[2.4] for a large class of problems the controller does not have access to the state process,
but may have access to some partial information obtained via noisy measurements. In particular, in this chapter, we
consider systems of the form:

Top1 = f@g, ug, wy), yr = g(w¢,vp). 6.1)

Here, x; is the state (with zg ~ 1), u; € U is the control, (wy, v;) are (W x V)-valued i.i.d noise processes where w;
is independent of v;.

The controller only has causal access to the second component {y;} of the process, together with the past applied
control actions. An admissible policy v = {7:,t € Z. } is a collection of measurable functions so that -y; is measurable
with respect to o(I;) with I; = {y[o,4, u[o,.—1)} at time ¢. We emphasize the implicit assumption here that the control
policy can also (and typically does) depend on the prior probability measure 1o. We denote the observed history space
as: Hy:=Y, H;,=H; 1 xYxU.

In the following P(X) denotes the space of probability measures on X, which we assume to be a Polish space. Under
the topology of weak convergence, P(X) is also a Polish space (see Appendix @])

6.1 Enlargement of the State-Space and the Construction of a Controlled Markov Chain

We will see in this section that one could always transform a Partially Observable Markov Decision Problem (POMDP)
to a Fully Observed Markov Decision Problem (called a belief-MDP) via an enlargement of the state space and a re-
formulation of the model. In particular, when X, Y, U are countable (the more general case will be studied later in
the chapter in Section [6.3), we obtain via the properties of total probability the following recursion for conditional
probability measures, given an admissible policy,

P(zy = ,yt, ue—1|Yjo,e—1]> Ujo,e—2])

zeX P(CEt =T, Yt, Ut—11Y[0,t—1]> U[O,t71]>
Y, aex PWelze) P we—1, we—1) PY (we—11yp0,e-175 wjo,e—2)) me—1(T-1)

Zm,,_lex ZzGX P(yi|zs = ) P(xy = x|1't717utfl)P’Y(utfl‘y[O,t—l];U[O,t—Q])ﬂ—tfl(xtfl).
th_lex P(yelze) P(xe|we—1, wp—1)me—1(z-1)

th,lex ZwEX P(yt|xt = x)P(ﬂft = x|xt—17ut—1)77t—1($t—1).

=: F(m—1,yt, ut—1)(x) (6.2)

m(w) 1= P2y = z|yjo,, Ujo,i-1)) = 5

Notice that the right hand side does not depend on the policy ~, therefore the conditional expectation is policy-
independent. We will see shortly that the conditional measure process forms a controlled Markov chain in P(X).
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Note that in the above analysis P(u;—1|yo,+—1], u[o,t—2]) is determined by the control policy, and P(x¢|x;—1,u;—1) is
determined by the transition kernel 7~ of the controlled Markov chain.

The result above leads to the following.

Theorem 6.1.1 The process {m,u} is a controlled Markov chain. That is, under any admissible control policy, given
the action at time t > 0 and Ty, 41 is conditionally independent from {5, us,s <t — 1}.

We will prove the result for the case where Y is countable. For the more general case, see Section

Proof. Let D € B(P(X)). From (6.2), with Y, denoted with the capital letter to emphasize its randomness, we have
under any admissible policy,

P(7Tt+1 S D|7TS,'LLS,S S t) = P(F(ﬂ-th;Jrl?ut) S D‘ﬂ—87u878 g t)
= P(F(ﬂ-t))/t-i-laut) € DaY; S Y‘WS,US,S S t)

= P(F(m, Y41, ) € D, gy = y|me, s, 5 < 1)
yeY

= ZP(F(T‘-tvyt-‘rlaut) € D|yt+1 =Y, Ts, Us, S < t)P(yt-‘rl = y|7rs,us,s < t)
yeyY

:21

yeY {F(me,ut)GD

= Z 1 < Z Z P(ye1 = yloesr = @) P(pyr = 2|z = J%“t)”t(x))
{F(m,y,ut)GD}

yeY r'eXzxeX

}P(yt—H = y|7Tt,Ut)

= P(my1 € D|my,ug) =: n(D]|my, ug) (6.3)

Observe that the kernel 7 does not depend on the policy (and thus it is policy-independent). We still need to show that
the expression P(mi41 € |7, ue) : P(X) x U — P(P(X)) is a regular conditional probability measure; that is, for
every fixed D € B(P (X)), P(mt4+1 € D|mt, us) is a measurable function on P(X) x U and for every 7, us, the map is

a probability measure on P(X). The rest of the proof follows in Section o
Let the cost function to be minimized be
T—1
E;IO[Z c(xe, ut)],
t=0

where £ [-] denotes the expectation over all sample paths with initial state measure given by 1 under policy v =
{70,771, - - }. We can transform the system into a fully observed Markov model as follows. Using the law of the iterated
expectations (Theorem[.1.3)), write the total cost as

=

T—1
EZU[ c(xe,ug)] = Bl [Z E7e(xy, ug) | 1))
t=0

t

Il
o

Given a policy v with u; = ¢ ([;), we have that

T-1 T-1

B clau)] = B, | 30 B |etenumin]|

t= t=0

0
5 [T_l (Z ™ P (= 2l Ly, ) P (g = u|It)c(x,U)>}
|

( > P(ay = xft)c(l‘,%(ft))ﬂ

t=0 zeX
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-5, [TZ (Z mlorte i) (©4)

t=0 reX

Notice that P7(z; = z|I;,u;) = PY(xy = z|I;) = P(x; = x|l}) is policy-independent as noted earlier. At this
point, we should pause and reflect on Theorem and (Blackwell’s) Theorem to conclude that without any
loss a policy, for finite horizons, could use 7; and ¢, by the following reasoning: Define a stage-wise cost function
¢:P(X)xU— Ry as

é(mu) = Zc(aau)w(x), m € P(X), (6.5)

X

Observe that an admissible control policy will select u; as a function of I;. However, we know that for a finite horizon
problem, by Blackwell’s Theorem any admissible policy can be replaced with one which only uses 7; without
any loss (since 7, u; forms a controlled Markov chain), and therefore without any loss, we can restrict our search space
to policies which are Markov (that is which only use 7; and t).

In view of the preceding discussion, it follows then that an optimal solution to the following minimization for the

problem
T-1

E;«/O [Z é(ﬂ't, Ut)]7
t=0
for the controlled belief-MDP model with kernel 7 (6.3)), is also optimal for the original problem (6.4), where the initial
state distribution g for the belief-MDP is the probability measure on mo(-) = P(z¢ € -|yo) induced by the initial
probability measure po on xg and the measurement variable .

Let 7 be the transition kernel defined with (6.3). It follows then that (P,U,n,¢) defines a completely observable
controlled Markov process (also called a belief-MDP).

Thus, one can obtain the optimal solution by using the solution of the filtering equation (6.2)) as a sufficient statistic,
as Markov policies (policies that use the Markov state as their sufficient statistics) are optimal for control of Markov
chains, under the previously studied measurable selection conditions (see Section which require some regularity
conditions. We will discuss these later in the chapter.

We call the control policies which use 7 as their information to generate control as separated control policies; as one
first generates the belief 7; via the filtering equation, and then generates the control via 7.

We note here that some of the first separation results for partially observed Markov Decision Processes were reported
in [352], [296]], and [262], among others.

Separation will be particularly consequential in the context of linear Gaussian systems: A Gaussian probability measure
can be uniquely identified by knowing the mean and the covariance of the Gaussian random variable. This makes the
analysis for estimating a Gaussian random variable particularly simple to perform, since the conditional estimate of
a partially observed (through an additive Gaussian noise) Gaussian random variable is a linear/affine function of the
observed variable and the non-linear filtering equation becomes significantly simpler. Recall that a Gaussian
measure with mean y and covariance matrix K x x has the following density:
pE) = — b 12 Kk ),
(2m) % [Kxx|'/?

and thus it suffices to compute the mean and the covariance matrix to define the Gaussian probability measure.
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6.2 The Linear Quadratic Gaussian (LQG) Problem and Kalman Filtering

6.2.1 A Supporting Result on Estimation

Lemma 6.2.1 Let X be a random variable (defined on a probability space (2, F, P)) with a finite second moment and
R > 0 (that is, a positive definite matrix). The following holds

dnt EI(X — g(V))"R(X ~ g(¥))] = E[(X - G(¥))"R(X - G(¥)]

where M(Y) denotes the set of measurable functions from Y to R and where G(y) = E[X|Y = y] almost surely.

Before we state the proof, it is useful to emphasize that there are setups where the measurability assumption is not

superfluous. See Exercise

Proof. Let G(y) = E[X|Y = y] + h(y), for some measurable h; we then have the following through the law of the
iterated expectations:

E[(X — E[X|Y] = h(Y))"R(X — E[X|Y] - h(Y))]
= E[(X — E[X|Y))'R(X — E[X|Y))] 4+ 2E[(X — E[X|Y])TRh(Y)] + E[AT(Y)Rh(Y)]

(
= E[(X - E[X|Y)TR(X — E[X|Y])] + 2E[E[(X — E[X|Y])TRh(Y)|Y]] + E[RT (Y)RR(Y)]  (6.6)
= B[(X - BE[X|Y]))"R(X — E[X|Y])] + E[MT (Y)Rh(Y)] + 2E|E[(X — EIX|Y)T|Y]RR(Y)| (6.7)

= B[(X - BIX|Y])"R(X — E[X|Y])] + E[h" (Y)Rh(Y)]
> B[(X - BEIX|Y])"R(X — E[X|Y])],

where in (6.6) we use Theorem[4.1.3and in we use Theorem[4.1.4] Note that without any loss we can assume that
E[RT(Y)h(Y)] < oo (by the above analysis for otherwise the expectation above would be unbounded) and therefore

1/2 1/2
E[(X — EXY))TRh(Y)]] < (E [(X ~ EXY)TRX - E[X|Y1>D (E[hT(Y)Rh(Y)])

by the Cauchy-Schwarz inequality, so that (X — E[X|Y])T Rh(Y) is integrable, validating the use Theorem m
Thus, for an optimal policy, we must have that E[hT (Y)Rh(Y)] = 0. o

Remark 6.1. We note that the above admits a Hilbert space interpretation or formulation: Let H denote the space
of random variables (defined on a probability space) on which the inner product (X, Z) := E[XTRZ] is defined;
this defines a Hilbert space. Let My be a subspace of H, defined as the closed subspace of random variables that
are measurable on o(Y). Then, the projection theorem [220] leads to the observation that an optimal ¢(Y) € My
minimizing || X — ¢g(Y)||3, denoted here by G(Y'), is one which satisfies:

(X —G(Y),h(Y))=E[X -GY)'RWY)] =0, Vhe My
The conditional expectation satisfies this condition as
E[(X — E[X|Y))" Rh(Y)] = E[E[(X — E[X|Y]))"Rh(Y)|Y]] = E[E[(X — E[X|Y]))"|Y]RR(Y)] =0,

since P a.s., E[(X — E[X|Y])T|Y] =0.

6.2.2 The Linear Quadratic Gaussian Problem

Consider the following linear system:
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Te41 = Az + Bug + wy,
yr = Cxy + vy, (6.8)

where z € R",u € R™ and w € R", y € RP, v € RP. Suppose {w;, v;} are zero-mean i.i.d. random Gaussian vectors
with given covariance matrices E[w;w!] = W and E[v;v] ]| = V forall t > 0.

The goal is to obtain
inf J(’% MO)?
¥
where

N—-1
J(no,y) = EJ [ af Que + uf Ruy + 23 Qnan], (6.9)

t=0

with R > 0 and @, Qn > 0 (that is, these matrices are positive definite and positive semi-definite) and 1 is an initial
prior probability measure (on x() assumed to be zero-mean Gaussian.

Building on Lemma[6.2.T] we will show in the following that the optimal control is linear in its expectation and has the
form
uy = —(BTK;; 1B+ R)"'BTK, 1 AE[z|I}]

where K solves the Discrete-Time Riccati Equation:
Ki=Q+ATK, 1A ATK, \B(BTK; 1B+ R)"'BTK,, A,
with final condition Ky = Q.

In the following, we start with the estimation problem.

6.2.3 Estimation and Kalman Filtering

In this section, we discuss the control-free setup and derive the celebrated Kalman Filter. In the following to make
certain computations more explicit and easier to follow, we will use capital letters to denote the random variables and
small letters for the realizations of these variables.

For a linear Gaussian system, the state process has a Gaussian probability measure. A Gaussian probability measure
can be uniquely identified by knowing the mean and the covariance of the Gaussian random variable. This makes the
analysis for estimating a Gaussian random variable particularly simple to perform, since the conditional estimate of
a partially observed (through an additive Gaussian noise) Gaussian random variable is a linear/affine function of the
observed variable.

Recall that a Gaussian measure with mean p and covariance matrix X'x x has the following density:

_ L eI )
p(a:) - (27T)g|EXX|1/26

Lemma 6.2.2 Let X,Y be zero-mean Gaussian vectors. Then E[X|Y = y] is linear in y: With Xxy = E[XYT] and
Yyy = E[YYT],

EX|Y =y] = Yxy Xy, (6.10)

and
E[(X - E[X|Y])(X - EIX|Y])!] = Zxx — Exy Xyy X%y =: D.

In particular,
E[(X - EX|[Y)(X - EX|[Y])T|Y = y]
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does not depend on the realization y of Y and is equal to D.

We note that if the random variables are not-zero mean, one needs to add a constant correction term making the estimate
an affine function (of the measurement).

Proof. By Bayes’ rule and the fact that the processes admit densities: p(z|y) = ;g(cyg)’) WithKxy = F [ Eﬂ (X TYT]] ,
we have that
Kyy = Yxx Yxy
Yyx Yyy

It follows that K)_oly is also symmetric (since the eigenvectors are the same as those of K xy and the eigenvalues are
inverted) and given by:

Thus, for some normalization constant C,

p(m7y) e—1/2(ITWXXI+2ITWXYy-‘ryTEVYYZJ)

() 127 K1)

By the completion of the squares method for the expression in the exponent, for some matrix D we obtain
(@"Oxxa + 20" Uxyy +y" Wyyy -y Kyyy) = (v — Hy) "D~ (z — Hy) + Q(y),

it follows that H = —W5 4 Wxy and D = W} Since Ky} Kxy = I (and thus Ux x Xxy + Uxy Zyy = 0), H is
also equal to Xxy 2;11/. Here Q(y) is a quadratic expression in y. As a result, one obtains

p(zly) = Ce~3QW) g=1/2(x—Hy)" D™ (z—Hy)

Since [ p(z|y)dz = 1 (as it is a conditional probability density function), it follows that Ce 2QW) = L and

27) 2 |D|1/2
is in fact independent of y. Then, we finally have that D, which does not depend on y, equals (see Lemma below)
E((X - EX|Y])(X - E[X|Y])"] = BIXX"] - B(EX[Y)(BX[Y])] = Zxx — Ixy Zyy Zxy (6.11)

<

Remark 6.2. The fact that Q(y) above does not depend on y reveals an interesting result that the conditional covariance
of X — E[X|Y] viewed as a Gaussian random variable is identical for all y values. This is a crucial fact that will be
utilized in the derivation of the Kalman Filter.

Remark 6.3. Even if the random variables X, Y are not Gaussian (but zero-mean), through another Hilbert space formu-
lation and an application of the Projection Theorem (see Remark D , it can be shown that the expression Y'xy E;Sl/y
is the best linear estimate, that is the solution to infr E[(X — KY)* (X — KY')]. One can naturally generalize this for
random variables with non-zero mean.

We will derive the Kalman filter in the following. The following two lemmas are instrumental.

Lemma 6.2.3 If E[X] = 0 and Zy, Zy are orthogonal zero-mean Gaussian processes (with E[Z1Z1] = 0), then
E[X|Z1 = 21722 = 2’2] = E[X|Z = Zl] + E[X|ZQ = 22].

Proof. The proof follows by writing z = [21, 22]7, noting that X'z 7 is diagonal and E[X|z] = Yxz Egéz. o

Lemma 6.2.4 E[(X — E[X|Y])(X — E[X|Y))T]is given by D = Xxx — Exy X3y 5%y above.
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Proof. Note that
BIX(E[X|Y])"] = B[(X - E[X|Y] + E[X|Y])(E[X[Y])"] = E[E[X|Y](B[X]Y])"]
since X — E[X|Y] is orthogonal to E[X |Y]|H As aresult,

E[(X ~ BIX|Y)(X — BIX|Y])"] = BIXX"] - 2E[X(E[X|Y])"] + E[E[X|Y](E[X[Y])]
— BIXXT] - BBIX|Y)(EX|Y])"),

and the result follows from Lemmal6.2.2]in view of (6.10). o

Now, we can move on to the derivation of the Kalman Filter.

Consider
Trp1 = Axy + w, yr = Cay + vy,
with E[w,w]] = W and E[v;v]] = V where {w;} and {v;} are mutually independent i.i.d. zero-mean Gaussian
processes.
Define

my = El¢|yp,i—1]

Zt\tfl = E[(z — E[xt‘y[O,tfl]])(xt - E[xt‘y[O,tfl]])T‘y[Oﬂtfl]]

and note that since the estimation error covariance does not depend on the realization yo ;1) (see Remark @ we
write also

Zyi-1 = El(z¢ — Elzdlyp,e—1)) (@ — Elzelyo,e—1)"]

Theorem 6.2.1 The following holds:

myp1 = Amy + ALy, 1CT (C Ly CT + V)" y — Cmy) (6.12)
S = ALy 1 AT+ W — (AZy;_1CT)(CEyye1 CT + V) TH(CEy—1 AT) (6.13)
with
mo = E[l‘o]
and

ZO|—1 = E[CE(ﬂZ?ﬂ

Proof. With x;1 = Az, + w;, the following hold:

myp1 = E[Az; +wilypo t]] = E[Az|yjo,0] = E[Amq + Az — my)|yjo,1]

= Amy + E[A(ze — me)|yjo,e-115 Yt — Elyelypo,e—1]]

= Amy + E[A(xe — m)|yjo.e—y) + E[A(ze — mae)|ys — Elytlyjo,e—1]] (6.14)
= Amy + E[A(ze — my)|ye — Elyelyjo,e—1]]

= Amy + E[A(zs — my)|Cxy + v — E[Cxy 4 vely[o,4-11]]

= Amy + E[A(x: — my)|C(xe — my) + v¢] (6.15)

In the above, (6.14) follows from Lemma [6.2.3] We also use the fact that w; is independent of (and hence orthogonal
t0) yjo,4- Let X = A(zy —my) and Y = vy, — Elye|yj0,4—1)] = y¢ — Cmy = C(2y — my) + v;. Then, by Lemma|6.2.2]
E[X|Y] = Zxy X3y Y and thus,

'Note that by iterated expectations, we have E[(X — E[X|Y])(E[X|Y])T] = E E[(X—E[X|YD(E[X|Y])T|Y]] =F [E[(X—

BX|YDIYIEX|YD"| =
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M1 = Amy + ASy 1 CT(CZy 1 CT + V) e — Cmy)

Likewise,
l‘t+1 — mt+1 = A(Z‘t — mt) —|— Wt — AEW,ICT(CEHt,lCT + V)_1<yt — C’mt),

leads to, after a few lines of calculations:

iy = AEt\tflAT +W - (A2t|t710T)(CEt|tflcT + V)_l(CZﬂtflAT)

o
The above is the celebrated Kalman filter.
Define now
my = Elze|yjo,q] = me + Elre — mu|ypo,q)
Following the analysis above, we obtain
my = my + Elzy — me|ypo—1) + E |2z — me|ye — Elyelyjo,—1]| -

Note that we also have m; = Am;_1. The following result then follows:
Theorem 6.2.2 The recursions for my satisfy

'I:ht = Amt,1 + Et‘t,lcT(CEt”,lCT + V)_1<yt - CA'I;;’Ltf]_), (616)

with mg = E[x0|y0]

We observe that the zero-mean variable x; — m; is orthogonal to yjo ], in the sense that the error is independent of the
information available at the controller, and since the information available is Gaussian, independence and orthogonality
are equivalent.

We observe that the recursion (6.13)) in Theorem [6.2.1]is essentially identical to the recursions in Theorem [5.3.2] with
writing A = AT, W = Q,V = R,C" = B. This leads to the following result (as a corollary of Theorem|6.2.1).

Theorem 6.2.3 Suppose (AT, CT) is controllable (this is equivalent to saying that (A, C) is observable) and V > 0.
Then, the recursions for the covariance matrices X, in Theorem [@] admit a fixed point. If, in addition, with W =
BBT, (AT BT) is observable (that is (A, B) is controllable), the fixed point solution is unique, and is positive definite.
As noted earlier, these can be relaxed to stabilizability (of (A, B)) and detectability of (A, C') but in this case the fixed
point solution may only be positive semi-definite.

Remark 6.4. The above suggest that if the observations are sufficiently informative, then the Kalman filter converges to
a solution (with an appropriate initialization), even in the absence of an irreducibility condition (i.e., the controllability
condition for (A, B) above) on the original state process x; under irreducibility, however, the solution is unique. This
intuition has been shown to find a precise generalization in the non-linear filtering context [851/227}[314]], see Definition
6.4.10)

6.2.4 Optimal Control of Partially Observed LQG Systems

Let us revisit (6.9). With the analysis of optimal linear estimation above, we will now reformulate the quadratic opti-
mization problem (6.9) in terms of 7, u; and x; — 1 as follows. First, let us note the following:

Theorem 6.2.4 Consider the controlled linear system (6.8). Then, with

my = Elz, |y[0,t—1] ) U[o,t—l]]
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and
Zii—1 = El(@e — Elze|yjo,e— 11> jo,e—1) (@t — Elze|yj0,6-17, vpo,e—11)) " ],

the following hold:

myp1 = Amy + Buy + A2t|t—lcT(CEt\t—ICT + V) Ny — Cmy)

iy = A2t|t71AT +W - (Azt\tflchCEt\tflCT + V)_l(CEt\tflAT)
with

mo = E[LL'()]

and

Soj-1 = Elzoz{ ]

The proof follows that of Theorem [6.2.1} the only difference is the presence of control. Observe that, the estimation
can be viewed to be that of estimating:

n—1 n—1 n—1

Tp = (AnCCO + Z Ankl’wk) + Z AnikilBuk = jn + Z AnikilBUk
k=0 k=0 k=0
where
i’n—}-l = Afn + wn

is the control-free system. But since ZZ;S A"~F=1 By, is known at time n (by the controller), the estimation problem
is essentially that of estimating the control-free system Z,,. Furthermore, the control adds no additional information
with regard to estimating 7,,, that is, the information generated by

Yn = Ci‘n + Un

up to time n contains the same information with regard to Z,, as that contained by {y, ux} up to time n, because
(1) z,, is not affected by the control, and (ii) the information that control actions contain are already available in the
information content of the current and past ¥,, variables under any measurable policy (to see this, note that ug is a
function of o, and w; is a function of ug and o, 1}, and thus really only that of yo 1}, and so on for n > 1 by an
inductive reasoning). That is, under any policy ~, for any Borel B and any n:

P7(Z,, € Blgjo,n)) = P (Zn € BlYjo,n], U[o,n—1])

What the above implies is that, under any policy ~y

n—1 n—1
EY [xn|y[0,n] ) U[O,nfl]} = Z An_k_lBUk + E[£n|y[0,n] R U[O’nfl]] = Z An_k_lBUk + E[jn|g[0,n]]-
k=0 k=0

Furthermore, ,, — E[xy|y[0,n—1], U[0,n—1]] is sample path equivalent to Z,, — E[Z,|yo,,—1)], and these are determined
solely by xo, w[o,n—1], V[0,n—1]-

Now, for the controlled case, let us define

my = Elz¢|ypo.4, ujo,t—1]]-

and observe that the Kalman filtering recursions apply almost verbatim with the control actions added in an additive
fashion:

’I’ht = A?’htfl + B’Ultfl + 2t|t,10T(CEt‘t,10T + V)_l (yt — C(A’f:ht,1 + But1)> (617)

Let Iy = {y[0,4, u[o,t—1) }- Observe now that
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E[xtTth] = E[(zy — my + 110) T Qx4 — 1 + 1004)]

= El(z, — )" Qxy — )] + Elmg Qiivg] + 2E[(x, — ) Qi)
= E[(z4 mt)TQ( )] + Elif Qi) + 2E[E[(z¢ — i) T Qrng| 1]
= E[(z — my)" Q(zy — )] + B/ Qriny) (6.18)

by the orthogonality property of the conditional estimation error to 7, (recall that m; is a function of I; and E[(x; —
m¢) T Qmy|I;] = 0). In particular, the cost:

N—-1
J(v, p0) = EL 1D af Quy + uf Ruy + 25 Qnan], (6.19)
t=0
writes as:
N—-1 N—-1
EY > mf Qi + uf Ruy + miQniny] + EJ [ (x Qze — my)]
t=0 t=0
+E) [(an —mn)"Qn(zy — mn)] (6.20)

for the fully observed system (see (6.17)):
= Amy_1 + Buy_1 + w1, (6.21)

with
W1 = Et|t—1CT(CZt\t—1CT + V) <yt —C(Amy_1 + But—l))

Furthermore, the estimation errors in (6.20) (the second and the third terms) do not depend on the control policy -y so
that the expected cost writes as

N-—1 N—-1
Qi + ui Ruy + iy Qniy] + Eul Q(zy — my)]
t=0 t:O
+Eu[(xy — mn)TQn(zn — )] (6.22)

Thus, the optimal control problem is equivalent to the control of the fully observed state m,, with additive time-varying
independent Gaussian noise process {w;} given in (6.21).

Here, that the error term (x; — 712;) does not depend on the control policy is a consequence of what is known as the lack
of dual effect of control: the control actions up to any time ¢ do not affect the state estimation error process for the future
time stages. Using our earlier analysis, it follows then that the optimal control has the form stated in the following:

Theorem 6.2.5 Consider with cost criterion given in ((6.9). The optimal control is given with
—(B"P,,1B+ R)"'BT P 1 AE[x4|I;) = —(BY Py 1 B+ R) ' BT P, 1 Ay,

with my computed as in (6.21), and P, generated as in Theorem[5.3.1\with Pn = Q. The optimal cost writes as

N-1

E[m{ Porig] + E{ Z W} Pyp1wy, + (2, — my) T Q(zy, — i) | + El(zy — mn)T Qn(zn — mn)]
k=0

In the above problem, we observed that the optimal control has a separation structure: The controller first estimates the
state, and then applies its control action, by regarding the estimate as the state itself.

Separation of Estimation and Control. In the above we observe that the optimal control policy is the same as that
in the fully observed setup in Theorem [5.3.1] except that the state is replaced with its estimate. The sufficiency of
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conditional expectation in optimal control is generally known as the separation of estimation and control [|141]] [206]
[334] [219]|-that is, the separation principle is said to hold when an optimal control exists in a subset of admissible
policies where the control depends on the information only through the conditional expectation of the state given the
information available—, and for this particular case, a more special version of it, known as the certainty equivalence
principle, applies: As expressed in [29, egs. (2.20)—(2.22)], a control problem possesses the certainty equivalence (CE)
property if the closed-loop optimal control policy has the same form as the deterministic optimal control policy under
perfect state observation and in the absence of process noise. More precisely, if in the absence of noise the optimal
control policy for the deterministic system is

up, = ¢r(xy), (6.23)

and CE holds, then the optimal closed-loop control policy for the noisy and not necessarily fully observed system is

u® = i (Elzrlyjon, vo,e—1)]), Vk. (6.24)

As observed above, the absence of dual effect plays a key part in this analysis leading the separation of estimation and
control principle, in taking E[(z; — m)T Q(x; — )] out of the optimization over control policies, since it does not
depend on the policy.

Remark 6.5 (Dual Effect vs. Certainty Equivalence). In [30], dual effect is introduced as the property that the moments
of (z; — m;) do not depend on the past applied control actions (leading to a form of probabilistic independence). A
more general condition would be that (x; — ;) does not depend on the past control policies (and not necessarily
the actions) in that the control policies do not alter the realization of the random variable (x; — ;) (see [103] for
an explicit analysis and relaxations). This distinction is important in certain applications in networked control systems
where separation results are particularly important [345]] (as probabilistic independence is often too restrictive when
one goes beyond the Gaussian setup). We also note that separation also applies in the linear quadratic setup when the
noise processes are not Gaussian, though of course the conditional estimations will no longer be linear [35, Lemma
5.2.1]. For results involving non-linear measurement models and for a detailed literature review, the reader is referred
to [103].

In many problems, the dual effect of the control is present and, depending on the control policy, the estimation quality
at the controller regarding future states may be affected. As an example, consider a linear system controlled over an
erasure channel, where the controller applies a control, but does not know whether the control reaches the destination
or not. In this case, the control signal which was intended to be sent, does affect the estimation error [[176},286].

6.3 On the Controlled Markov Construction in the Space of Probability Measures and
Extension to General Spaces

In Section we observed that we can replace the state with a probability measure valued state. It is important to
provide notions of convergence and continuity on the spaces of probability measures to be able to apply the machinery
of Chapter 5. In view of Theorem [6.1.1} if we can invoke the measurable selection conditions studied earlier (such as
Assumption [5.2.T), we can use the machinery of optimal stochastic control (such as Bellman’s principle) for partially
observed models.

The reader is referred to Appendix [D|for review of some concepts involving convergences of probability measures.

6.3.1 Non-linear Filter in the Standard Borel setup

The analysis in Section [6.1]applies essentially identically to the standard Borel setup.
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We consider . Let X be a standard Borel set from which the controlled Markov process {x:, t € Z} takes its
values with transition kernel 7. Let Y be a standard Borel space, and let the observation channel ) be defined as the
stochastic kernel (regular conditional probability) from X x U to Y such that Q( - |z, u) is a probability measure on the
Borel o-algebra B(Y) of Y for every (z,u) € X x Uand Q(A4]|-) : X x U — [0, 1] is a Borel measurable function for
every A € B(Y).

Let a decision maker (DM) be located at the output of an observation channel (), with inputs x; and outputs y;. An
admissible policy 7 is a sequence of control functions {7;, ¢ €} such that -; is measurable with respect to the o-algebra
generated by the information variables

It = {y[O,t]a U[O,tfl]}7 te Na IO = {yo}a

where
Uy = ’Yt(lt), t S (625)

are the U-valued control action variables. We define 1’4 to be the set of all such admissible policies. The joint distribu-
tion of the state, control, and observation processes is determined by (I2.1)) and the following system dynamics:

P((zo,y0) € B) = /B Q(dyolxo)Po(dxo), B € B(X x Y),

where P, is the prior distribution of the initial state zy and Qg is the observation channel, and for ¢t € N

P<(:ct,yt) €B

(xay7u)[0,t—1] = (I,y#)[o,t—l])
= / Q(dye|xe) T (dzy|zi—1,w—1), B € B(X x Y),
B

where T (-|x, u) is a stochastic kernel from X x U to X. This completes the probabilistic description of the partially
observed model. Let a one-stage cost function ¢ : X x U — [0, 0o0), which is a Borel measurable function from X x U
to [0, 00), be given. Then, we denote by J () the cost function of the policy v € I'4, which can be, for instance, finite
horizon, discounted cost or average cost criteria. The goal of the control problem is to find an optimal policy v* that
minimizes J.

As studied earlier, any such problem can be reduced to a completely observable Markov process [352], [262], whose
states are the posterior state distributions or ’beliefs* of the observer; that is, the state at time ¢ is

7Tt(') = P{Xt c -|y0,...,yt,u0,...,ut_1} GP(X)

We call this equivalent process the filter process . The filter process has state space P (X) and action space U. Recall
again that P(X) is equipped with the Borel o-algebra generated by the topology of weak convergence, where, under
this topology P(X) is also a standard Borel space.

The transition probability of the filter process can be constructed as follows. As in the countable setup case, we have
the following explicit Bayesian recursion to define F' under a mild regularity condition: Let ) be dominated in the
sense that there exists a dominating reference measure A such that Vz € X, Q(dy|z,, = =) < . Then, define the
Radon-Nikodym derivative

dG(yn € ‘|z = z)

as the likelihood function (serving as a conditional probability density function) and we can write the filter 7,
recursively in terms of m,, and y,,+1, u,, explicitly as a Bayesian update:

Trat,Ynt1)T (Axpit|Tn, un)m, (de,
7Tn+1(d$n+1) = F(men+17un)(dl‘n+1) = fxg( Y +1) ( +1| ) ( )

= 6.26
fx fx g(xn-‘rlayn+1)T(d$n+1|xnaUn)ﬂ'n(dxn) ( )
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As earlier in the countable space setup, the transition probability 7 of the filter process is constructed as follows. If we
define the measurable function F'(7,y, u) := P{xs11 € -|m = m,us = u, yp41 = y} from P(X) x U x Y to P(X)
and use the stochastic kernel P( - |7, u) = P{yi41 € - |m = 7, uy = u} from P(X) x U to Y, we can write 7 as

n(-|m,u) :/Yl{p(ﬂ-’y}u)e.}P(dy‘ﬂ',’U,). (6.27)

In l) we need to show that the expression P(m;+1 € D|m,u,) is a regular conditional probability measure; that
is, for every fixed D € B(P(X)), this is a measurable function on P(X) x U and for every 7, uy, it is a conditional
probability measure on P(X). Furthermore, we need to ensure that ¢, the equivalent cost function, is also a measurable
function.

A proof of the first result below can be found in [4]] (see Theorem 15.13 in [4] or p. 215 in [53]))

Theorem 6.3.1 Let S be a Polish space and M be the set of all measurable and bounded functions f : S — R. Then,
forany f € M, the integral

[ wtan)s@

defines a measurable function on P(S) under the topology of weak convergence.

This is a useful result since it allows us to view integral forms as measurable functions on the space of probability
measures when we work with the topology of weak convergence. The second useful result follows from Theorem[6.3.1]
and Theorem 2.1 of Dubins and Freedman [|110] and Proposition 7.25 in Bertsekas and Shreve [37]].

Theorem 6.3.2 Let S be a Polish space. A function F' : P(S) — P(S) is measurable on B(P(S)) (under weak
convergence), if for all B € B(S) (F(-))(B) : P(S) — R is measurable under weak convergence on P(S), that is for
every B € B(S), (F(n))(B) is a measurable function when viewed as a function from P(S) to R.

By Theorem[6.3.2] we have that F is a Borel measurable function, and 7 is a stochastic kernel.

The above thus establish that under weak convergence topology, (7, u;) forms a standard Borel controlled Markov
chain.

As in the countable setup, in the belief-MDP formulation, the one-stage cost function ¢ : P(X) x U — [0, oo) for the
filter process is given by

&(m,u) ::/Xc(a;,u)w(dx),

With cost function ¢(x, u) continuous and bounded on X) x U, by an application of the generalized dominated conver-
gence theorem (see Theorem (212} Theorem 3.5] [287, Theorem 3.5]), we have that that ¢(7, u) = E™ [c(x, u)] :=
[ w(dx)e(z,u) : P(X) x U — Ris also continuous and bounded, and thus Borel measurable as a map from P(X) x U
to RR.

Hence, the filter process defines a completely observable Markov process with the components (P(X), U, ¢, 7).

For the filter process, let us define another information variable sequence as

I = {70 vy}, tEN, Ip = {mo}.

Now, building all these together, as in the countable setup, in view of the results in Chapter 5 (notably Theorem
??5.1.1]Theorem [5.1.Then follows that an optimal control policy of the original POMDP will use the belief 7, as a
sufficient statistic for optimal policies (see [352]], [262]). More precisely, the filter process is equivalent to the original
POMDP in the sense that for any optimal policy using the filter process, one can construct a policy for the original
POMDP which is optimal, or more generally, for any policy which uses I; there exists another one which only uses the
filter process 7; and which is at least as good as the original policy.
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6.3.2 Continuity Properties of Belief-MDP: Weak Continuity and Wasserstein Continuity of Filter Kernels

Weak Feller Continuity of the Filter Kernel 7. Building on [93], [[184] and [128]], we first study the weak Feller
property of the filter process; that is, the weak Feller property of the kernel defined in under two different sets of
assumptions.

Assumption 6.3.1 (i) The transition probability T (-|x,u) is weakly continuous in (z,u), i.e., for any (T, u,) —
(x,u), T(|Tn, un) = T(-|z,u) weakly.

(ii) The observation channel Q(-|x,u) is continuous in total variation, i.e., for any (T, un) — (x,u), Q(-|Tn, Un) —
Q(+|x, w) in total variation.

Assumption 6.3.2 (i) The transition probability T (-|z,w) is continuous in total variation in (x,u), ie., for any
(@, un) = (x,0), T(|2n, upn) — T (-|z, w) in total variation.

(ii) The observation channel Q(-|x) is independent of the control variable.

Theorem 6.3.3 [/28] Under Assumption the transition probability 1(-|z, u), given in (6.27), of the filter process
is weakly continuous in (z,u).

See also [93] for an earlier though slightly more restrictive result along the above.

Theorem 6.3.4 [|/84|] UnderAssumptionm the transition probability 1(-|z, ), given in , of the filter process
is weakly continuous in (z,u).
A proof for these is given in Section[6.6]

If the cost function c is continuous and bounded, an application of the dominated convergence theorem implies that
¢é(m,u) is also continuous and bounded. If the action set is compact, then under the weak continuity condition noted
above on the non-linear filter, we have that the measurable selection conditions apply, and solutions to the Bellman or
discounted cost optimality equations exist, and accordingly an optimal control policy exists.

See [188, Theorem 7], which builds on [[184], for further refinements with explicit moduli of continuity for the weak
Feller property.

We refer the reader also to [[128| Theorem 7.1] which establishes weak Feller property under further sets of assumptions.
See [[1L[127/129|/188]] for further results on the above weak Feller property.

As examples, taken from [184]], suppose that the system dynamics and the observation channel are represented as
follows:

Tt41 = H(xt7utawt)a

Yr = G4, up—1, 1),
where w; and v; are i.i.d. noise processes.

(i) Suppose that H(x,u,w) is a continuous function in = and w. Then, the corresponding transition kernel is weakly
continuous. To see this, observe that, for any ¢ € Cy,(X), we have

[ et Tt o) = [ el (e, wo))ldoo)
ﬁ/C(H(mo,uO,wo))u(dwo) = /0(301)7—(07%1\%0,“0),

where we use 4 to denote the probability model of the noise.
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(ii) Suppose that G(x, u,v) = g(x, u)+wv, where g is a continuous function and V; admits a continuous density function
¢ with respect to some reference measure v. Then, the channel is continuous in total variation. Notice that under
this setup, we can write Q(dy|z,u) = ¢(y — h(z,u))v(dy). Hence, the density of Q(dy|z,,u,) converges to
the density of Q(dy|z, u) pointwise, and so, Q(dy|z, u,) converges to Q(dy|z, ) in total variation by Scheffé’s
Lemma [43]]. Hence, Q(dy|x,u) is continuous in total variation under these conditions.

(iii)Suppose that we have H (z, u, w) = h(x,u)+w, where f is continuous and w; admits a continuous density function
¢ with respect to some reference measure v. Then, the transition probability is continuous in total variation: with
this setup we have 7 (dx1 |z, uo) = p(x1—h(xg, ug))v(dz1). Thus, continuity of ¢ and h guarantees the pointwise
convergence of the densities, so we can conclude that the transition probability is continuous in total variation by
again Scheffé’s Lemma.

Under the above, it follows that for the belief-MDP (P(X), U, ¢,7), Assumption holds and therefore Theorem
[5.2.T|applies: For a finite horizon cost minimization problem, there exists an optimal control policy which is of Markov
type (Markov in the belief state, ;). The discounted and average cost criteria will be presented in the following section.

Remark 6.6 (Existence results without separation / belief-MDP reduction). Consider a partially observable stochastic
control problem (POMDP) with the following dynamics.

Tiy1 = f(xtvuta wt)7 Yt = 9($t7vt)~

If f(-,-,w) is continuous and g has the form: y; = g(x;) + v, with g continuous and w; admitting a continuous density
function 7, an existence result can be established building on the measurable selection criteria under weak continuity
in view of Theorem[6.3.3]

Without adopting the belief-MDP reduction method, such an existence result can also be established by a mea-
sure transformation argument and using a strategic measures approach: With 1 denoting the density of v,,, we have
P(y, € Blzn) = [gn(y — g(zn))dy. With n and g continuous and bounded, taking y™ := y,, by writing
Tnt1 = [(@n, Un,wn) = f(f(Tn—1,Un—1,Wn—1), Un, Wy, ), and iterating inductively to obtain

Tn+1 = hn(an Ujo,n—1]» W[O,n—l])v

for some h,, which is continuous in uj ,,_1) for every fixed xo, W[o 1), one obtains an effective reduced cost
that is a continuous function in the control actions. [346, Section 5.4.2] then implies the existence of an optimal control
policy. This reasoning is also applicable when the measurements are not additive in the noise but with P(y,, € B|z, =
x) = [ m(y,z)n(dy) for some m continuous in z and 7 a reference measure.

It may be important to note that Bismut [46] arrived at related results for partially observed models in continuous-time,
through an approach which also avoids separation / the construction of a belief-MDP. Please see Section [T0.8.1] for
further discussion.

Wasserstein Continuity of the Filter Kernel 7). Regularity under the Wasserstein metric has been studied in [|1,100]
and [101]]:
Assumption 6.3.3

1. (X, d) is a bounded compact metric space with diameter D (where D = sup,, , cx d(z,y)).

2. The transition probability T (- | x,u) is continuous in total variation in (x,u), iLe., for any (Tn,u,) —
(2, u), T (- | Zn,un) = T (- | x,u) in total variation.

3. There exists o € Rt such that
ITClau) =T |2 u)lpy < ad(z,2)

Joreveryxz,x' € X, u € U.

4. There exists K1 € Ry such that
le(z,u) — c(x',u)| < Kqid(z,x).
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foreveryxz,x' € X, u € U.
5. The cost function c is bounded and continuous.

Theorem 6.3.5 [100] Assume that X and Y are Polish spaces. If Assumptions[6.3. 31| are fulfilled, then we have
Wi (n(- | 20, u),n (- | 29,u)) < KaWh (20, 20) ,

with Ky := wfor all 29, zy € P(X), u e U.

Assumption 6.3.4 (i) (X,d) is a compact metric space.

(ii) There exists a constant 0 € (0, 1) such that

Wi (TG z,u) =T (|2 u) <0-d(x,z)

forevery x,2' € X,u € U.

(iii)There exists a constant vy € RT such that
1QCT2) = Q¢ )y < v d(z,a)

forevery x,z’ € X.

Theorem 6.3.6 [99, Theorem 2.4] Assume that X and Y are Polish spaces. Under Assumption we have

36~vD
Wi o) (- zho) < (04 292 ) i o)
forall 29, zy € Z,u € U, where D = sup,, ,cx d(z,y).

Remark 6.7. [348| has presented an alternative approach, without belief-separation, and has arrived further conditions
for the existence of optimal policies for discounted and average cost problems as well as the unique ergodicity property
for both controlled and control-free setups. Such an approach leads to complementary conditions on the weak Feller
property on the state, which considers the entire past as the state endowed with the product topology.

6.3.3 Existence of Optimal Policies: Discounted Cost and Average Cost

Consider the minimization of either the discounted cost criterion (for some 3 € (0, 1)

J(1,7) o= EJ[>  Bre(wp, up)] (6.28)
k=0
or the average cost criterion
1 N-1
J(u,7) := limsup NEZ[Z c(zr, ur)], (6.29)
N—o0 k=0

over all admissible control policies v = {v9, 71, } € I' with zg ~ p.

Discounted Cost Cost.

Theorem 6.3.7 If the cost function ¢ : X x U — R is continuous and bounded, and U is compact, under under
Theorems or Jor any B € (0, 1), there exists an optimal solution to the discounted cost optimality problem
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with a continuous and bounded value function. Furthermore, under Assumption with Ky = M, if
BK5 < 1 the value function is Lipschitz continuous.

Proof. An application of the dominated convergence theorem implies that é(m, ) is also continuous and bounded. If
the action set is compact, then under Theorems or[6.3.4] which imply that  is weakly continuous, we have that
the measurable selection conditions (see e.g. [[165]) apply, and solutions to the Bellman or discounted cost optimality
equations exist, and accordingly an optimal control policy exists. For the second result, Theorem[5.5.3](see 270, The-
orem 4.37]) leads to Lipschitz regularity under the Wasserstein continuity condition on the kernel. o

Average Cost. The average cost is a significantly more challenging problem as the typical contraction conditions via
minorization for the kernel 7) is too demanding. As is studied in detail in Chapter[7} the average cost optimality
equation (ACOE) plays a crucial role for the analysis and the existence results of MDPs under the infinite horizon
average cost optimality criteria. The triplet (h, p*,v*), where h, 7y : P(X) — R are measurable functions and px € R
is a constant forms the ACOE if

h(z) + p* = Jgg {6(z,u) Jr/h(zl)n(dzlz,u)}
= ¢(z,7%(2)) +/h(z1)n(dzl|z,'y*(z)) (6.30)

for all z € P(X). It is well known that (see e.g. [165 Theorem 5.2.4]) if (6.30) is satisfied with the triplet (h, p*,v*),
and furthermore if h satisfies

E7[n(Z)]

=0, VzePX)

sup lim
~er t—o0

then v* is an optimal policy for the POMDP under the infinite horizon average cost optimality criteria, and

J*(z) = ;2? J(z,7) =p* Vze PX).

Theorem 6.3.8 [|/00] Under Assumption with Ko = M < 1, a solution to the average cost optimality
equation (ACOE) exists. This leads to the existence of an optimal control policy, and optimal cost is constant for every
initial state.

The proof follows from Corollary For belief-MDPs, we should emphasize that minorization conditions (as in
Assumption are typically not applicable.

6.3.4 A useful structural result: Concavity of the value function in the priors

The following theorem establishes concavity of the optimal cost in a single-stage stochastic control problem over the
space of initial distributions and this also applies for multi-stage setups.

Theorem 6.3.9 Let [ c(x,~(y))PQ(dx,dy) exist for all v € I and P € P(X). Then,
J*(P.Q) = inf EE[c(z,7(y))]
yerl
is concave in P.

Proof. For ¢ € [0,1] and P’, P” € P(X) we let P = aP’ + (1 — a)P”. Note that PQ) = aP'Q + (1 — a)P" Q. We
have
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J(@aP' + (1 —a)P",Q) = J(P,Q)

= inf EZ7[e(z,v(y))]

— 7ig/c(a:,7(:9))1’362(@’%dy)

= inf (a / c(z,7(y)) P'Q(dz, dy)

yer

+1-a) [ e P Qs )
> int (a [ e )P Qs dy)

yer
+ it (- 0) [ elent)P Q)
— wI(PQ) + (1 - a)J(P",Q)

6.4 Filter Stability

The filter stability problem refers to the correction of an incorrectly initialized non-linear filter for a partially observed
stochastic dynamical system (controlled or control-free) with increasing measurements. Let us describe this property
more explicitly: Given a prior p € P(X) and a policy v € I" we can then define the filter and predictor for a POMDP
using the (strategic) measure P*7.

Definition 6.4.1 (i) We define the one step predictor process as the sequence of conditional probability measures

() = PV ( Xy € [Yjon—1), Ujon—1]) = P*7(Xn € [Yo,n-1)) n€N

n—

(ii) We define the filter process as the sequence of conditional probability measures

Wg”y(') = P“”Y(Xn S '|Y—[O,n]7 U[O,n—l]) = PM”Y(Xn S '|}/[O,n])7 n e Z+ (631)
Remark 6.8. Recall that the Uy, 1) are all functions of the Y| ,_1), so conditioning on the control actions is not
necessary in the above definitions. Yet this conditional probability would be policy dependent; if we condition on the
past actions, this conditioning would be policy-independent.

Say a prior 4 € P(X) and a policy v € I" are chosen, an observer sees measurements Yy ) generated via the
strategic measure P*-7. The observer is aware that the policy applied is -y, but incorrectly thinks the prior is v # p. The
observer will then compute the incorrectly initialized filter 7> while the true filter is 7#+7. The filter stability problem
is concerned with the merging of 7> and /" as n goes to infinity.

It will be useful to note that the filter is the strategic measure conditioned on the sigma field }'8)’7 ,, and restricted to the
sigma field FX.

Wﬁ;’v(') = P#W(Xn € D/[O,n]) = Pu’7|]:§|}—(¥n

In the literature, there are a number of merging notions when one considers stability which we enumerate here. Let
Cy (X)) represent the set of continuous and bounded functions from X — R.

Definition 6.4.2 Two sequences of probability measures P,, Q, merge weakly ifV f € Cy(X) we have limy, o0 | [ fdPn — [ fdQn| =
0.



6.4 Filter Stability 129

Definition 6.4.3 For two probability measures P and ) we define the total variation norm as |P — Q|lrv =
SUp|| || <1 |f fdP — f fdQ| where f is assumed measurable. We say two sequences of probability measures P,
Q@ merge in total variation if | P, — Qn||l7v — 0 as n — oo.

Definition 6.4.4

(i) Fortwo probability measures P and Q) we define the relative entropy as D(P||Q) = [ log %dP = % log %d@

where we assume P < Q) and % denotes the Radon-Nikodym derivative of P with respect to Q.

(ii) Let X and 'Y be two random variables, let P and Q) be two different joint measures for (X,Y') with P < Q. Then
we define the (conditional) relative entropy between P(X|Y') and Q(X|Y) as

DPCYIQEIY)) = [ 1og (55 w0) ) ap (o

= / (/ log (35);'; (m,y)) dP(z|Y = y)) dP(y) (6.32)

We define here the different notions of stability for the filter:

Definition 6.4.5 (i) A filter process is said to be stable in the sense of weak merging with respect to a policy v P*7
almost surely (a.s.) if there exists a set of measurement sequences A C Y%+ with P* probability 1 such that for
any sequence in A; for any f € Cy(X) and any prior v with ;1 < v (i.e., forall Borel Bv(B) =0 = p(B) =0)
we have lim,_, | [ fdmt? — [ fdﬂ,”;'y| =0.

(ii) A filter process is said to be stable in the sense of total variation in expectation with respect to a policy vy if for any
measure v with i < v we have lim,,_, oo E*7[||7fY — 727 ||py] = 0.

(iii)A filter process is said to be stable in the sense of total variation with respect to a policy v P*" a.s. if there exists a
set of measurement sequences A C Y7+ with P*7 probability 1 such that for any sequence in A; for any measure
v with i < v we have lim,,_, o |77 — 727||ry = 0 P™7 a.s..

(iv)A filter process is said to be stable in the sense of relative entropy with respect to a policy vy if for any measure v
with p < v we have lim,,_, oo E*Y[D(mt7||7k7)] = 0.

(v) The filter is said to be universally stable in one of the above notions if the notion holds with respect to every
admissible policy v € I'.

Predictor stability is defined in an analogous fashion for each of the criteria above.

Total variation merging implies weak merging, and relative entropy merging (i.e. D(P,||Q,) — 0) implies total
variation merging via Pinsker’s inequality [94].

One of the main differences between control-free and controlled partially observed Markov chains is that the filter
is always Markovian under the former, whereas under a controlled model the filter process may not be Markovian
since the control policy may depend on past measurements in an arbitrary (measurable) fashion. This complicates the
dependency structure and therefore results from the control-free case do not directly apply to the controlled setup.

We made the observation earlier that under observability and a controllability assumption, any incorrectly initialized fil-
ter will converge to the correct Kalman filter (we note that partial convergence and robustness results on the asymptotic
equivalence of conditional expectations and linear estimates for non-Gaussian priors for linear systems are reported
in [292]]). In the following, we will present a concise discussion on how such results carry over to the stochastic non-
linear setup.

Much of the results on filter stability involves control-free systems. Thus, results have considered partially observed
Markov processes (POMP) as opposed to partially observed Markov decision processes (POMDP). Since there is no
control in such systems, there is no past dependency in the system and the pair (X,,Y,)52, is always a Markov
chain. For such control-free models, filter stability has been studied extensively and we refer the reader to [86] for
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a comprehensive review and a collection of different approaches. As discussed in [86], filter stability arises via two
separate mechanisms:

1. The transition kernel is in some sense sufficiently ergodic, forgetting the initial measure and therefore passing this
insensitivity (to incorrect initializations) on to the filter process.

2. The measurement channel provides sufficient information about the underlying state, allowing the filter to track the
true state process.

To be able to present a concise discussion, building on some prior material in the notes, for both controlled and control-
free setups we review conditions in [225]] based on Dobrushin’s coefficients of the measurement channel and the
controlled transition kernel. Recall (3.29). We consider a slight generalization in the following.

Definition 6.4.6 [106| Equation 1.16] For a kernel operator K : S; — P(Ss) (that is a regular conditional probability
from S1 to Ss) for standard Borel spaces S1, Sa, we define the Dobrushin coefficient as:

§(K) = inf Y min(K(z, 4;), K (y, A;)) (6.33)
=1

where the infimum is over all x,y € Sy and all partitions {A;}7, of Sa.

Let us define

5(T) = inf 8(T (|- u)).

u€elU

The following can be viewed as a generalization of Theorem

Theorem 6.4.1 [225| Theorem 3.3] Assume that for u,v € P(X), we have |1 < v. Then we have
EFY [l = mllev] < (1= 8(1))(2 = 6(Q)) B [mh — w7 |lzv]
In particular, defining o :== (1 — 6(T))(2 — 6(Q)), we have
BR[|l = w7 ey ] < 207
By applying the Borel-Cantelli lemma and Markov’s inequality, we have that exponential stability in expectation im-

plies the same result in an almost sure sense as well: assume that the filter is exponentially stable with coefficient
a=(1-6(T))(2-6(Q) < 1andlet p be a value p < L. Then we have for every € > 0,

) oo
EH|||mt — 7|1y
ZP#(pkHWﬁ _T(-ZHTV > 6) < Zpk [” n - nHT ]

k=0 k=0
< H:u — VHTV i(pa)k
- €
k=0
_Np=vllry 1
€ 1—pa
< 00

thus by Borel Cantelli Lemma p*||7# — «%||7v — 0 P* a.s. for any p < L. See [225, Remark 3.10].
This also establishes that the rate of convergence is uniform over all priors v as long as u < v.

A further approach to ensuring filter stability, via sample paths, is by an analysis which builds on the Hilbert projective
metric: [[146]
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Definition 6.4.7 Twwo non-negative measures p, v on (X, B(X)) are comparable, if there exist positive constants 0 <
a < b, such that
av(A) < p(A) < bv(A)

for any Borel subset A C X.

Definition 6.4.8 (Mixing kernel) The non-negative kernel K defined on X is mixing, if there exists a constant 0 < ¢ <
1, and a non-negative measure \ on X, such that

1
A(A) < Kl 4) < 1A(4)
forany x € X, and any Borel subset A C X.

Definition 6.4.9 (Hilbert metric). Let 1, v be two non-negative finite measures. We define the Hilbert metric on such
measures as

su u(A)

lo PAlv(A)>0 T(A)

inf e

Alv(A)>0 P(A)

) if uw, v are comparable
h(p,v) = 0 ifu=v=0 (6.34)

00 else

Note that h(ap, bv) = h(u, v) for any positive scalars a, b. Therefore, the Hilbert metric is a useful metric for nonlinear
filters since it is invariant under normalization, and the following lemma demonstrates that it bounds the total-variation
distance.

Lemma 6.4.1 [|/46, Lemma 3.4] Let i, v be two non-negative finite measures,
il =vlpy < gegh(pv).
ii. If the nonnegative kernel K is a mixing kernel (see Definition with constant €, then h(Ku, Kv) <

%2 1 — V”TV'

Lemma 6.4.2 ( [146], Lemma 3.8) The nonnegative linear operator T on M+ (X) (positive measures on X) associated
with a nonnegative kernel K defined on X

7(K):=  sup h{Kp, Kv) = tanh {1H(K)]
0<h(p,v)<oco h (,ua V) 4

where
H(K):=suph(Kpu,Kv)

sV

is over nonnegative measures, is a contraction (called the Birkhoff contraction coefficient) , is a contraction under the
Hilbert metric if H(K) < oo (which implies T7(K) < 1).

A controlled version of a contraction via the Hilbert metric [146] can be obtained [101]:

Recall that
F(z,y,u)(-) = P{xpy1 € - | 7 = 2,Yy1 = 4, Up = u}

Assumption 6.4.1 1. Q(y|z) > € > 0 foreveryx € Xandy € Y.
2. The transition kernel T (.|.,w) is a mixing kernel (see Definition for every u € U.

Lemma 6.4.3 [/|] Under Assumption there exists a constant v < 1 such that
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h(F (g, y, u), F(v,y,u)) < rh(p,v) (6.35)

2
for every comparable p,v € P(X) and for everyuw € Uandy € Y. Here v = Lf%f,

kernel T(.|.,u).

€ IS the mixing constant of the

Another filter stability result which will also be useful in numerical methods for POMDPs to be considered later is via
the following stochastic non-linear observability definition.

Definition 6.4.10 [Stochastic Observability for Non-Linear Systems] [226] A POMDP is called one step observable
(universal in admissible control policies) if for every f € Cy(X) and every € > 0 there exists a measurable and
bounded function g such that

1F() - / 10)Qy] ) < ¢ (6.36)

Theorem 6.4.2 [226]] Assume that i < v and that the POMDP is one step observable. Then the predictor is univer-
sally stable weakly a.s. .

We now present an example for observability.

Example 6.9. [227] Consider a finite setup X = {ay,--- ,a,} and let the noise space be V.= {by,--- , b, }. Now,
assume y = h(x,v) has K distinct outputs, where 1 < K < (n)(m) and Y = {c1,--- ,ckx }. We note that for such
a setup, there is already a sufficient and necessary condition for filter stability provided in [315, Theorem V.2] (see
also [313]]. We examine this case to show that Deﬁnitionabove leads to filter stability.

For each x, h; can be viewed as a partition of V, assigning each b; € X to an output level ¢; € Y. We can track this by
the matrix H,(7,j) = 1if h;(b;) = y; and zero else. Let () be the 1 x m vector representing the probability measure
of the noise. We consider the one step observability (though this can be generalized for the control-free case to /N-step

oy
Q2
observability for N > 1). Let g(¢;) = ag, witha = | | and [, g(h(z,v))Q(dv) =: (QH,)a. Any function f(x)
(03¢
can be expressed as a n X 1 vector and hence the question reduces to finding a vector « so that f = QH«, and the
QHal
system is one step observable if and only if the matrix A = : is rank n.
QH,,

Since the spaces are finite, Theorem [6.4.4] to be presented below, leads to filter stability, both in total variation and
weakly, in expectation.

Further examples for measurement channels satisfying Definition [6.4.10/have been reported in [227, Section 3ﬂ
The observability notion defined above only results in stability of the predictor in the weak sense P*7 a.s. .We next

extend this stability to total variation P*7 a.s. .Let the measurement channel () be dominated in the sense that there

%For control-free systems, [227]] defines the following: A control-free filter is N-step observable if for every f € Cy(X) and every
€ > 0 there exists a measurable and bounded function g such that

176) = [ 9(unm)@dysm Xs =) < (637)
y
A further notion is observability: A POMP is observable if for every f € Cy,(X') and every € > 0 there exists N € N and a measurable

and bounded function g such that applies. Due to the presence of dual effect, these IV-step definitions require a more refined
approach for filter stability.
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exists a reference measure A such that Vo € X, Q(Y € ‘|z, = x) < A(:). Then, we define the Radon-Nikodym
derivative

) = L =D ) (6.38)

which serves as a likelihood function. We will consider one of the following assumptions.

Assumption 6.4.2 (i) T (-|x,u) is absolutely continuous with respect to a dominating measure ¢ for every x € X, u €
U, so that t(z1,z,u) = %‘;’“)(m) where t is continuous in x for every x1 € X and u € U.

(ii) q(x,y) is bounded and continuous in x for every fixed y. Furthermore, q(x,y) > 0 forallx € X,y € ).

Assumption 6.4.3 T (-|x, u) is absolutely continuous with respect to a dominating measure ¢ for every v € X, u € U,

so that s(x1,x,u) = %{f’u)

and equicontinuous.

(x1). The family of (conditional densities) {s(-,x,u)}zex veu is uniformly bounded

Theorem 6.4.3 [226]] Let ;1 < v. Let Assumption or Assumption hold. If the predictor is universally stable
in the weak sense a.s. then it is also universally stable in total variation a.s. .

One of the key steps in the proof of Theorem is that P*7(Y,, € -[Y]g,n—17) and P (Y, € -|Y[g,—1]) merge
in total variation P*7 a.s. as n — o0. To achieve this in a POMDP, we apply Blackwell and Dubins [50] to the
measurement process {Y,, }52 ;. However, [50] is fundamentally about predictive measures of the future given the past,
and hence only directly implies predictor stability results, not the filter. Filter stability is studied next.

Assumption 6.4.4 The measurement channel Q is continuous in total variation. That is, for any sequence a,, — a € X
we have ||Q(+|an) — Q(:|a)||rv — 0 orin other words | P(Yy € -| X0 = an) — P(Yo € | Xo = a)|lrv — 0.

Assumption [6.4.2]ii), together with the related domination condition (6.38)), implies Assumption [6.4.4] (see [184] Sec-
tion 2.3]); see also [184] Theorem 3] for a partial converse result.

Theorem 6.4.4 [226]]

(i) Let Assumption hold. If the predictor is universally stable in weak merging a.s. , then the filter is universally
stable in weak merging in expectation.

(ii) The filter is universally stable in total variation in expectation if and only if the predictor is universally stable in
total variation in expectation.

(iii)The filter is universally stable in total variation in expectation if and only if it is universally stable in total variation
a.s. .

(iv)Let |1 < v, and assume for any policy +y there exists some finite n such that E*Y[D(mt7||mk7)] < oo and some
m such that E“”[D(P“ﬂ%y ||(P”7”f|f3) )] < 0. Then the filter is universally stable in relative entropy if and

only if it is universally stable in total variation in expectation.

Applications of these will be discussed in the context of numerical methods for POMDPs later in the notes. Filter
stability is also related to robustness of optimal costs to incorrect initializations for controlled models [226].

6.5 Bibliographic Notes

Earlier work on separation results for partially observed Markov Decision Processes include [352f], [296], [262]. For
linear systems, classical texts include [10}|11}[35(74,[200}[206,207]. See [86] for a comprehensive review on filter
stability. A very comprehensive recent book on POMDPs is [[197]].
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It has been shown relatively recently that one could approach the Riccati/Kalman Filter updates as a contraction map in
positive-definite matrices [69] (see also [215] and [217]), leading to a concise and direct proof of convergence as well
as stability (though with strict controllability and observability conditions, instead of detectability and stabilizability).
On filter stability, related work in the control-free domain includes [85/86}/159].

6.6 Appendix

6.6.1 Proof of Theorems[6.3.4 and [6.3

We present the unified proof given in [[184]. We first recall (]115[) which is used to metrize weak convergence. The following result
plays a key role.

Lemma 6.6.1 [|/54] Let X be a Borel space. Suppose that we have a family of uniformly bounded real Borel measurable functions
{far}n>1,0ea and { fr}rea, for some set A. If, for any x,, — x in X, we have

Jim. sup |faa(zn) = fa(@)] =0 (6.39)
nl:n;o iup [Fr(zn) — fa(z)] =0, (6.40)

then, for any pn — p weakly in P(X), we have

lim sup =0.

n—00 Ng A

[ fr@uenta) = [ pr@ntao)

X

In Theorem[6.3.3|and Theorem[6.3.4] we need to show that, for every (z(, un) — (20,u) in Z x U, we have

7

/f z1)n(dz1]z0, un) /f z1)n(dz1]z0,u)| —

HfHBL<1

where we equip Z with the metric p to define bounded-Lipschitz norm || f|| g of any Borel measurable function f : Z — R. We
can equivalently write this as

— 0. (6.41)

/ F(er (28t 1)) P(dyn |28 un) — / F (21 (20, 0, 41)) P(dys | 20, )

Y

HfHBL<1

The term in equation (6:41) can be upper bounded as follows:

/ F (e (28t 1)) Py 28 1) — / F (21 (20, 0, 91)) P(dys | 20, )

Hf”BL<1 Y
< /le 2t 1)) P(dya |28 m) /le 28ty 1)) P(dyt 20, )
HfHBL<1
/ S (5 1)) — F (21 (20, 1, 10)) | P(dys |20, )

HfHBL<1

<Pl un) — P(Jzo,u)zv
sup / 17 (21 (28 tm91)) — £ (21 (20, 90)) | P (|20, ), (6.42)
HfHBL<1

where, in the last inequality, we have used || f||cc < ||f|lBz < 1. To prove that (6.42) (and so (6.41)) goes to 0, it is sufficient to
establish the following results:

(i) P(dyi1]zo0,uo) is continuous in total variation,

(i) limp o0 fi p(21 (28, tn, y1), 21 (20, u, y1)) P(dy1| 20, u) = 0 as (25, un) — (20, u).
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Indeed, suppose that (i) and (ii) hold. Then, the first term in (6.42) goes to 0 as P(-|zo,u) is continuous in total variation. For the
second term in (6:42)), we have

sup / £ (21 (28 90)) — (21 (20,1, 91)) | Py |20, )

IfllBL<1

S/9(21(237un,yl),Zl(zo,wyl))P(dyl\Zo,u)
Y

—0asn — oo (by(ii)).

Therefore, to complete the proof of Theorem[6.3.3and Theorem[6.3.4] we will prove (i) and (ii).

Proof of Theorem[6.3.3

We first prove (i); that is, P(dy1|zo0,u) is continuous in total variation. To this end, let (2§, un) — (20, ). Then, we write

sup {P(A|zg,un) - P(A|zo,u)|
A€B(Y)

= sup
AeB(Y)

/Q(A|m17un)7~(d{1;1|z6l,un)—/Q(A|$1,U)T(d$1‘Z0,U),
X X

where T (dx1]25, un) = [, T (dx1]|20, un) 24 (dzo). Note that, by Lemma(6.6.1} we can show that T (dz1|25 , un) — T (da1]20, w)
weakly. Indeed, if g € Cy(X), then we define ry,(x0) = [, g(1)T (dz1]zo,un) and r(z0) = [, g(x1)T (dz1|xo,u). Since
T (dz1|xo, ) is weakly continuous, we have r,, (xf) — (zo) when i — xo. Hence, by Lemma|6.6.1| we have

lim =0.
n— oo

/Xrn(a:o)zg(dxo)—/r(azo)zo(dmo)

X

Hence, 7 (dz1|2q, un) — T (d21]|20, u) weakly. Moreover, the families of functions {Q(A| -, un)}n>1,aen(v) and {Q(A] -, u)} acn(v)
satisfy the conditions of Lemmal[6.6.Tas @ is continuous in total variation distance. Therefore, Lemmal6.6.1] yields that

lim sup =0.

N0 ACB(Y)

/ QAlz1, un) T (dees |28 un) — / Q(Alzs, )T (da1]20, v)
X X

Thus, P(dy1|z0,w) is continuous in total variation.

To prove (ii), we write
[ (5 ). 21 ooy ) P 20, )
Y

_ - —m—+1
= /sz::lg

/Xfm(xl)zl (20 Un, y1)(dz1)

- / Fn ()21 (20, 1) (d1) | P(dyn 20, )

oo
— 2—m+1 /

/X Fn(@) 21 (28w, y1) ()

—/fm(wl)zl(zo,uvyl)(dﬂﬁl)
X

P(dy1|zo,u),

where we have used Fubini’s theorem with the fact that sup,,, || fm|lcoc < 1. For each m, let us define

1= e s [ fueontumn) > [ ue0atoum)dn |

7™ .= {y1 €EY: /fm(xl)zl(z&un,yl)(dxl) < / Fm(z1)21 (20, u, yl)(dml)}. (6.43)
X X

Then, we can write
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/.

= [ ([ 2ntea e = [ futenan o wmidn) ) Pldnzo, )

P(dy1|z0, )

/X Fon(@1) 22 (28 tmy 1) (d1) — / Fn(@1) 21 (20, 1, 91) (dan)

4 [ ([ e ocnm@s) = [ fu(o)a i m)d@n) ) P,
" X X
In the sequel, we only consider the term with the set I 5_"). The analysis for the other one follows from the same steps. We have
[ ([ @t nmmdon) = [ goenatonm)dn) ) Plnio.o
s X X
< / /fnz(ml)zl(ngu’flvyl)(dxl)P(dyl'Zmu)
M Jx
= [ oy [ oG ) o) P |25 00)
™ Jx
b [ o [ It a5 ) o) P |25, 00)
17" Jx

- / / Fon(1) 21 (20w, 1) (der) Pdy | 20, w)
Iﬁr") X
< IP(dy1|zo,u) — P(dy1lzg, un)||lTv

+/ (1) Q(dy1 |1, un) T (dx1| 28, Un)
xJ1{M
*// Fm(21)Q(dy1|z1,u)T (d1 |20, u),
X Ij_"')

where we have used ||fm|lcc < 1 in the last inequality. The first term above goes to 0 since P(dy1|zo0, ) is continuous in total
variation. For the second term, we use Lemma Indeed, families of functions { frn (-\)Q(A|-,un) : m > 1, A € B(Y)} and
{fm()Q(A|-,u) : A € B(Y)} satisfy the conditions in Lemmaas Q is continuous in total variation. Hence, the second term
converges to 0 by Lemmal6.6.1]since 7 (dz1|28, un) — T (dz1|20,u) weakly. Hence, for each m, we have

lim
n— o0 Y

/X Fon(@) 21 (28 tm, 1) (d)

- / fm(z1)z1 (20, u, y1)(dwr) | P(dya |20, w) = 0.
X
By the dominated convergence theorem, we then have

lim [ p(z1(20, un, Y1), 21(20, u, y1)) P(dy1| 20, u)

n— 00 Y
oo
< § 27T Jim
1 n—oo
o

- / Fo ()21 (20, 1) (d1)

/X Frn(@1)21 (28 um, 1) (d)

Y

P(dy1]zo0,u) = 0.

This establishes (ii), which completes the proof together with (i).

Proof of Theorem [6.3.4

We first show (i); that is, P(dyi1]|zo0, uo) is continuous total variation. Let (23, un) — (20, u). Then, we have

sup |P(A|zg,un) — P(Alzo,u)|
A€EB(Y)



6.6 Appendix 137

= sup
A€EB(Y)

[ [ @te) @, w25 o

_/X/XQ(A\a:l)T(d:z:1|x0,U)ZO(dwo)~

Foreach A € B(Y) and n > 1, we define

Froa(zo) = / QAlz1)T (d1]o, n)
X
and

falzo) = / QA1) T (deer [0, ).

Then, for all x5 — xo, we have

lim sup |fn,a(zg) — fa(zo)]
n—o0 AcpB(Y)

= lim sup

/Q(A\xl)T(d:m\xg,un)—/Q(A|$1)T(dm1\a:0,u)
n=00 AcB(Y) | JX X

< lim || T(der |2, un) — T(das|wo, u)l|ry = 0

and

lim sup |fa(zg) — fa(zo)]
n—00 AcB(Y)

= lim sup

/ QAL T (das |, w) — / Q(Alz1) T (da1 |0, w)
n—o00 AEB(Y) X X
< nhﬁngo |7 (dz1|zg, w) — T (dz1|zo, u)||rv = 0.

Then, by Lemma[6.6.1] we have

lim sup
N0 AcB(Y)

/an,A(:ro)zS(dxo)_/XfA(wO)ZO(de)
/X/XQ(A|$1)T(dx1|gg07un)zg(dxo)

_ /X /X Q(Alz )T (da1 |0, w)z0(dzo)

= lim sup
n—oo AeB(Y)

=0.
Hence, P(dy1|zo,uo) is continuous in total variation.

Now, we show (ii); that is, for any (23, un) — (20, u), we have

lim [ p(21(20', un, Y1), 21(20, u, y1)) P(dys |20, u) = 0.
n o0 Y

From the proof of Theorem [6.3.3] it suffices to show that
lim / / F (@) Q(dya[22) T (dr |25, )
n—oo [y Iin)

—/ fm(21)Q(dyr|z1)T (dz1|20, u) = 0. (6.44)
X Iﬁr")

Indeed, we have

[ [ frenQnlenT@alss u) ~ [ [ falenQnlo) T @z
XJI X I+

¢
< \ [, 5@ QUE o) T 0, 00)2 ()
XZ
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- / Frn(@)QU™ 1) T (ds |0, ) 7 (do)
X2

—+

[, 5@ QUL o) Tl o, )8 (d)

- / fm(arl)Q(IJ(r") |1) T (da1|xo, w)zo(dzo)
X2

g/\|T(dw1|mo,un)—T(dx1|xo,u)\|Tvz6’(dxo)
X

+

/ Frn (@) QU o) T (s [0, ) 5 (dvo)
X2

’

- / Frn(@)QU™ 1) T (ds |0, ) 0 (o)
X2

where we have used sup,,>; SUp,, ¢x |fm(m1)Q(I(+n)|x1)| < 1 in the last inequality. If we define r,, (zo) = || T (dz1|zo, un) —
T (dzi|zo,u)||Tv, then 7, (zg) — O whenever zy — zo. Then, the first term converges to 0 by Lemma as zy — 20

weakly. The second term also converges to 0 by Lemma , since { [ f(xl)Q(I(f) |z1)T (dz1|-,u) : n > 1} is a family of
uniformly bounded and equicontinuous functions by total variation continuity of 7 (dz1|zo, u). This proves (ii) and completes the
proof together with (i).

6.7 Exercises

Exercise 6.7.1 Consider a linear system with the following dynamics:
Ti41 = ATt + U + Wy,
and let the controller have access to the observations given by:

yr = pe(Te + vp).

Here {wy, vy, t € Z} are independent, zero-mean, Gaussian random variables, with variances E[w?] and E[v?]. The
controller at time t € 7 has access to I, = {ys,us,pr s <t — 1} U {y.}. Here p; is an i.i.d. Bernoulli process such
that p; = 1 with probability p.

The initial state has a Gaussian distribution, with zero mean and variance E[x3), which we denote by vy. We wish to
find for some r > 0:

3
inf J(0,7) = E,[>_ a7 +rufl,
vy
t=0

Compute the optimal control policy and the optimal cost. It suffices to provide a recursive form.

Hint: Show that the optimal control has a separation structure. Compute the conditional estimate through a revised
Kalman Filter due to the presence of p;.

Exercise 6.7.2 Let X, Y be R™ and R™ valued zero-mean random vectors defined on a common probability space,
which have finite covariance matrices. Suppose that their probability measures are given by Px and Py respectively.

Find
i?(fE[(X - KY)T(X - KY)),

that is find the best linear estimator of X given'Y and the resulting estimation error.

Hint: You may pose the problem as a Projection Theorem problem.
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Exercise 6.7.3 (Optimal Machine Repair) Consider a POMDP given by the following description. Let there be two
possible states that a machine can take: X = {0, 1}, where 0 is the bad (‘system is down’) state and 1 is the good
state. Let U = {0, 1}, where 0 is the ‘do nothing’ control and 1 is the ‘repair’ control. Suppose that the transition
probabilities are given by:

PXp1 =1|X,=1,U;,=0)=1—1n1, P(Xp41=0/X,=1,U;=0)=m >0

P(Xip =1|X, =1, Ut:1)_1—n2, P(Xpp1 =01 X, =1,U;=1) =10 >0

P(Xip1 =1]X, =0,U; = 0) = P(X41 =0|X, =0,U; =0) =1

P(Xi1 =1X,=0U;=1)=a>0, P(X;y1=0X,=0U;=1)=1—-a (6.45)

Thus, 1 is the failure probability when the state is good (and no repair) and ns is the failure probability when the state
is good (and when there is repair) with n1 > 19, and « is the success probability in the event of a repair.

The controller has access only to {0, 1}-valued measurement variables Yy, - -- ,Y; and Uy, - - - ,Us_1, at time t, where
the measurements are generated by a binary symmetric channel:

Y=zx|X=2)=1—c¢, PY=1—-z|X=1z)=F¢,
forall z € {0,.

The per-stage cost function c(x,u) is given by ¢(0,0) = C,¢(1,0) = 0,¢(0,1) = ¢(1,1) = Rwith0 < R < C. Show
that there exists an optimal control policy for both finite-horizon as well as infinite horizon discounted cost problems.

Exercise 6.7.4 (Zero-Delay Source Coding) Let {x¢}.>¢ be an X-valued discrete-time Markov process where X can
be a finite set or R™. Let there be an encoder which encodes (quantizes) the source samples and transmits the encoded
versions to a receiver over a discrete noiseless channel with input and output alphabet M = {1,2, ..., M}, where M
is a positive integer. The encoder policy vy is a sequence of functions {f }+>0 with k¢ : M' x (X)) — M. At time t,
the encoder transmits the M-valued message
qe = ke(1y)

with Iy = xo, It = (q[o,t—1], T[o,¢]) for t > 1, where. The collection of all such zero-delay encoders is called the
set of admissible quantization policies and is denoted by I'4. A zero-delay receiver policy is a sequence of functions
vd = {’y,fl}tzo of type v : M — U, where U denotes the finite reconstruction alphabet. Thus

d
ur = ¢ (q0,4), t>0.
For the finite horizon setting the goal is to minimize the average cumulative cost (distortion)

Tro (1,79, T) = EW{ Z ztauf:| (6.46)
t=0

) . . . . d .
Jor some T > 1, where ¢y : X x U — R is a nonnegative cost (distortion) function, and E;7 denotes expectation
with initial distribution 7 for xo and under the quantization policy v and receiver policy v°.

a) Show that an optimal encoder uses a sufficient statistic, in particular, it uses P(dx; \q[()’t_l]) and the time informa-
tion, for optimal performance.

b) Show that, when {x;} is i.i.d., any encoder and decoder pair can be replaced with one which only uses x, that is:
qr = Ke(ze)

and the decoder only uses

See [330)], [321)], [305]] for finite sources and [|343|] for real sources and further relevant discussions, among many
other recent references.
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Exercise 6.7.5 Let there be two decision makers, DM1 and DM2. Suppose that DMi (i = 1, 2) has access to:
Yi=X+4+V'
where X, V', V? are independent Gaussian random variables with unit variance and zero mean.
a) Find E[(X — E[X|Y)?] fori=1,2.
b) Suppose that DM1 and DM2 share their data Y and Y?. Find
B[(X - E[X|Y",Y?])%]

c) Suppose that DM1 and DM? share with each other their estimates E[X|Y*|. That is, DM1 has access to Y* and
E[X|Y?); and DM2 has access to Y? and E[X|Y]. Find

B|(x- E{X‘yl,E[xw]DT wd | (x - E{X‘W,E[xwﬂﬂ
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The Average Cost Problem

In this chapter, we consider the following average cost problem of finding

T-1
. . . 1
JZ(x) = 13f Joo(z,7) = inf limsup TE;[Z c(xe,ut)] 7.1

V€4 Toeo =0

This is an important problem in applications where one is concerned about the long-term behaviour, unlike the dis-
counted cost setup where the primary interest is in the short-term time stages.

For the study of the average cost problem, we will follow three distinct approaches; the first two will be based on the
arrival at what we will call as the average cost optimality equation. The third approach will be based on the properties
of expected (or sample path) occupation measures and their limit behaviours, leading to a linear program involving
the space of probability measures. These approaches are related (e.g. via a dual optimization analysis [166, Chapter
12, p. 221], or a more direct stochastic analysis [[161, Theorem 5.3]), however the conditions leading to solutions
under these approaches are not identical, therefore, the corresponding conditions of existence and structural results for
optimal policies are slightly different. As such, it will be instructive to study both approaches separately, as we do in
the following.

7.1 Average Cost and the Average Cost Optimality Equation (ACOE) or Inequality (ACOI)

To study the average cost problem, one approach is to establish the existence of an Average Cost Optimality Equation
(ACOE), and an associated verification theorem.

Definition 7.1.1 The collection of functions g : X — R, h : X = R, f : X — U is a canonical triplet if for all x € X,

uelU

g(x) = inf /g(x’)T(dm’|a:,u)

uelU

g(z) + h(z) = inf <c(x,u) +/h(x')7'(d$’|m,u))
with

g@)=/ﬁ@07wﬂmjwﬁ

g@ﬂw@w=Gme»+/MfﬁwﬂaﬂmQ

We will refer to these relations as the Average Cost Optimality Equation (ACOE).
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Theorem 7.1.1 [Verification Theorem] Let g, h, f be a canonical triplet. a) If g is a constant and E][|h(z,,)]] < oo
with

lim sup %E; [h(zn)] =0, (7.2)

n—r oo

Sfor all x and under every policy ~y, then the stationary deterministic policy v* = {f, f, f,- - } is optimal so that

:JOO 7*:f‘]00 I
9 (@,77) = inf Joo(2,7)

where
T—1
J(x,v) =1 E7 ,
(z,7) 1;11;}01? kgoc T, ug)]
Furthermore, if limsup,, _, . +|EY[h(zy,)]| = 0,
lim lE"’* En:[c(act Lui—1)] —g| < hmsup |EY [h(z,)] — h(z)]) =0 (7.3)
n—oo | N x o n—o0

t=1

b) If g, considered above, is not a constant and depends on x, then under any policy v

2

1 T-1
1 * 1
lim sup NE;’ [ g(x4)] < inflimsup NE;Y[Z c(xe, up)],

N—oco P Y N-ooo i—0

Il
o

provided that holds. Furthermore, v* = { [} is optimal.
Proof: We prove (a); (b) follows from a similar reasoning. For any admissible policy 7,
E7 ()| 2(0,6-1), uo,e-1)] = / h(y)P(x: € dylrs—1,ui—1) (7.4)
Y

= c(®i—1,u—1) +/h(y)P(dy|xt71,ut71) —c(mi—1,u—1) (7.5)

Y

> min (c(zt_l,ut_l)+/h(y)P(dy|xt_1,ut_1)> —c(xp_1,ue—1) (7.6)

ut—1 €U y
=g+ h(mi1) —c(Tt—1,u-1) (7.7)

Observe that with h* — h a monotonically increasing sequence of bounded functions h™

to h, we have that

which pointwise converges

E7[h(x)] = Jim EV[hM ()]

= Jim B[EV[AY (a1)]w0.1-1), vpoe—1)]] = B lim B[ (2) ey, up 1]

M—o0

> Blg + h(wi-1) — c(Tr—1,ut-1)] (7.8)

Hence, for any admissible policy v, « € X, by re-arranging the terms, we have that foralln € N

1 n
0< ﬁE; [; h(zy) — g — h(zi—1) + c(xt_l,ut_l)}

and thus

n

1 1
g < —E}[h(zn)] - EE;[ t_zlc Ty, Up—1)



7.1 Average Cost and the Average Cost Optimality Equation (ACOE) or Inequality (ACOI) 143

Taking the limit and using ((7.2)), we observe that g is a lower bound on the cost under any policy.

The above hold with equality if v* = {f} is adopted since v* provides the pointwise minimum. Thus, equality holds
under v* so that

9= - -
n n TL

BV [ha)] _ EY o)l |, 1, 2": ors)]

Under (7.2),

n

1
g = lim fE”Y Zc (Te—1,ut—1)
t=1

n—o00 N

and

LB (Y clocruenn)] - o] < (12 el + @)l ) 0,
asn — oo ) <

Theorem 7.1.2 [Optimality Through Finite Horizon Limits] If v* = {f, f, f,- - - } is so that

Joo(2,7*) = limsup inf J7T(z,7)
T—oo VE€lA

with
1 T—1
T _
I (z,7) = TE;Z[; ez, up)], (7.9)

then ~v* is optimal.

Proof. The proof follows from the observation (by Lemma(5.5.1)

J5(z) > limsup inf J7(x,7),

T—oo Y€lA

and that v* achieves this lower bound. o

Remark 7.1. Recall that we had utilized the argument used in the proof of Theorem [7.1.2] while studying average cost
LQG problems in Theorem [5.12))(iii).

Remark 7.2. Note that if we have that, in Theorem [7.1.1]

g = limsup inf J7(z,7),

T—oo YE€lA

then it suffices to check (7.2) only for the policy v* to certify its optimality as this would ensure that the condition in
Theorem|7.1.2} on the achievability of g by g = J(z,~*), is attained. Note the analogy with Lemma(5.5.4

Definition 7.1.2 Let g be a constant and h : X — R, f : X — U be so that for all x € X,

g+ h(z) > zltrelt[fj (c(x,u) + /h(m’)T(dx’|x,u)) (7.10)

Alternatively, let

g+ h(z) < zltrelt[fj <c(x,u) + /h(m’)T(dx’|a:,u)) (7.11)

with, in either case
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uelU

it (e, + [ 1) Te'lo,)) = (ele fa) + [ )T (ke 50 )
We will refer to ([7.10) as the Average Cost Optimality Inequality (ACOI).

See, e.g., [[14, Theorem 6.6] for the following:

Theorem 7.1.3 [Verification Theorem]
(i) Let (7-I1) hold. If

lim sup lE Th(zn)] <0, (7.12)

n—oo T
for all x and under every policy ~y. Then g is a lower bound under any policy.

(ii) On the other hand, with (@) so that

g+ ha) = cla f(a) + [ ha)T(ds']o. £ (2)
and
ggggf%ﬂgﬂh@%n;zo, (7.13)

holding with v* = {f, f, f, - }. Then the stationary deterministic policy v* = {f, f, f, - - - } satisfies

9= J(,7%)
Proof: For (i): for any policy +,
E[h(a) 2001y, ufo.1]] = /y h(y)Plar € dylze—,ur_s) (7.14)
=c(xp—1,ui—1) + / h(y)P(dylxi—1,ui—1) — c(x4—1, us—1) (7.15)
> UtijelU (C Tyo1,Ut—1) /h P(dy|zt—1,us— 1)) —c(zi-1,up-1) (7.16)
> g+ hwi—1) — c(@p—1,u-1) (7.17)

where the last inequality is due to (7.T1).

As in (7.8), we have that
E7[h(2)] = Elg + h(zi-1) — c(zi-1, tp—1)]

Hence, for any policy v

1
5 Z —g—h(zi—1) + c(@p—1,u-1)]
and
1 1 .
QSEEl[h(fn)]**EW[ t_zlc Tp—1,Ut—1)

Taking the limit, we observe that g is a lower bound on the cost under any policy under (7.13).

For (ii): if we start the analysis above leading to (7.17) with v*, we have
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B [Z W) — B [h(xom[o,tl],u[o,tlﬂ} ~0
t=1

and
EW*[h(wt)|l’[0,t71}»U[o,t&]] = /h(y)P(l"t € dylri—1,u—1) (7.18)
y
= clarma, fan)) + [ D) P, f(os)) = e, (o) (19)
Yy
< g+ h(xi—1) — c(zi—1, f(@i-1)) (7.20)

Iterating the above and dividing by n, we arrive at

1 . 1 . 1 &
9- B [h(xn)H;El [h(z0)] > B D cl@i—1,u—1)]

t=1

Taking the limsup on both sides (and replacing lim sup with lim inf by reversing the negative sign on the left), and
(7.13) holding for v* = {f, f, f,- - - }, we establish the desired bound. o

7.2 The Value Iteration and Contraction Approach to the Average Cost Problem

Fix z € X and consider the space of measurable and bounded functions h with the restriction that h(z) = 0. Let
(g, h, f) be a canonical triplet with g = p € R so that

p+h(z) = (c(x,u)+ / h(x’)T(dm,u))

inf
uelU
7.2.1 Contraction under the span semi-norm

Consider the following assumption.

Assumption 7.2.1 For some o € [0, 1), and for all z,z’ € X and u,vw’ € U

|P(|z,u) — P(-|z',u)||rv < 2c

A sufficient condition for the above is the following minorization condition.

Assumption 7.2.2 There exists a positive measure p' with T (B|x,u) > p/(B), for all B € B(X) and all (z,u) €
Xx U

Observe that Assumption [7.2.T]is weaker than Assumption
Consider the following span semi-norm:

|lul|sp = supu(z) — inf u(x)

The space of measurable bounded functions that satisfy h(z) = 0 under the semi-norm ||u||s, is a Banach space (and
hence the semi-norm becomes a norm in this space since ||u||s, = 0 implies u = 0).

Define
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T(h)(z) = inufJ (C(x,u) +/h(x’)T(dx'|x,u)> (7.21)
ue

Let
(T=(h))(x) = (T(h))(z) — (T(h))(2)

Note that T, maps the aforementioned Banach space to itself under the measurable selection conditions reviewed in
Chapter 5. Under Assumption [7.2.2] and the measurable selection conditions reviewed in Chapter 5, we will show
(through similar steps as those in Chapter 5) that the map is a contraction:

First note that for pairs (z,u) and (z/, '), with u(dxy) := P(dz1|z,u) — P(dxi|2’,u’) defining a signed measure,
by the Jordan-Hahn decomposition theorem [[181, Theorem 2.8] there exists A with u(A) = —u(A€) > 0 so that the
restriction of p to A (i.e., pa(B) := u(B N A) for every Borel B) defines a non-negative measure and the restriction
of —p to A€ defines a non-negative measure with p1(A) — u(A€) = ||pl]lrv < 2« and thus p(A) < a. Thus, for any
x, 7, u,u;

/h x1)P(dz1|x,u) — h(z) P(day)z’,u')
_/ h(zq)(P(dxy|x,u) — (dml\x',u'))Jr/ h(x1)(P(dzy |z, u) — P(dzy|2’,u'))
A

c

= / h(x)(P(dzi|z,u) — P(dzy |2’ ') — / h(x1)(P(dz1|2’,u") — P(dxy|z,u))
A Ac

< /A (suph(x1)>(P(dﬂC1|$au) — P(dz|2",u")) _/

T c

(i;llf h(acl)) (P(dx1|2’,v') — P(dxq|z,u))

< (supnten) Jut) - (ntnten) ) ()

< allhllsp

Then, note that for v; and v, bounded and with T(v;)(x) achieved with control u¥ at x, we have that for any z, 2’
()@ - (Te)@) - (TE)E) - (Te)e)
< / (o) = o)) (Pl o) — PUanle’ ) ) < o = vl

(where for the first term (T(v1))(x) — (T (v2))(x)we upper bound the difference by applying u% for the right hand side
of (7.21) involving vy, and for the second term (T(vy))(z’) — (T(v2))(x") we apply u¥" for bounding (T(v5))(2’)) and
thus, since x, = are arbitrary, we have

IT(v1) = T(v2)llsp < @llvr = vallsp-
Furthermore, since (T(v;))(z) only serves as a shift term in the following, we have that
IT2(v1) = T2(v2)llsp = [[T(v1) = T(v2)lsp < aflvr — v2[sp-

We can then state the following.

Theorem 7.2.1 [162, Lemma 3.5] The iterations

hn+1 - Tz(hn)a

with hg = 0 converges to a fixed point: T,(h) = h, which leads to the ACOE triplet in Definition In particular,
if the cost is bounded, under Assumption[7.2.1) and the controlled kernel satisfies the measurable selection conditions
given in Assumption[5.2.1|or[3.2.2] there exists a solution to the ACOE, which in turn leads to an optimal policy.
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7.2.2 Contraction under sup norm via minorization by equivalence with a discounted cost problem

We now present a more direct approach. Under the slightly stronger Assumption[7.2.2] we have that with
T'(Ja,u) = T(la,u) @)

a positive measure, the map

uelU

(T'(h))(z) = min (c(x, u) + / h(m1)7'/(dac1|a:,u))

is a contraction (see [[162} p.61] for a historical review on this approach). With this approach, one can avoid the use of
the span semi-norm approach. Accordingly, one can apply the standard value iteration algorithm using T’, following
the proof of Theorem[5.5.2] The limit equation

) = mig (e + [ bo) T dorfon) ) =i (cloa) + [ ne)Ttanten)) = [ i)

is the desired ACOE in Definition with g = [ h(z1)p/(dzy).

7.3 The Vanishing Discounted Cost Approach to the Average Cost Problem

7.3.1 Finite state and action spaces

Average cost emphasizes the asymptotic values of the cost function whereas the discounted cost emphasizes the short-
term cost functions. However, under technical restrictions, one can show that the limit as the discounted factor converges
to 1, one can obtain a solution for the average cost optimization. We now state one such condition below.

Theorem 7.3.1 [|102] [47] [[I4] Theorem 4.3] Consider a controlled Markov chain where the state and action spaces
are finite, and suppose that under any stationary and deterministic policy the entire state space is a recurrent set. Let

Jg(z) = vlenlgA Ja(z,v) = 1nf E)| Zﬁ c(xe,ut)]

and suppose that ~y;; is an optimal deterministic policy for Jg, (). Then, there exists some v* € I'sp which is optimal
for every (3 sufficiently close to 1, and is also optimal for the average cost

T-1
1
J(x) = inf limsup TEW[Z c(xt, uq)]

vel'a T—o00 =0

Proof. First note that for every stationary and deterministic policy f, by a slight change in notation from what was
considered earlier in the notes, Jg(z, f) := (1 — B)EL[>_ 2, B¥c(x, f(x1))] is a continuous function on [0, 1] (in B).
Let 3, 1 1. For each §3,,, Jg, is achieved by a stationary and deterministic policy. Since there are only finitely many
such policies, there exists at least one policy f* which is optimal for infinitely many £3,,; call such a sequence (3,,, . We
will show that this policy is optimal for the average cost problem also.

It follows that (1 — B,,,)Jg, (@, f*) < (1 = Bn,)Js,, (x,7) for all v. Then, infinitely often for every deterministic
stationary policy f:

(1- Bnk)‘]ﬂnk (@, f*) — (1= ﬂnk)‘]ﬁnk (z, f) <0

We now claim that for some 8* < 1, Jg(z, f*) < Jg(z,v) forall B € (8*,1). The function (1 — B,,)Js, (=, [*) —
(1 = Bn,)Js,, (z, f) is continuous in 3 and uniformly bounded, therefore if the claim were not correct, the function
must have infinitely many zeros. On the other hand, one can write the equation
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Tp(x, f) = clw, f) + B P(a'|z, f(x))Js(@', f)

in matrix form to obtain Jg(-, f) = (I — BP(--- |-, f())) " te(, f()). It follows that, (1 — 2)(J.(z, f*) — J.(x, f))
is a rational function (that is, ratio of two polynomials with finite order) on the open unit disk (in the complex region)
|z| < 1, such a function can only have finitely many zeros (unless it is identically zero): this follows by studying
the inverse matrix (I — zP)~! which is analytic inside the unit disk and if it is non-zero on the boundary of the unit
disk at z = 1, it has to be bounded away from zero in a neighborhood of z = 1 inside the unit disk. Therefore, it
must be that for some 5* < 1, Jg(z, f*) < Ja(z,v) for all § € (8*,1). We note here that such a policy is called a
Blackwell-Optimal Policy. Now,

(1= Bni) g, (2, f7) < (1= By ) Jp,, (2,7) (7.22)
for any v and thus,
J(x, f*) = liminf lEf[Ti1 c(xp, ug)] < liminf(1 — B,,)Jds, (z, f*) =limsup(l — Bn,)Js, (x, f*)
’ Tooo TW 0 1 ’ P ) By —. ) By s
T-1
< limsup(L = f,,)Jy,, (#,7) < limsup ;E;[kzo e, ur)] (1.23)

In the first equality, we use the fact that the limit exists. In the above, the sequence of inequalities follow from the
following Abelian inequalities (see [[165, Lemma 5.3.1]): Let a,, be a sequence of non-negative numbers and 8 € (0, 1).
Then,

N-1
1
li f— <l f(1 -
}\Iggo Z @ < lim, m Z B am
o] 1 N-1
< limsup(1l — B) Z 8" a, < limsup — Z am (7.24)
611 m—0 N—o0 m=0

As a result, f* is optimal. The optimal cost does not depend on the initial state by the recurrence condition and
irreducibility of the chain under the optimal policy. o

In the following, we consider more general state spaces and generalize the results presented above.

7.3.2 Standard Borel state and action spaces, ACOE and ACOI

Consider the value function for a discounted cost problem as discussed in Section 5.3}

Jg(z) = ml[[rjl{ c(x,u) +ﬂ/ Js(y)T (dy|z, u)} reX (7.25)
€
Let x( be an arbitrary state and for all x € X consider
Ja(x) = Jg(o)
— iy (et + 8 [ Tl )s(w") = Toton) = (1= B)Js(an))

As discussed in Section[5.5] this has a solution for every 3 € (0, 1) under measurable selection conditions.

Arriving at the Average Cost Optimality Equation. We recall that a family of functions F' mapping a metric space S
to R is said to be equicontinuous at a point xo € S if, for every € > 0, there exists a § > 0 such that d(z, o) < § =
|f(z) — f(zo)] < eforall f € F. The family F is said to be equicontinuous if it is equicontinuous at each x € S.
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Now suppose that hg(z) := Jg(x) — Jz(zo) is equicontinuous (over 3) and X is compact. By the Arzela-Ascoli
Theorem (Theorem [7.3.2), taking 3 1 1 along some sequence, for some subsequence, Jg, () — Jg, (7o) — n(z)
uniformly. If the cost is bounded, then, along a further subsequence,

(1= Buy) g, (w0) = C* (7.26)

for some ¢* (which is to be shown to be independent of z). If we could also exchange the order of the minimum and
the limit, one obtains the Average Cost Optimality Equation (ACOE):

n(z) = me%l (c(a:,u) + /’T(d;c’|xt,ut)n(m’) - C*), (7.27)
which has the form of the equations in Definition [7.1.1]

We now make this observation formal (and relax the compactness assumption on the state space).

Assumption 7.3.1
(a) The one stage cost function c is bounded and continuous.

(b) The stochastic kernel T (-|x,u) is weakly continuous in (x,u) € X x U, ie., if (vg,ur) — (z,u), then
T( ek, ur) = T(-|x, u) weakly.

(c) U is compact.

(d) X is o-compact, that is, X = U, Sy, where S,, C Sy4+1 and each S,, is compact.
In addition to Assumption[7.3.1} we impose the following assumption in this section.

Assumption 7.3.2
There exists a € (0,1) and N > 0, and a state zy € X such that,

(e) =N < hg(z) < N forall z € Xand 3 € [a, 1), where
hs(z) = Js(z) — Js(20),
for some fixed zy € X.

(f) The sequence {hg )} is equicontinuous, where {3(k)} is a sequence of discount factors converging to 1 which
satisfies limy,—, oo (1 — B(K))J5 ) (2) = p* for all z € X for some p* € [0, L].

Note that when the one stage cost function c is bounded by some L € R, we must have
[(1=pB)J3(2) < L
forall 5 € (0,1) and z € X. Let us recall the Arzela-Ascoli theorem.

Theorem 7.3.2 [|/11]] Let I be an equicontinuous family of functions on a compact space X and let h,, be a sequence
in F such that the range of f, is compact. Then, there exists a subsequence hy, which converges uniformly to a
continuous function. If X is o-compact, that is X = U, K,, with K,, C K, with K,, compact, the same result holds
where h,, converges pointwise to a continuous function, and and the convergence is uniform on compact subsets of X.

Theorem 7.3.3 Under Assumptions[/.3.1|and there exist a constant p* > 0, a continuous and bounded h from X
toRwith —N < h(-) < N, and {f*} € I's such that (p*, h, f*) satisfies the ACOE; that is,

() = min(el) + [ BT ()

uelU

= c(z, f*(z)) + /X h(y)T(dy|Z7 f*(Z)),
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Sor all z € X. Moreover, { f*} is optimal and p* is the value function, i.e.,
ir;fJ(ap, 2)=J(2)=J{f*},2) =p",
forall z € X.

Proof. By (7.26), we have that (1 — f3,,, ) Jz(x¢) — p* for some subsequence ny, as 5,,, T 1 and some p*. Observe that
forany x € X

(1= Bni)Jp,, (@) = (1 = Bn,)(Js,, () — s, (20)) + (1 = Bn,) 5., (20),

which, by the uniform boundedness of Jg, (x) — Jg,, (o), implies that the limit p* does not depend on z. By As-
sumption (f) and Theorem 7.3.21, there exists a further subsequence of h,,, , {h3(x,) }, which converges (uniformly
on compact sets) to a continuous and bounded function h. Take the limit in (7.36]) along this subsequence, i.e., consider

p*+h(z) = 1i}n m{&n[c(z, u) + B(ky) /X by (W) T (dy|z, u)]
= i lim(e(z,) + ) [ Bage) ()T (@l )
= mjnfe(z.) + | ) Tidylz. )

Here, somewhat similar to Lemmal[5.2.2] the exchange of limit and minimum follows from writing (using the compact-
ness of U, the continuity of [¢(z, u) + B(k1) [ Pk, (y)T (dy|z,u)] on U, and the equicontinuity of {h k) }):

mﬁ}n[C(Z,U)+ﬁ(kz)/th(k,)(y)T(dy\zvu)] ZC(Z,UZ)+ﬁ(k‘z)/Xhﬁ(k,)(y)T(dylzwz)

mﬂ}n[c(z,u) +/Xh(y)7'(dy|z,u)] = c¢(z,u") +/Xh(y)7'(dy|z,u*)

and showing that

)

e <’ /Xw(kl)hﬁ(kz)(y) —h(y)T (dylz, w)

/X (B (4) — h() T (dylz u”)

) —0. (728

The last item follows from a contrapositive argument. Suppose that the term does not converge to zero, implying
that for some subsequence it remains above some ¢ > 0 As in the proof of Lemma [5.2.2] for any such subsequence
we would have the following. By compactness of the action space U, we would have a further subsequence so that
u, — u (ignoring the subscripts) for some v along this further subsequence. By weak continuity of the kernel Under
Assumption we then have that T (dy|z,u,) — T (dy|z,u). Since hg,) converges uniformly on compact sets,
convergence to zero follows from Theorem [D.3.1{i), concluding the argument (a more direct argument would be as
follows: Since for every {u,, — u}, the set of probability measures T (dy|z, u,,) is tight, for every ¢ > 0 (by weak
continuity in Assumption|7.3.1), one can find a compact set K;, C X so that [y x Tg) ()T (dylz, u)] < € (here,
by Assumption (e), uniform boundedness of hgy,) is critical). Since on Ky, hg(x,) — h uniformly and £ is
bounded, the result follows). o

Remark 7.3. One can also consider (the slightly stronger condition of) Assumptions 4.2.1 and 5.5.1 of [[165]; see e.g.
[165] Theorem 5.5.4])); see also 285, Theorem 3.8]. Further conditions also appear in the literature; see Hernandez-
Lerma and Lasserre [166]| for a detailed analysis for the unbounded cost setup, and [91]] for such results and a detailed
literature review. Further conditions are available in [[147] [317]], among other references.

Corollary 7.3.1 (Beyond Minorization) [/00, Lemma 2.4] Consider Assumption with Ko < 1 and that U and
X are compact. Then, Theorem is applicable.

Proof. The proof follows since the equicontinuity condition is satisfied in view of (5.38) (see [270, Theorem 4.37]) for
all 8 € (0,1]. o
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For an explicit proof, see [100, Lemma 2.4 and Lemma 2.5]. The above is particularly useful for belief-MDPs; see
Theorem [6.3.8] If compactness does not hold in Theorem but X is o-compact, then by Lipschitz regularity for
each compact restriction, uniform boundedness would apply and convergence of hg along a subsequence to a limit,
uniformly on compact sets, would apply. To account for the non-boundedness of the limit h, an integrability condition
leading to (7.28) would be sufficient to arrive at the optimality equation.

In the following, we obtain two partial generalizations of Theorem to the standard Borel space setup: First, we
observe that under the conditions of Theorem|7.3.3] since a solution to ACOE exists; every subsequential limit in (7.26])
will need to be identical. This leads to the following.

Theorem 7.3.4 Under the conditions of Theorem|[7.3.3) (7.26)) can be refined to

1[%1(1 = B)Js(wo) = ¢, (7.29)

where Jg is defined in and C* is the optimal average cost. That is, we will have sequential convergence (and not
Jjust subsequential convergence).

The argument is via contraposition; suppose the limit of two subsequences were different. Each subsequence would
then have further subsequences which would satisfy the ACOE and via the verification theorem would lead to the
(same) optimal cost (*. Hence the limits must be identical.

As anote, there is no claim that the limit of the relative value functions, h, is unique. If minorization holds (Assumption
[7.2.2) then indeed A is unique up to a constant; in the absence of minorization, we do not have such a claim; see
also [353]].

We showed in Theorem|7.3.4]that the value functions of discounted cost criteria converges to the value under the average
cost criterion under the conditions of Theorem [7.3.3] In practice, we would like to also see whether the policies solving
the discounted cost problem (or that are at least near optimal for the discounted cost problem) are (also) near optimal for
the average cost criterion. Such a result has significant implications for numerical and reinforcement learning theoretic
methods (e.g, [92, Theorem 5]).

Theorem 7.3.5 Let Assumptions and hold. Let 3 solve the discounted cost optimality equation .
Then, for every € > 0, there exists 3 large enough such that

J(x,vp) — C* <,

where C* is the optimal average cost. That is, the discounted cost optimal policy is near-optimal for the average cost
criterion.

Proof. Write
hs(x)
= miy (ev) +5 [ T o u)ha(a) = (1 = )

( (7)) + 8 [ Tl a(@)) () — —ﬂ)h(%)) (7.30)
It follows that
ha(@) + ¢ — (¢* — (1= B)Js(z0)) + (1 - B) / T (da'|, 35 (2))(hp (')

= (ctorpla) + [ Tl@wle @) hata) 731)
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We have by assumption that h s is uniformly bounded. Now, take 3 sufficiently close to 1 so that |(* — (1 — ) Jg(x0)| <
e by (7.29), and that |(1 — 8) [ T (da'|z,v5(z))(hsg(z’))| < e. Then, we have

ha(x) + ¢+ 2¢
> <C(xmﬁ(w)) +f T(dzwz,w(x))(h;a(x'))) (7.32)

Via Theorem ii), since hg is bounded, the above implies that g achieves an average cost not larger than (* + 2e.
o

‘We now establish near optimality of near optimal discounted solutions for the average cost setup.
Theorem 7.3.6 Let Assumptions and hold. Let 3 be taken as in Theorem be such that

€7 = (1= Be)Js. (o) | <

[N\ e)

and

(1= B)llhs.

€
o7} S §a
so that yg_ is e-optimal. Suppose that vge is such that

Jp.(w,75,) — Jp.(x) < 6.

Then,
J(;v,’ygé) —("<e+d

That is, the near optimal discounted cost optimal policy is near-optimal for the average cost criterion as well.

Proof. We follow the proof of Theorem with a minor variation as follows: Let us write the cost attained by the
policy vj_as:

Jp(2,75,) = c(,73,) + BE[Js, (w1,7],) w0 = z,u0 = 7}, (x)]

This follows from the fact that the cost is bounded and the arguments used in Chapter 5 on the verification theorem;
alternatively see Section 8.1.2.

With z as in the proof of Theorem [7.3.3] write

}_lﬁs (I) = Jﬁ( (I’? ’Yge) - Jﬁe (IO)

Then, we have that, by substitution,

hs. (x) = c(@,75) + BeElhg, (21)lwo = ,u0 = 75, (x)] = (1 = Be) I5, (20)

Then,

h. () + (1= Be) s, (z0) + (1 — 5e)/T(dw’|:v,7§€ (@) (hs. (21)) = e(x,75,) + Elhg, (z1)|z0 = 2,0 = 7, (2)]

We have that |(1 — 3,)J3,(z0) — (*| < & and that || hg,
This implies that

o SO0+ ||h,Be

oo < SUP,ex |, (2,75,) — . ()| + [| s,

oo

o (2) + 5+ (L= B8 + = > el yas) + Elhs, (21)l0 = 2,50 = 3, (2)]

This has the same form as 1} and thus Theorem ii) implies that ’yge achieves an average cost of no larger than
C"4+e+6
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o

Average Cost Optimality Inequality. If one cannot verify the equicontinuity assumption or the boundedness condi-
tions, the following holds; note that the condition of strong continuity in actions for every fixed state is required here.
The result essentially follows from [[165, Theorem 5.4.3] with some variations in the conditions.

Theorem 7.3.7 Let for every measurable and bounded g, the integral [ g(x;11)P(dx1]|z = x,us = ) be continu-
ous in u for every x, and there exist N < oo and a function b(x) with

—N < hg(z) <blz), pe(0,1),zeX (7.33)
and for all B € |, 1) for some « < 1 and M € R.:
(1-p)J5(2) < M. (7.34)

Under these conditions, the Average Cost Optimality Inequality (ACOI) holds for appropriate 0, (", f:

o) = min (e, + [ Tl uinte') - )

uelU
~ (et o) + [ T le fa)nte') ) 1.35)
In particular, the stationary and deterministic policy v = {f, f, f,- - } is optimal.

Proof. By (7.34) and (7.26), we have that (1 — 3,,)J3,, (zo) — (* for some subsequence ny and 3,, 1 1. On the
other hand by the optimality of .J3, and by Abelian inequalities, under any policy +, and any sequence 3 1 1

e} T-1
1
limsup(1 — 3)Js(z0) < limsup(1l — B)E] [ E BFe(y, up)] < limsup —E7 [ (g, uk)]
p—1 p—1 k=0 It

thus ¢* is a lower bound under any admissible policy. We now make the argument that this applies for any initial
condition: Consider some arbitrary state x € X,

(1= By ) s, (2) = (1 = Bny ) (J3,, (x) = Js,, (20)) + (1 = Bui) I, (20)
By (7.33), (1 = Bn,)(Jp,, (x) — Jp,, (¥0)) — 0. Thus, for any x, (1 — By, )Js,, (x) — C*.
We now show that ([7.35)) holds. For this, consider again:
Jp(x) = Jp(x0)

= 5161%}1 (c(a:, u) + ,B/T(dx’|x,u)(.]5(m’) — Jg(z0)) — (1= 5)J5(x0)> (7.36)

Observe the following along the subsequence ny, with hg(z) = Jg(x) — Jg(20), (1 — Bn,)Jp,, (¥0) — ¢* and

liminf Jg, (z) — I8, (z0)

ng—+00

= lim inf min (c(z,u) + Bn, /T(dx’|x,u)h,ank (x')) = (1= Buy) s, (x0)

nr—o0 uel

= lim inf min <c(33,u) + Bn,, /T(dm’|m,u)h5nm (x’)) —(1- Bnk)‘]ﬁnk (20)

N—>00 Ny, >N u€lU

ni—o0 uel

> lim min (c(x, w) + Bn,, /T(dw’|x,u)an (x')) — (L= Bn,)Js,, (%0)

= Zneltg (c(x,u) + /T(dm’|x,u)n(:r’) — C*)
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where H,,, (x) := min(inf,,, >n, hg,, (2),n) (so that this is a bounded function) and n(x) = lim,, ;o Hom(x) (s0
that 7(z) = liminf,, o Jg, (z) — Jg,, (zo) which is the left hand term of the equation above). The last equality
holds since Hy, 1 n as shown in Lemma (though with an inequality sign since 7 is not necessarily bounded), and
bounded from below and that [ 7 (d2’|z,w)Hy(z') is continuous on U (this is where we use the strong continuity in
actions property given as a hypothesis).

We now show that the stationary policy v = > =: {f, f, f,---} is optimal, via Theorem ii): Using (7.33)
repeatedly, we have that

[u

T—
EITY . elar,un)) < T +n(z) — B [n(zr)] < TC* +n(z) + N.
k=0

Dividing by T and taking the lim sup, leads to the result that

T-1
1 _ e
lim sup — Ef c(xp,ug)] < .
msup 7 7 [;;:o (wr, ur)] < ¢

This completes the proof. o

Further sufficient conditions exist in the literature for ACOE or ACOI to hold (see [[166]], [318]]). These conditions
typically have the form of Assumption or together with geometric ergodicity conditions with condition
(5.40) replaced with conditions of the form:

sup/ w(y)T (dylz,u) < aw(x) + Ko(z,u),
u€lU JX

where a € (0,1), K < oo and ¢ a positive function. In some approaches, ¢ and w needs to be continuous, in others it
does not. For example if ¢(x, u) = 1{,¢¢y for some small set C, then we recover a condition similar to (4.29) leading
to geometric ergodicity.

We also note that for the above arguments to hold, there does not need to be a single invariant distribution. Here in
(7:36), the pair = and z should be picked as a function of the reachable set under a given sequence of policies. The
analysis for such a condition is tedious in general since for every 3 a different optimal policy will typically be adopted;
however, for certain applications the reachable set from a given point may be independent of the control policy applied.

7.4 The Convex Analytic Approach to Average Cost Markov Decision Problems

The convex analytic approach (typically attributed to Manne [222]] and Borkar [59]] (see also [165]])) is a powerful ap-
proach to the optimization of infinite-horizon problems. It is particularly effective in proving results on the optimality
of stationary policies, which can lead to a linear program. This approach is particularly effective for constrained opti-
mization problems and infinite horizon average cost optimization problems. It avoids the use of dynamic programming
or iterative contraction methods.

We are interested in the minimization

1
inf limsup —E) c(xe, up)l, 7.37
’YIEIFA 1THOOPT zo[tzzl ( t t)] ( )

where, as before, E) [-] denotes the expectation over all sample paths with initial state given by x¢ under some admis-
sible policy 7.
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7.4.1 Finite state/action setup

We first consider the finite space setting where both X and U are finite sets. We study the limit distribution of the
following empirical occupation measures (and their expected values), under any policy v in I'4. Let for T" > 1

!
-

1
'UT(D) = ? 1{(mt,ut)€D}7 D € B(X X U)
t

Il
=]

Consider policy v in I'4, g ~ 7, and let for T' > 1, the expected empirical occupation measures be given with
T—1
y v 1
pr(D) = Eplor(D)] = By > lapuneny|, DeBXxT)
t=0

Let forn € P(X x U),
NTAxU):= Y T(Alz,un(z,u).

zeX,ucl
We then have

(nrT)(A x U)
= Z T(A|CC,U)/LT(.T,U)

rzeX,uel

= Z E7[1{x16A}|xo:x,uozu]uT(x,u)

rzeX,uel
1 T-1
- T Z E" |: Z E[]‘{warlEA}‘xk =T, Uk = u]l{xk=x,uk=u}
k=0 zeX,uel

T-1
1
=7 Z Z E'1ig, eay]zr = 2, up = u]l Pz = o, up, = u)
k=0 zeX,ucl
T-1

1
=% Z E"(1{sreay] (7.38)
k=0

Then, through what is often referred to as a Krylov-Bogoliubov-type argument, for every A C X,

lur (A xU) — prT (A x U)|

T-1 T-1
1
= E.ZOT |: Z 1{mt,ut)€(A><U)} - Z l{mt+1,ut+1)€(A><U)} (739)
t=0 t=0
1
< =
<70

as T' — oo. Notice that the above applies for any policy v € ['4.

Now, if we can ensure that for some subsequence, p;, — p for some probability measure p, it would follow that

pe, T(A X U) = uT(AxU).

Now define

G= {v ePXxU):v(BxU)= ZP(xH_l € Blzy = z,ur = w)v(z,u), BE€ B(X)}

z,u
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Further define

Gx = {v eP(XxU):3yels,vA)= ZP’Y((xtJrhutH) € Alzy = z,u = wjv(z,u), AeBXx U)}

(7.40)

We can establish the equivalence of these sets of measures: It is evident that Gx C G since there are (seemingly) fewer
restrictions for G. We can show that these two sets are indeed equal: For v € G, if we write: v(z,u) = 7(z)n(u|z) for
some 7), then, we can construct a consistent v € Gx: v(B x C) = > _pn(C|z)m(z). The set G is called the set of
invariant occupation measures (or, as is used more commonly in the literature: ergodic occupation measures).

Thus, every converging subsequence [i;, will converge to G. And hence, any sequence {} will have a converging
subsequence whose limit will be in the set G. This is where finiteness is helpful: If the state space were countable,
there would be no guarantee that every sequence of occupation measures would have a converging subsequence. The
following has thus been established.

Lemma 7.4.1 Under any admissible policy, any converging subsequence {1, } will converge to the set G.

Let (i, c) := > u(x,u)c(z,u). Let us again write that

J*(x) := inf J(x,7),

YET A
with
1 T—1
J(z,v) == limsup = E] c(xe, up),
(z,7) P [; (w4, ut)]
or

J(w,7) = limsup(uz, o),

T—o0

where pr is the expected empirical occupation measure under . Now, we have that, for any policy v,

lim sup{pur, ¢) > liminf{ur, c)
T—o0

T—o0
= Tlli,noo<'uTk y C> = <T%11>1’100 /LLT,; s C> Z 0* (741)
where
0" =inf » w(x,u)e(e,u)

veG

In the above, i, is a subsequence for which (i, , ¢) converges to the liminf value, there is a further subsequence wry
(due to the compactness of the space of expected empirical occupation measures) which has a limit, and this limit is in

g.

That is,
lim (pr,,c) = ( im pgr,c) > 6%
T! -0 k

Tk—)OO k

Thus, we have established that
J*(x) > 6"

If the initial state, or measure on the initial state, can be selected appropriately, or if the controlled Markov chain under
an optimal policy is positive Harris recurrent the above also becomes an equality. The solution to this problem then
gives us the optimal cost (under any policy). Thus, an optimal policy can be obtained through the following linear
program:

Linear Program For Finite Models.
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Given a cost function ¢ and transition kernel 7, find the minimum

min v(z,u)e(x,u). (7.42)

over all probability measures v that satisfy
veg= {u ePXxU): pu(zU) = Z T(z|(x,uw)u(z,uw), z¢€ X}
XxU

where the constraint set can also be written as

ZM(ZJ) = Z T(z|(33,u)),u(x,u), zeX

XxU

with
w(z,u) >0, zreXuel

All of these are linear/affine constraints.

If under any stationary policy the induced Markov chain would be irreducible, then the solution of the problem
above equals the optimal cost JZ% (z). Let u* be the optimal occupation measure (this exists since the state space is
finite, and thus G is compact, and ) . ; p(, u)c(z, u) is continuous in x). This induces an optimal policy v* (u|z) as
(defined almost surely, i.e., for x with ), p*(z,u) > 0):

TR G
V) = Sy

Thus, we can find the optimal policy through a linear program.

7.4.2 General state/action spaces under weak continuity

The arguments presented above apply to general spaces as well. However, for the more general case considered here,
we need to ensure that the set of expected occupation measures is tight, and that the set G is closed. In the following,
we follow the presentation in [16].

We first study the weakly continuous setup, studied in [[14},[14}/59L[161,/165][201]], on the existence of an optimal ;. € G
under the hypothesis that the transition kernel 7 is weakly continuous (Assumption [5.2.1{1)).

(HIThe transition kernel T is weakly continuous, that is

Tuwmzéﬂwﬂwmw

is continuous in z, u for all f € C(X). Recall that this is the same as Assumption i).

Continuing, for 7' > 1, we let
=
vr(D) = & ; 1p(X:,Uy), DeBXxTU).

Consider any policy yin I'4, Xg ~ v, and let for T" > 1,
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T-1

> 1p(X, Uy)

1H(D) = Elfor(D)] = ~E)

7 , DeBXxU).

We refer to {u}}T> o as the family of mean empirical occupation measures under the policy v € I'4, and with initial
distribution v. Again, through a Krylov-Bogoliubov-type argument, for every A € B(X), we have

T-1

T
Z laxu(Xe, Uy) Z Laxu(Xe, U) ||
pact (7.43)

(A U) = ppT(A) = IEW

1
< T—>O asT — o0.

Observe that (7.43) holds for any policy v € I'4. Suppose that, along some subsequence {tx} C N, u] converges
weakly to some € ({(z,u): € X, u € U(z)}), which we denote as s} = 11. We write the triangle inequality

1u(f) = TN < () = pa, (D g, (F) = wb, TN+ [, T(F) = wT (5] (7.44)

for f € Cy(X). This notation is consistent since f may be viewed also as an element of Cy({ (z,u): = € X, u €
U(z)}). Suppose that Assumption i)) holds. The first term on the right hand side of (7.44) vanishes as k& — oo
by weak convergence, while the second term does the same by (7.43). Since ‘

pul, T(f) = pd, (TS, (7.45)

and Tf € Cy({(z,u): z € X, u € U(z)}) by Assumption i), it follows that the third term also vanishes
as k — oo by the weak convergence 117, = p. Since the class Cy,(X) distinguishes points in P(X), this shows that
(A, U) = uT(A) for all A € B(X), which implies that ;1 € G by the definition of the latter. Thus we have shown the
following.

Lemma 7.4.2 Under Assumption[5.2.1(i)), the limit of any weakly converging subsequence of mean empirical occupa-
tion measures is in G.

This expected average cost can be written as

J(2,7) = limsup (7, ) ,

T—o0

where /1] is the mean empirical occupation measure under +. Let {t,} C N be a subsequence along which (1 , ¢)
converges to J(x, ) and suppose that y;, = p € G. Then

J(2,7) = iminf (4, ¢) = (lim_ g, .c) = (pe) = 3", (7.46)

tr—00 tr—00

where for the first inequality we use the fact that, since c is lower semi-continuous (l.s.c.) and bounded from below, the
map p — (i, ¢) is lower semi-continuous. The above shows that J*(z) > §*. We now establish conditions for which
the above is indeed an equality.

Assumption 7.4.1 (A) The state and action spaces X and U are Polish. The set-valued map U: X — B(U) is upper
semi-continuous and closed-valued.

(A’)The state and action spaces X and U are compact. The set-valued map U: X — B(U) is upper semi-continuous
and closed-valued.

(B) The non-negative running cost function c(x, u) isisls.c.and c: {(x u): zeX, ue Uz } — R is inf-compact,
ie. {(z,u) € {(z,u): z € X, ueU(x)}: c(z,u) < a} is compact for every o € R.

(B’ )JThe cost function c is bounded and l.s.c..
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(C) There exists a policy and an initial state leading to a finite cost n € R,.

(D) Assumption[5.2.1}i)) holds.

(E) Under every stationary policy, the induced Markov chain is Harris recurrent.

Before we present a theorem, we recall the discussion in Section [3.4.1] concerning ergodic properties of (control-free)
Markov chains: Let ¢ € Ly(p) := {f : X = R, [ |f(2)|u(dz) < oo}. Suppose that y is an invariant probability
measure for an X-valued Markov chain Xj. Then, by the individual ergodic theorem for i almost everywhere x € X:
lim7_, o0 % Zthl c(Xy) = [e(z)u(dx), P, almost surely (that is conditioned on zy = z, with probability one, the
above holds). Furthermore, again with ¢ € L; (), for p almost everywhere z € X

Jim ;Ex[Zc(Xt)] = /c(x)u(d:z:), (7.47)

t=1

On the other hand, the positive Harris recurrence property allows the almost sure convergence to take place for every
initial condition: If y is the invariant probability measure for a positive Harris recurrent Markov chain, it follows that
for all z € X and for every ¢ € L (u)

lim %Zc(Xt) = / c(x)p(dz), (7.48)

t=1

almost surely. However, as discussed earlier, it is not generally true that

Jim 7 B> eCx0] = [ elwm(an)

t=

—

for all z € X. Thus, we can not in general relax the boundedness condition for the convergence of the expected costs.
With ¢ bounded, for all z € X

lim ;EI[ZC(XI‘/)} = / c(x)pu(d) (7.49)

In the following, we follow the arguments in [[16]].

Theorem 7.4.1 a) Under (7.4.1) A, B, C, D there exists an optimal measure in G. b) Under (741)A’, B’, D, E, there
exists a policy in which is optimal for the control problem given in ([7.64)) for every initial condition.

Proof. a) Consider (7.4.1) A, B, C, D. By (B, C) we have that the set of policies v which lead to a finite cost is so
that (u7.,¢) < oo for all T, which implies that {xJ., T > 0} is tight. Thus along some subsequence ji;, — p €
({(z,u): © € X, u € U(z)}). As shown in the paragraph preceding (7.4.2), p1 € G.

Furthermore, under hypothesis (A), the set K = {(z,U(z)),z € X} is closed by [165, Lemma D.3]. Thus, by the
Portmanteau theorem that every weak limit of a converging sequence of probability measures K) = 1 is also supported
on K.

Consider a sequence {fi }reny C G such that (ux,c) — 6* as k — oo, the sequence (i, is tight by inf-compactness,
and any limit point g, of this sequence is in G with .. ({(x,U(x)),2 € X}) = 1. Thus, by [165, Prop. D.8] we have
an optimal control policy ¢. Taking limits as in (7.46), we obtain (u,,c) = ¢*. This establishes the first part of the
theorem.

Define a stationary policy ~ via the disintegration

e (dz, du) = i (dulx) 7. (dz) (7.50)
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1« almost surely. Note that via this disintegration the control v, is defined 7,-a.e. Let ¢ € be any policy that agrees
with ~y, on the support of 7t,.

b) Under (A’, B’, D), via and that 7f € Cp({(z,u): z € X, u € U(z)}) by Assumption i)), we have
that G is compact; we also have that Portmanteau theorem applies as in part a). By hypothesis (E), since the chain
under an optimal ¢, is Harris recurrent, 7, is its unique invariant probability measure. Optimality of ¢, for every initial
condition, then follows by positive Harris recurrence given that c is bounded via under hypothesis (B’). Thus,
J(x,¢) = (i, ¢) and p, is optimal.

<

Theorem [7.4.1| can be stated under weaker assumptions. See, for example, 13|, Theorem 2.1] among other references
in the literature.

In general, in the absence of (E), there is a question of reachability. Suppose that the chain under the policy ¢ as
defined in the proof of Theoremis a T model (see [|309]]). Then, as asserted in [[309, Theorem 6.1], the Doeblin
decomposition of the state space contains, in general, a countable collection of maximal Harris sets. In particular,
we have a decomposition into the disjoint union X = (UieNHi) U E, where each H; is a maximal Harris set with
invariant measure 7t;, and E is transient. Now, by part (ii) of Theorem 6.1 in [309], only a finite number of the sets
H; may have a nonempty intersection with any given compact set. This implies that 7t, can always be expressed as
a convex combination of finitely many ergodic invariant measures. Thus, if the Markov Chain is not recurrent, the
stationary policy defined above, in general, is only optimal in a restricted set of initial conditions. On implications
related to insensitivity to such initial state dependence, the reader is referred to [214] and [166, Prop. 11.4.4(c) and
Lemma 11.4.5(a)], among other references, for further results on sample path average cost optimality and expected
average cost optimality. See [[14] for further discussions.

Following the above, there exists an optimal expected empirical occupation measure, say v. This defines the optimal
stationary control policy by the decomposition:

du(-,du)

pl-u) = ATy o(du)

(u),

v almost surely, where % denotes the Radon-Nikodym derivative.

7.4.3 General state/action spaces under strong continuity in actions

There are many important applications where the kernel 7 is not weakly continuous. For example, consider dynamics
described by a stochastic difference equation on R? of the form

Xpp1 = F(X,,U)+W,,  n=012...,

where X = R"™ and the W,,’s are independent and identically distributed (i.i.d.) random vectors whose distribution
has a bounded and continuous density function. We assume that F' is bounded and u — F(x,u) is continuous for all
x € X. It is clear that the transition kernel 7 is not, in general, weakly continuous. However, it satisfies the following
hypothesis.

(H2The transition kernel 7 satisfies the following:

(a) For any 2 € X, the map u — [ f(z)7T (dz|x, u) is continuous for every bounded measurable function f. That
is, Assumption[5.2.2(i)) holds.

(b) There exists a finite measure v majorizing 7, that is

T(dy|z,u) < v(dy), zeX, uel. (7.51)
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If in addition, the distribution of W,, has a continuous, bounded, and a strictly positive probability density function
(a non-degenerate Gaussian distribution satisfies this condition), then positive Harris recurrence can be established
by Lebesgue-irreducibility and a uniform countable additivity condition for compact sets following [310, Condition
A], which leads to the presence of accessible compact petite sets (where one can take V (z) = 2 as the Lyapunov
function). For more details see [269, Example 3.1].

Assumption 7.4.2 The following hold:

(A) The state and action spaces X and U are Polish. The set K = {(z,U(z)), x € X} is measurable (see [|165 Lemma
D.3] for conditions) and the set-valued map U: X — B(U) is compact-valued.

(A’) The state and action spaces X and U are compact. The set K is measurable and set-valued map U: X — B(U) is
compact-valued.

(B) The non-negative running cost function c(x,w) is continuous in v € U(x) for every x € X and c: {(:E, u): x €
X, u € U(z)} — R is inf-compact.

(B’) The cost function c is bounded, and continuous in u € U(x) for every x € X.
(C) There exists a policy and an initial state leading to a finite costn € R..
(D) holds.

(E) Under every stationary policy, the induced Markov chain is Harris recurrent.

We again recall the w-s topology studied in Appendix (Section[D.4).

By Theorem [D:41] (see [284] Theorem 3.10] or [27, Theorem 2.5]), (7.51) implies that setwise sequential pre-
compactness of marginal measures on the state ensures that every weakly converging sequence of mean empirical
occupation measures also converges in the w-s sense. (7.51) implies setwise sequential pre-compactness by [269,
Proposition 3.2], which in turn builds on [168, Corollary 1.4.5]; see also [[153| Theorem 4.17].

First, note the following counterpart to Lemma[7.4.2]

Lemma 7.4.3 [16] Under|(H2), the limit of any w-s converging subsequence of mean empirical occupation measures
ising.

Proof. We follow the notation used in the discussion leading to Lemma[7.4.2] Suppose that, along some subsequence
{tx} C N, i converges to some i € ({(z,u): = € X, u € U(z)}) in the w-s sense, which we denote as 1] = .
As in (7.44) we have the triangle inequality

w(f) = uT(f) < wulf) = pd (f) + pd () =l T(f)
+ 1, T(f) = uT(f)

for f € M(X). If|(H2)| holds, the first term on the right hand side of (7.52) vanishes as k — oo by w-s convergence,
while the second term does so by (7.43)). We have

(7.52)

1wt T(f) = i (TF), (7.53)
Since T f is continuous in u for every fixed z, by it follows that the third term also vanishes as k — oo by the
w-s convergence ji}, = . This shows that ju(A, U) = T (A) for all A € B(X), which implies that 1 € G. o

Theorem 7.4.2 [16] a) Under A, B, C, D, there exists an optimal measure in G. b) Under A’, B’, D, E,
there exists a policy in which is optimal for the control problem given in (7.64)) for every initial condition.
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7.4.4 Optimality of deterministic stationary policies

In this section, we will present conditions on the optimality of deterministic policies via the convex analytic method;
see [16] for a detailed review and [232, Proposition 9.2.5], [59, Lemma 2.4] and [[161} Corollary 5.4(b)] for related
results on the optimality of stationary and deterministic policies arrived at via different approaches.

Hernandez-Lerma [[161}, Theorem 5.3] shows that an average cost optimal randomized policy ¢, with invariant measure
T satisfies the ACOI 74 almost everywhere:

g+ h(2) > clo, o(x /h T(de' 2, 6(x)) (7.54)

where h is bounded from below. If one can ensure that the above holds for all z € X (and not just 74 almost everywhere)
[161}, Prop. 5.2] shows that under this condition on £, implies that such a policy is indeed optimal. Again, if the
above holds for all z € X, by utilizing Blackwell’s theorem[5.1.T|on optimality of deterministic policies we can replace
¢ with a deterministic f € I'sp, which will then be optimal [161, Corollary 5.4(b)].

This approach can be generalized to the case where the induced Markov chain is not positive Harris recurrent, but when
the action space is finite [[16]]: Accordingly, one can relax the condition of holding for every z. Let g be a constant
and h: X — Ry, f : X — P(U) be so that for all z € B for some Borel set B C X,

g+ h(z)> (c(m,f(x) +/h(x’)7’(d$’|x,f(w))> = / (c(aau) +/h(w’)T(dm'x,u)>f(du|x) (7.55)

Lemma 7.4.4 Let hold with

1
liminf = EY [h(X,)] > 0, (7.56)

n—,oo M

forall x € B where v* = {f, f, f,---} and P (z, B) = 1 for all € B. Then the stationary (possibly randomized)
policy v* = {f. f, f.--} satisfies

9= J(x,7%),
forall x € B.
Proof. We have, as in the proof of Theorem
E7 WX ) |10,6-1), vo,t—1]] _/h( VP(X; € dylzs—1,us-1) (7.57)
= c(wp—1,u—1) /h P(dylzi—1,ui—1) — c(x—1, us—1) (7.58)

By iterated expectations,
EY [Z h(X,) — E7 [n(X:)| X[0,6-1), Upo,e—17]| =0
t=1

Now, under v* we have that B is an absorbing set and thus, by (7.55) holding on the absorbing set, the following will
apply almost surely with Xy = x where x € B:

EY” [R(X¢)|z0,6—17» Upo,¢—1]] _/h( VP (X € dylai—1,ui—1) (7.59)
= c(xp—1, f(w1-1) /h P(dy|xi—1, f(z4-1)) — c(xi—1, f(T1-1)) (7.60)
< g+ h(wi—1) — (w1, f(z-1)) (7.61)

Iterating the above and dividing by n, we arrive at
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g~ T BY X))+ B (X)) > BT (3 el X))

t=1

Taking the limsup on both sides (and replacing lim sup with lim inf by reversing the negative sign on the left), and
(7.56) holding for v* = {f, f, f,- - - }, we establish the desired bound. o

In particular if we have that g is a lower bound on the optimal cost (say via the convex analytic method), we can claim
that v* is optimal for all initializations Xy = x where « € B. Now, the analysis in [[161, Theorem 5.3] shows that if
we have an optimal invariant measure, then this leads to for some randomized ¢ on a set of measure 1 under 7
with h bounded from below. Building on [48L51], via [161}, (5.7)], this implies the existence of a deterministic control
policy £ which is defined on B and which satisfies

g+ h(z) > <c(as,k(x)) +/h(x/)T(dx’|x,k(x))> (7.62)

However, with k* = {k,k,k,- - }, to be able to claim the optimality of k over B via Lemma we need to show
P*"(2,B) = 1 for all z € B; that is an absorbing set under & should be a subset of the absorbing set under ¢ when
Xy = z with z € B. If the induced Markov chain under ¢ is positive Harris recurrent, then [161, Theorem 5.3(b)]
shows thatholds everywhere (that is, for all x € X), and the result follows. Additionally, when U is countable,
this result also follows via the following argument: By Blackwell’s theorem [5.1.1] and by the measurable selection
theorem of Blackwell and Ryll-Nardzewski [51]], & can be (without loss) constructed such that for all z : k(x) € {u :
(c(z,u) + [ h(z)T (da'|z,u)) < c(z,¢(x)) + [h(a")T (dz'|z, ¢(x))} N {u : ¢(u|z) > 0}. In this case, it follows
by expressing the transition probabilities in terms of the countable collection of control realizations, we will have that
P*" (2, B) = 1forall 2 € B. This leads to the following result.

Theorem 7.4.3 Assume that either Theorem or Theorem apply. Let p,. be an optimal invariant measure.
Define a stationary policy ~y via the disintegration

s (dx, du) = v, (du|z) . (dx) (7.63)

W almost surely. Take ¢ € I's be any policy that agrees with -y, on the support of T,.

(i) [161)] If the induced Markov chain under ¢ is positive Harris recurrent, then the optimal policy can be assumed
deterministic.

(ii) [[16]] If the induced Markov chain under an optimal policy is not positive Harris recurrent, then with U countable,
on the support of T, ¢ can be assumed to be deterministic. This would lead to an optimal policy for all initial
states x with Xy = x where x € supp (7t ).

There exist alternative arguments in the literature: [232, Proposition 9.2.5], [59, Lemma 2.4] focus on the properties
of return sets for countable state/action space models and characterize conditions under which an optimal policy is
deterministic, and the analysis in [59, Section 3.2] builds on Schauder’s fixed point theorem under restrictive regularity
conditions on a continuous space model. Furthermore, it can be shown that, under mild ergodicity conditions, deter-
ministic policies are dense in the sense that the performance under stationary deterministic policies is dense in the set
of performance values under randomized stationary policies [16].

Remark 7.4 (ACOI through duality with the convex analytic method). Though not directly related to the discussion
above, one could note that there is a further duality relationship between ACOI (see Definition [7.1.2)) and the convex
analytic method, see [166, Chapter 12, p. 221].

7.4.5 Sample-path optimality

The above optimality arguments also apply in the somewhat stronger sample-path sense, rather than only in expectation.
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Finite state/action setup

Consider the following:

T
1
inf limsup T Z[c(zt, ut)], (7.64)
t=1

Y€l'a Too

where there is no expectation. The above is known as the sample path cost. Let the state and action spaces be finite. Let
Fi be the o—field generated by {5, us, s < t}, under any given admissible policy. Define a F; measurable process
with A € B(X):

Fi(4) = (Z Loy 1Y P(Al. um(x,u)),

XxU

where
t—1
’Ut($,u) = E l{mszx,ut:u}v
s=0

is the empirical occupation measure. Note that the above can also be written as

Fy(A) = (ti (1{%“@} - P(AIxau)l{ms_x,ut—u}»

s=0 XxU

Thus, fort > 1,

E[F(A)|Fi-1]
t t—1
= E|:Z 1{3:3614} - Z Z P((E5+1 € A‘IES =T,Us = u)l{(acs,u,q)z(x,u)}lft1:|
s=1 s=0 XxU
= E|:(1{zt6A} - Z P(xs+1 € A|:C€ =T, Us = u)l{(mtl,utl)—(z,u)}> |‘Ft—1:|
XxU
t—1 t—2
+< 1{m5€A} — Z Z P({E5+1 c A|£U5 =T, Us = u)l{(mﬁus)_(x,u)}>
s=1 s=0 XxU
-0 (7.65)
t—1 t—2
+<Z Lcay— 3 > P(ros € Alzy = z,u, = u)1{(%,us)_(£,u)}> |]—‘t1] (7.66)
s=1 s=0XxU
— Fia(4), (7.67)

where (7.65) follows from the fact that E[1¢,, cay|Fi—1] = Pz € A[F;_1).

We have then that
E[F(A)|Fi—1] = Fi—1(A) Yt >0,

and {F;(A)} is a martingale sequence.

Furthermore, F;(A) is a bounded-increment martingale since |F;(A) — Fi—_1(A)| < 1. Hence, for every T > 2,
{F1(4),...,Fpr(A)} forms a martingale sequence with uniformly bounded increments, and we could invoke the
Azuma-Hoeffding inequality [98]] to show that for all z > 0

Ft(A)l > 1,) < 2672w2t

P>

Finally, invoking the Borel-Cantelli Lemma (see Theorem [B.2.1)) for the summability of the estimate above, that is:
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(oo}
2
226_29” b < 00,Va > 0,

n=1
we deduce that (A
lim ﬁ =0 a.s.
t—o00 t

Thus,

Tlim (UT(A) - E P(A|x,u)UT(a?,u)) =0, AcCX
—00
XxU

Thus, somewhat similar to the arguments in (7.39), every converging subsequence would have to be in the set G defined

in (7.40).

Let (v,c) := > v(z,u)c(x, u). Now, we have that

lim inf (vp, c) > 0*
T—o00

since for any sequence vy, which converges to the liminf value, there exists a further subsequence vy (due to the
(weak) compactness of the space of occupation measures) which has a weak limit, and this weak limit is in G. Then,

T?LHOO@}T)C ) C> = <Tilgloo U1y C> > ’Y*~

Furthermore, this cost is attained by an optimal stationary policy as a consequence of positive Harris recurrence.

Note that, the above would lead to the same for the average cost problem as well (though as we studied earlier, a more
direct argument is applicable for the average cost setup):

liminf E[{vr, ¢)] > Elliminf(vr, ¢)] > v*.

T—o0 T—o0

The standard Borel setup

As we observed, the discussion in Section [7.4.1] applies to the sample path optimality also. We now discuss a more
general setting where the state and action spaces are Polish. Let ¢ : X — R be a continuous and bounded function.

Define:
Z d(z,u).

t=1

Nl

vr(¢) =

Define a F; measurable process, with 7 an admissible control policy (not necessarily stationary or Markov):

Fi(9) = (;Zlczs(xt)) o [ [ stanpriasdilon )

(7.68)

As earlier, we define Gx to be the following set in this case.

Gx ={nePXxU):nD)= § UP(D|z)n(dz)7 VD € B(X)}.

Consider the following sample-path cost:
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T
1nf lim sup — Ty, U (7.69)
T— o0 ; ¢ t)]
where there is no expectation. Let (v, ¢) := > v(x,u)c(x, u). If one can guarantee that every sequence of empirical

measures {v; } would have a converging subsequence to some measure v, we would have that

Tiiizloo@]Tk y C> <Tllm UTy, C>7

by the fact that for ¢ continuous, non-negative if v, — v,

lim inf(vg, ¢} > (v, ).

k—o0
Since for any sequence vy, which converges to the liminf value, there exists a further subsequence vr; (due to the
(weak) compactness of the space of occupation measures) which has a weak limit, and this weak limit is in G. By
Fatou’s Lemma:

T;}iinoo@}Tk’ €)= <T}1m vy, c) > "

To apply the convex analytic approach, we require that under any admissible policy, the set of sample path occupation
measures would be tight, for almost every sample path realization. If this can be established, then the result goes through
not only for the expected cost, but also the sample-path average cost, as discussed for the finite state-action setup.

Researchers in the literature have tried to establish conditions which would ensure that the set of empirical occupa-
tional measures are tight. These typically follow one of two conditions: Either cost functions are near-monotone type
conditions [59] (this includes, but is more general than, the condition: lim |, infyey ¢(z,u) = 0o) or behave like
moments [214] (when X x U is locally compact, there exists a sequence of compact sets K, sothat X x U = U, K,
withlimg, 1x inf ()¢ K, ¢(x,u) = 00), or the Markov chain satisfies strong recurrence properties [59] [[15, Chapter 3].
Under such conditions, the sequence of empirical occupation measures {v,, } which give rise to a finite cost are almost
surely tight, every such sequence has a convergent subsequence and thus the arguments above apply: Every expected
average-cost optimal policy is also sample-path optimal provided that the initial condition belongs to the support of the
invariant probability measure under an optimal policy.

Note also that one often can obtain more relaxed conditions for sample path optimality when compared with expected
cost optimality as a consequence of the ergodic theorems for positive Harris recurrent Markov chains (Section[3.4.1).

Note, however, that for sample path optimality, we need to invoke weak continuity almost surely, by the martingale
argument above, and accordingly the measurable selection criteria will need to be under Assumption[5.2.1]

7.5 Constrained Markov Decision Processes

Consider the following average cost problem:

inf J(x,~) = inf lim sup %EZ § c(xe, up) (7.70)
2l 7 T—oo —0
subject to the constraints:
T-1
h;njip E ; di (24, uy) < D; (7.71)

fori =1,2,--- ,m where m € N.

A linear programming formulation leads to the following result.



7.7 Exercises 167

Theorem 7.5.1 [265]] [|7] Let X, U be countable. Consider (/.70 . An optimal policy will randomize between at
most m + 1 deterministic policies.

Ross also discusses a setup with one constraint where a non-stationary history-dependent policy may be used instead
of randomized stationary policies.

Finally, the theory of constrained Markov Decision Processes is also applicable to Polish state and action spaces, but
this requires further technicalities. If there is an accessible atom (or an artificial atom as considered earlier in Chapter
3) under any of the policies considered, then the randomizations can be made at the atom.

7.6 Bibliographic Notes

7.7 Exercises

Exercise 7.7.1 Let X, U be finite sets and consider the occupation measure corresponding to a controlled Markov chain
under some arbitrary admissible control policu:

T-1

1
UT(AXB):Tzl{(zt,ut)GAXB}7 ACX,BCU.
t=0

While proving that the limit of such a measure process lives in a specific set, the following is used, which you are asked
to prove. Let vy be some arbitrary but admissible control policy and let F; be the o —field generated by {xs,us,s < t}.
Define a F, measurable process

<Z1{x cay —t Y P(Alx)o(x u)>

XxU

Show that, {F;(A), t € Z.} is a martingale sequence.
Hint: Observe that forall t € {1,2,...,T}

t
<Z Tip,cay —t Z Pz, € Alzg =2,u0 = u)vt(x,u)>

s=1 XxU
t—1
(Z 1{m €A} — Z Z P «Terl S A|.7JS =T,Us = u)l{(m g )=(z, u)}) (7.72)
= s=0XxU

Then, show that E[Fy(A)|F;—1] = Fi—1(A). You may follow Exercise[4.5.11

Exercise 7.7.2 a) Let, for a Markov control problem, x; € X, u; € U, where X and U are finite sets denoting the state
space and the action space, respectively. Consider the optimal control problem of the minimization of

T-1
hmsup E” E c(xe,ut)]
t=0

T—o00

where c is a bounded function. Further assume that under any stationary control policy, the state transition kernel
P(x¢41|t, ut) leads to an irreducible Markov Chain.

Does there exist an optimal control policy? Propose a method to find an optimal policy.

b) Is the optimal policy also sample-path optimal?
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Exercise 7.7.3 Consider a controlled Markov Chain with state space X = {0,1}, action space U = {0,1}, and
transition kernel fort € 7., :
P(l’t+1 = 1|1’t = O,Ut = 1) = E (0, 1)

P(.’L’t+1 = 1|£L't :O,Ut :O) :ﬁ S (071)
P(xt+1 = 1|fEt = 1,7.Lt :0) :P(l't+1 = 1|£L’t = ].,Ut = 1) = =

Let
c(0,1) =k € Ry, ¢(0,0) =

c(1,0)=¢(1,1) =1

Suppose, the goal is to minimize the quantity

T—o0

T—1
hmsup EW g c(xe, ug)]
t=0

over all admissible policies v € 4.

Find the optimal policy and the optimal cost, as a function of «, B, k. Explain your answer and how you arrived at your
solution.

Exercise 7.7.4 Consider a controlled Markov chain with state space X = {0,1}, action space U = {0,1}, and
transition kernel fort € 7 :
Py =1z, =0,u, =1) =1

—_

P(JZH_l = 1|.13t = O,Ut = O) =

DO |

P({L‘t+1 = ].|{L't = ].7’U/t = 0) = P(.’Et+1 = 1|.’Et = 1,Ut = 1) = —
Let a cost function ¢ : X x U — R be given by

c(0,1) =k € Ry, ¢(0,0) =
1
c(1,0) = 2’ c(1,1)=1.

Suppose that the goal is to minimize the quantity

T—1
hmsup EW g c(xe, ug)l,
t=0

T—o0

over all admissible policies v € v4. Recall that a policy is admissible if the controller has access to {xs,s < t;u;,l <
t— 1} attimet € Zy.

Find an optimal policy and the optimal expected cost explicitly, as a function of k. Explain your answer and how you
arrived at your solution.

Exercise 7.7.5 Consider a two-state, controlled Markov Chain with state space X = {0, 1}, and transition kernel for
te Z+.’
P($t+1 = 0|$t = O) = ’U/?

Pty =1z, =0)=1—u)
P(I’t_;,_l = 1|I’t = 1) = U}

P(.’Et+1 :O\xt:1)=1—u%



7.7 Exercises 169

Here u) € [0.2,1] and u} € [0, 1] are the control variables. Suppose, the goal is to minimize the quantity

T-1

1
limsup—E'yg c(xe, ur)],
T o T O[tzo (t t)]

where
c(0,u’) =1+ u°,

c(l,ut) = 1.5, Vu' €]0,1],
with given o, B € Ry.
Find an optimal policy and find the optimal cost.

Hint: Consider deterministic and stationary policies and analyze the costs corresponding to such policies.

Exercise 7.7.6 [Machine repair revisited] Recall Exercise with an average cost formulation. Show that there
exists an optimal control policy and that this policy is stationary.

Exercise 7.7.7 For the model considered in Section under Assumptionm establish that T ) is a contraction on
the space of bounded functions h with h(z) = 0, with modulus «.

Exercise 7.7.8 (Risk-sensitive average cost criterion) Let X, U be finite and consider the following risk-sensitive cri-

terion:
1 N-—-1
A\ = inf limsup v log (E'Y |:6sz c(xm,um)] )

7€l'a Nooo

For this criterion, show that the verification theorem (dynamic programming equation) satisfies [67]:

WV() = iy () 5 Tl = 5,00 = 0V (01)
1

If one views the operator on the right as a function of V, we have an eigenvalue problem with \* being the optimal

cost. Hint. Divide both sides by \*, and apply iteratively the inequality under an arbitrary admissible control. Show

that equality holds when an optimal policy is considered.

Exercise 7.7.9 Study [266]] as an example where an average cost optimal policy may not be stationary (and even
possibly randomized stationary).

Exercise 7.7.10 In some problems one needs to relate the discounted cost problem, a finite horizon average cost prob-
lem and an infinite horizon average cost problem. Under what conditions do we have that

lim (1 — B)Jg(x0) = J*(z0)7,
B—1
and with JT as given in (7.9),

S T (o V2
Tlgl;o wlenlfA I (xo,y) = T (x0)?

Exercise 7.7.11 a) For an infinite horizon discounted cost partially observed Markov decision problem with finite state,
action and measurement spaces, suppose that we wish to restrict the policies to be stationary control policies which
only are based on the most recent observation; that is uy = Y(yz) for some v : Y — U (clearly, this is suboptimal
among all admissible policies, as the analysis in the Chapter shows). Given this restrictive class of policies, can one
obtain an optimal policy through linear programming? b) Can you consider a setup where an optimal policy above
may not be optimal among all policies (e.g., an optimal one-memory policy may not be stationary)? Hint: Consider
linear systems theory (stationary output feedback vs. time-varying output feedback).
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Numerical and Approximation Methods

In this chapter, we will first study several computational algorithms, first in the context of finite space MDPs. After
this, we will study rigorous approximation methods for continuous (standard Borel) space MDPs and POMDPs.

8.1 Value and Policy Iteration Algorithms

8.1.1 Value Iteration

Consider expected discounted cost criterion, for some 5 € (0, 1),

J,@(J)O,’Y) = E;/O[Z ﬁtc(xhut)L (81)
t=0

to be minimized. The Value Iteration Algorithm was presented earlier in Theorems [5.5.1] and [5.5.2} the algorithm for
the bounded setup is re-stated in the following.

Theorem 8.1.1 Suppose the cost function c is bounded, non-negative, and one of the measurable selection conditions
(Assumption [5.2.1| or Assumption applies. Then, there exists a unique solution to the discounted cost optimality
equation

v(x) = Znélﬂl} (c(x,u) + ,B/XU(y)T(dy|a:,u)), z€eX

Furthermore, the optimal cost (value function) is obtained by a successive iteration of policies (known as the Value
Iteration Algorithm):

vp () = min (c(x, u) + B/ n—1(y)T (dy|z, u)), Vz,n €N (8.2)
X

uelU

For any vy € Lo (X) (or Cy(X) under measurable selection Condition 1 in Assumption[5.2.1)), the sequence converges
to a unique fixed point. If vo(x) = 0 for all x € X, then v, (x) 1 v(x) for all x € X. Under the measurable selection
Assumption the limit is also continuous with vy € Cp(X).

We also recall that under Assumptions[5.2.1and[8.2.3] the value function is Lipschitz; see Theorem[5.5.3]

8.1.2 Policy Iteration

We now discuss the Policy Iteration Algorithm. Let X be countable and ¢ be a bounded cost function. Consider again
(8.1). Let v0 == {%0,%0,%0,"** 70, -+ } € I's denote a deterministic stationary policy (which naturally leads to a
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finite discounted expected cost here). Let this expected cost be Wy(-); that is,
oo
Wo(z) = B> Bre(wr,yo(ar))], weX
k=0

Then, similar to (5.23), and using the stationarity of o, we obtain

Wo(x) = c(z,vo(x +BZWO P(zi41 = 2’|z = z,ur = y0(x))

Let
T(Wo)(x) = 17}161[[1}1 (c(z,u) + ,BZ Wo(2")P(zp41 = o' |wy = 2y up = u))

Clearly T(Wj) < W, pointwise (in z). Now, let 71 be such that

T(Wo)(x) = c(z,v1(z)) + BZWO P(x1 = 2'|z0 = ,u0 = 11 (7)) (8.3)

Observe that, iterative application of (8.3)) one more time (to Wy (z’) above with T(Wp)(z’) < Wy(z')) leads to

Wolo) 2 B | 3 8¥clan,nlan)) + 5 Wa(ea) |

k=0
and, continuing further, for any x € X,n € Z,, we arrive at

n—1

Wo(z) > B> Bz, 11 (zk)) + 8" Wo (@) (8.4)
k=0

Taking the limit n — oo, this leads to the relation

Wo(z) > T(Wo)(z) > Wh(z),

with N
Wi (x) = BP (Y BFe(wr, m(ax))]
k=0
so that
Wi(z) := c(z, 1 (z +ﬁZW1 P(xiyq = 2'|vy = z,us = y1(2)).

We can interpret the steps of the discussion above as follows: We start with the policy, {70, Y0, Y0, - - - } and then make
the point that the policy {71,%0,70, - } is a better one and then {~1,v1, 70, - } is a better one and ultimately the
policy {v1,71,71,+* ,71, - - } is a better policy than what we started with.

We then continue this procedure for m = 2 by replacing W; with W, above, to arrive at
T(W1)(x) még( c(z,u +BZW1 P(rip1 = 2|z = 2,0 U))
c(x,y2(z)) + ﬂz Wi (2 )Pz = 2 |zg = 2, ug = 72()) (8.5)

and ultimately Wa(z) < T(W7)(z) < Wi(x), where
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Wa(z) = EP[Y_ Bre(ar, n(ar))]

k=0
Then, we repeat the process for m > 2 with
T(W,)(z) = min (( 83 W) Pl = 'l = =)
= (@, Ym+1(7)) + B Z Win(2")P(x1 = 2|0 = 2, u0 = Ym1(x)) (8.6)

and ultimately W,,, 11 (z) < T(W,,)(z) < Wy, (z), where

o

Wm+1 E'ym"'l Z $k7’77n+1(xk))]
k=0

Remark 8.1. Note that for the case where X, U are finite, the following holds

Wi(z) = EP[Y_ Bc(ar, m(an)] = ez, 1) + 8) Wilzer)T(dee | = 2,0 = 7 (2))]
k=0

More generally, for a given stationary policy ~:
Jo(e,7) = EI[Y_ B e(an, v(an))] = ez, y(x)) + /32 Jo(a' W) P(arer = a'loe = w,up =5(x)) 8.7
k=0

can be computed by solving the following matrix equation
W =cy+ BPW,

leading to
W =(-pBP")!

where W is a column vector consisting of {WW(z), z € X}; ¢ is a column vector consisting of elements {c(z, v(z)),z €
X}; and P7 is a stochastic matrix with entries P7(z,2') = P(x411 = a'|zy = 2, us = y(x)) (note that (I — SP7) is
always invertible for 8 € (0, 1)). Thus, the implementation of the policy iteration algorithm is quite simple.

Theorem 8.1.2 Through the policy iteration algorithm, there exists W : X — R such that W,, | W pointwise in x,
provided that for some n € N, W,,(z) < oo forx € X. If v ={f, f,-- -} satisfies

oo

E;[Z Bre(an, fzx))] = W (), (8.8)

k=0

then v is optimal among all stationary policies. And if (5.29) holds with W replacing v, ~y is optimal among all
policies (note that this always holds if c is bounded). For a problem with finite state and action spaces, convergence is
guaranteed in a finite number of stages and the resulting policy is optimal.

Proof. By the sequence W,, > T(W,,) > W, 11, and thus there is a limit W (since the cost per state is bounded
from below) and the limit satisfies W = T(W), which is precisely the optimality equation . Since such a W
leads to a lower bound under any stationary policy by the construction of the algorithm, an argument similar to the one
in the proof of Lemma [5.5.4]leads to the result. Note that for finite models we have the condition, as noted in Lemma

lim B"E}[W ()] = 0,

t—o00

by (8.8), since W is bounded. o
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8.1.3 Receding Horizon Algorithms / Model Predictive Control

Roll-out algorithms, also known as sliding-horizon or receding horizon algorithms, are practically important. Such
an algorithm is provably near-optimal as the horizon length increases under some conditions. We refer the reader
to [[164], [79], [97] and [40] among many other papers in this direction.

8.2 Approximation through Quantization of the State and the Action Spaces

For cases where the spaces are not finite or countable, numerical methods require approximation procedures. In the fol-
lowing, let X, U be standard Borel spaces with U(z) = U compact. We will arrive at rigorously justified approximation
algorithms and resulting convergence results, both via analytical as well as learning theoretic methods.

8.2.1 Finite Action Approximation to MDPs

Definition 8.2. A measurable function q : X — U is called a quantizer from X to U if the range of q, i.e., ¢(X) =
{q(z) € U: z € X}, is finite.

The elements of ¢(X) (the possible values of ¢) are called the levels of q.

Finite Action Approximate MDP: Quantization of the Action Space

Let dy denote the metric on U. Since the action space U is compact and thus totally bounded, one can find a sequence

of finite sets A, = {an1,...,ank, } C U such that for all n,

1
ie{{r,l.%.r,lkn} dy(a, anq) < ﬁfor alla € U.

In other words, A,, is a 1/n-net in U. In the rest of Section we assume that the sequence {A,}n>1 is fixed. To
ease the notation in the sequel, let us define the mapping

Yo.(f)(z) = argeznindm(f(x),a), (8.9)

where ties are broken so that 1., (f)(x) is measurable.

Our main objective in this section is to find conditions on the components of the MDP under which there exists a
sequence of finite subsets {A,,},,>1 of U for which the following holds:

(P) If for each n, MDP,, is defined as the Markov decision process having the components {X, A, p, c}, then we
would like to find conditions under which the value function of MDP,, converges to the value function of the original
MDP as n — oc.

Near optimality of quantized policies under weak continuity

Consider (P) for MDPs with weakly continuous transition probability.

Recall Assumption essentially repeated for convenience of the reader:

Assumption 8.2.1 (a) The one stage cost function c is bounded and continuous.

(b) The stochastic kernel T (- |z, a) is weakly continuous in (z,a) € X x U.
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(c) Uis compact.

For any real-valued measurable function u on X, let T be given by

(Tv)(x) —rnelt{}( c(x,u) +ﬂ/ T (dy|x, u)) (8.10)

Recall that here, T is the Bellman discounted cost optimality operator for the MDP considered earlier in (5.28). Anal-
ogously, let us define the Bellman optimality operator T,, of MDP,, as

T,v(z) := min ( c(z,u —l—ﬁ/ T (dy|x, u)) (8.11)
u€A,

We have seen that both T and T,, are contraction operators. Furthermore, value functions of MDP and MDP,, are

fixed points of these operators; that is, TJ* = J* and T, J;; = J. Let us define 0 = v = 0, and v*t! = To?

and viTt = T,of for t > 1; that is, {v*};>1 and {v! };>1 are successive approximatlons to the discounted value

functions of the MDP and MDP,,, respectively (via value iteration). The following can be shown, inductively for each

t=0,1,2,---:

Lemma 8.2.1 /270, Lemma 3.19] Under Assumption for any compact K C X and for anyt > 1, we have

lim sup |vf (z) — v*(z)| = 0. (8.12)

YL—)OO

The following theorem states that the optimal value function of MDP,, converges to the optimal value function of the
original MDP. It can be proved by using Lemma and taking into account that {v’};>; and {v, };>; are successive
approximations to the value functions Jj3 and J3 ,,, respectively.

Theorem 8.2.1 [273] [270, Theorem 3.16] Under Assumption for any compact K C X, we have

lim sup\Jﬂn( x) — Ji(x)| = 0. (8.13)

n—oo , 6

The proof follows from a successive approximation argument applied iteratively for value iteration updates; see the
proof of Theorem[12.3.2]for an explicit analysis and Section[T2.5.2]for further relations between the problem considered
here and the robustness problem considered there, where the approximation problem here is viewed as a particular
instance of robustness.

We state an approximation result analogous to Theorem [8.2.1] for the average cost criterion. For average cost criteria,
we impose relatively stronger ergodicity/minorization conditions on the controlled Markov chain. Note that this was
utilized to establish the existence of a solution to the average cost optimality equation in Section (see Assumption
7.2.2)).

Suppose that Assumption and Assumption hold. This implies that, as we have seen earlier in Section
there is a solution to the average cost optimality equation (ACOE) and the stationary policy which minimizes this
ACOE is an optimal policy.

Theorem 8.2.2 [Average Cost] [273|], [270, Theorem 3.22] Under Assumptions and the value functions
(that is, the optimal expected average cost) satisfy

lim |V — V*| =0,

n—

where V* and V; (n > 1) (the value functions of the true model and the approximate model sequence, respectively)
do not depend on x.
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Remark 8.3. As we have observed earlier, when one considers partially observed MDPs (POMDPs), any POMDP can
be reduced to a (completely observable) MDP whose states are the posterior state distributions or beliefs of the observer.
Thus the results in this section are applicable to POMDPs as we will study in Section[9.2.1]

Near optimality of quantized policies under strong continuity in actions for each state

Consider the problem (P) for MDPs with strongly continuous transition probabilities in actions. Recall Assumption
[5.2.2] repeated for reader’s convenience:

Assumption 8.2.2
(a) The one stage cost function c is nonnegative and bounded satisfying c(z, - ) € Cy(U) for all z € X.
(b) The stochastic kernel T (- |z, ) is setwise continuous in u € U for every x € X.

(c) U is compact.

The following theorem states that for any f € F, the discounted cost function of 77, (f) converges to the discounted
cost function of f as n — oo. Therefore, it implies that the discounted value function of the MDP,, converges to the
discounted value function of the original MDP.

Theorem 8.2.3 [275]]/[ Discounted Cost] Consider problem (P) for the discounted cost under Assumption Then,
Sfor any stationary policy defined withf : X — U, J(T,,(f),z) = J(f,x) asn — oo, forall x € X.

Observe that any deterministic stationary policy f defines a stochastic kernel on X given X via

Qr(-lz) :=T( |z, f()). (8.14)

Let Q; denote the ¢-step transition probability of this Markov chain. If () admits a unique invariant probability
measure vy, then by [168, Theorem 2.3.4 and Proposition 2.4.2], there exists an invariant set My € B (X)) with full vy
measure such that for all z in that set we have

V(f,z) = /Xc(x,f(x))uf(dx). (8.15)

Assumption 8.2.3 Suppose Assumption holds. In addition, we have
(d) For any f € F, Q¢ has a unique invariant probability measure v.

(el) The set of invariant probability measures Iy := {v € P(X) : vQ; = v for some f € F} is relatively sequentially
compact in the setwise topology.

(e2) There exists x € X such that for all B € B(X), Q%(B|x) — v¢(B) uniformly in f € F.
() M = yep My # 0.

We note that the condition (e2) above may be slightly relaxed [347].

The following theorem states that for any f € F, the average cost function of 7,,(f) € Q(A,,) converges to the average
cost function of f as n — co. In particular, the average value function of MDP,, converges to the average value function
of the original MDP.

Theorem 8.2.4 [275][Average Cost] Let x € M and f € F. Then, we have V (1,,(f),x) — V(f,x) as n — oo, under
Assumption[8.2.3|with either (el) or (e2).

One can also obtain rates of convergence results [275] [270].
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8.2.2 Finite State Approximation to MDPs

In this section we study the finite-state approximation problem for MDPs, by reducing them to finite state MDPs
obtained through quantization of the state space on a finite grid following [275]] [270, Chapter 4]. Here two questions
could be posed:

(1) Q1 Under what conditions on the components of the MDP do the true cost functions of the policies obtained from
finite models converge to the optimal value function as the number of grid points goes to infinity?

(i) Q2 Can we obtain bounds on the performance loss due to discretization in terms of the number of grid points if we
strengthen the conditions sufficient in (Q1)?

We will not discuss Q2 here, but address Q1. For Q2, the reader is referred to [270L/275)]. We note that, under fur-
ther explicit regularity conditions, one can indeed arrive at rates of convergence to optimality. The approach to solve
problem (Q1) can be summarized as follows: First, we obtain approximation results for the compact-state case. We
find conditions under which a compact representation leads to near optimality for non-compact state MDPs: solve the
approximate MDP, and apply the optimal solution for the approximate MDP to the original MDP. We then obtain the
convergence of the finite-state models to non-compact models. Consider (Q1) for MDPs with compact state space.

We now establish near optimality under finite state approximations. We start by choosing a collection of disjoint sets
{B;}M, such that|J; B; = X, and B; (| B; = () for any i # j. Furthermore, we choose a representative state, y; € B;,
for each disjoint set. For this setting, we denote the new finite state space by Y := {y1,...,yar}, and the mapping
from the original state space X to the finite set Y is done via

q(z)=vy; ifx € B;. (8.16)

Furthermore, we choose a weighting measure 7* € P(X) on X such that 7*(B;) > 0 for all B;. We now define
normalized measures using the weight measure on each separate quantization bin B; as follows:

. 7*(A) ,

*(A):=——%, VACB;, V 1,..., M}, 8.17
ﬂ-yi( ) W*(Bi)’ - ZE{ } ( )
that is, 7). is the normalized weight measure on the set B;, where y; belongs to.

We now define the stage-wise cost and transition kernel for the MDP with this finite state space Y using the normalized
weight measures. Indeed, for any y;,y; € Y and u € U, the stage-wise cost and the transition kernel for the finite-state
model are defined as

P*(y;lyi, u) / T (Bj|z,u) 7} (dz). (8.18)

Having defined the finite state space Y, the cost function C* and the transition kernel P*, we can now ir}troduce the
optimal value function for this finite model. We denote the optimal value function which is definedon Y by Jg : Y — R.
Note that jg satisfies the following DCOE for any y € Y

Jp(y) = inf { )+ B8 Js(2)P*(2ly, )} : (8.19)

uclU
z€Y

Note that we can easily extend this function over the original state space X by making it constant over the quantization
bins. In other words, if y € B;, then for any x € B;, we write

Jg(x) = Js(y).

We further define an average loss function L : X — R as a result of the quantization. For some x € X, where x belongs
to a quantization bin B; whose representative state is y; (i.e. g(x) = y;), the average loss function L(z) is defined as
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L(z) ::/ o —a'|| 7} (da') Vo € Bji=1,---, M. (8.20)

That is, L(x) can be seen as the distance of the state x to the mean of the bin B; under the measure 7} .

In the following, we present error analyses in finite state approximations defined in this section.

Finite State Approximations with Kernels Continuous in Total Variation under Expected Quantization Error
Bounds

In this section, we focus on an MDP model whose transition kernel is Lipschitz continuous in x (uniform in ) under
the total variation norm. This condition is somewhat different than the continuity of the transition kernel under the total
variation distance. Indeed, if we have a model as in Example[5.6}(ii), then we have the required Lipschitz continuity of
the transition kernel when f is Lipschitz continuous in z that is uniform in « and the density of the noise w is Lipschitz
continuous. The following assumptions are imposed on the system.

Assumption 8.2.4 (a) There exists a constant o, > 0 such that |c(x,u) — c(2’,u)| < ac||z — || forall z, 2" € X and
forallu € U.

(b) There exists a constant o > 0 such that ||T (-|z,u) — T (-|2', u)||lrv < ar|lz — 2'|| for all z, 2" € X and for all
uwe .

The first result gives an error bound for the approximate value function.

Theorem 8.2.5 [185| Theorem 4] Under Assumption provided that c is bounded, we have for any initial state
xg € X

Jp (o) — Jé(xo)‘ < <ozc + /MTHC“) > B'sup E] 7 [L(Xy)],
1-6 t=0 €L

where L is defined in (8.20).

The following result provides an error bound for the approximate policy of the finite-state model when it is applied to
the original model.

Theorem 8.2.6 Under Assumption we have for any initial state xy € X

[Ip(00:3) = T(ao)] <2 (ac + 251G ) > sup L 1HCX0)

where L is defined in and % denotes the optimal policy of the finite-state approximate model given by

extended to the state space X via the quantization function q.

Finite State Approximation with Kernels Continuous in Wasserstein Distance under Uniform Quantization
Error Bounds

In this section, we focus on the models with transition kernels that are Lipschitz continuous in = (uniform in u) under
the first order Wasserstein distance. If we have a model as in Example [5.6}(i), then we have the required Lipschitz
continuity of the transition kernel when f is Lipschitz continuous in x that is uniform in u. Here, instead of providing
an average loss bound using (8.20) as in Theorem [8.2.5] we will provide a uniform loss bound result, and we also
assume the state space to be compact. We first define
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L:= max sup |z—4/|. (8.21)
i=1,..., Mx,m’EBi

Here, L is the largest diameter among the quantization bins.

The following is essentially Assumption[5.5.1] re-stated for the setup considered.

Assumption 8.2.5 (a) X is compact.
(b) There exists a constant o, > 0 such that |c(x,u) — c(2’,u)| < acllx — 2|| for all x, 2" € X and for all u € U.

(c) There exists a constant ar > 0 such that W1 (T (-|x,w), T (:|2',u)) < ar|z — 2’| for all x,2' € X and for all
uel.

Theorem 8.2.7 [I85| Theorem 5] Let Assumption[8.2.5| hold and let X be compact. We have

Talao) = T3(ao)| < ¢

Qe -

I Bar)1-p)"

sup
ro€EX

where L is defined in (M)

The following result is similar to [270, Theorem 4.38] with a slightly improved bound.

Theorem 8.2.8 [185| Theorem 6] Let Assumption hold and let X be compact. We have

20v. -

"B par)

sup |Jz(x0,%) — J5(xo)| <
sup oo, ) = i)l < 55

where L is defined in and % denotes the optimal policy of the finite-state approximate model extended to the state
space X via the quantization function q.

Finite State Approximation with Weakly Continuous Kernels and Asymptotic Convergence

In this section, we assume that X is o-compact. That is, we can write X = U2 ; B, where each By, is compact. A finite
dimensional Euclidean space is an example of such a space. Additionally, in this section, we focus on the models with
transition kernels that are continuous only under the weak convergence topology. Here, instead of providing a rate of
convergence, we will provide an asymptotic result. Let the quantizer be such that the M*" bin be the over-flow bin; that
is, the first M — 1 bins be the quantization of a compact set and the complement be assigned to Bj;. Let dx denote the
metric on X

To this end, let us define

L™ = . 22
S dx(z,z") (8.22)

Note that since X is o-compact, for each M, one can find a partition {B; }}, of the state space X such that L~ — 0

and Ufﬁ;l B; /* Xas M — oo. Note that By, = X\ (UM T1B;). In the following result, we assume that such a
sequence of partitions is used to obtain the finite-state approximate models.

Theorem 8.2.9 (270, Theorem 4.27] Under Assumption[8.2.1 we have for any compact K C X

Jolwo) = Jj(wo)| 0

sup
roEK

and
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sup |Jg(wo, %) — Jj3(x0)| — 0
zoEK

as L™ — 0, where % denotes the optimal policy of the finite-state approximate model extended to the state space X via
the quantization function q.

We note that the result by [270, Theorem 4.27] is more general and applicable to unbounded cost functions as well.
Under the bounded cost in Assumption|8.2.1] [270, Theorem 4.27] implies Theorem above.

One challenge to be addressed in the proofs of the results noted above is that in the quantized models (as an intermediate
step in the proof) we do not have the weak continuity condition for each of the quantized models: The issue is that
the value function in the dynamic programming update iterations is not continuous (and would only be piece-wise
continuous), and accordingly the finite models are not necessarily continuous in the action variables which violates the
measurable selection conditions noted in Section Nonetheless, the machinery of universally measurable policies
(see Appendix [C) can be utilized and the existence of optimal policies for the approximate kernels does not arise as
an immediate problem (see [275} p. 6-7]) for the proof of the theorem. Alternatively, one can first quantize the action
set and work on the approximate (finite-action) MDP, whose near optimality was established earlier. Note that for the
finite action setup, continuity of the kernels in actions always holds. Accordingly, we assume that the action set is finite
in the following analysis.

The Average Cost Case

Theorem 8.2.10 [270] [[182] Theorem 4.2] [Average Cost] Suppose that Assumption and Assumption hold.
Then,

Tim [[J(,4) = | = 0. (8.23)

where 7 denotes the optimal policy of the finite-state approximate model extended to the state space X via the quanti-
zation function q with diameter %

One can also obtain explicit rates of convergence under further regularity, similar to the discounted cost setting studied
earlier.

Remark 8.4. We note that [270] imposes total variation continuity, but building on [183| Theorem 16] and adapting the
arguments in the proof of [[182, Theorem 4.2] (see Section [I2.4), the total variation condition continuity condition on
the kernel can be relaxed to weak Feller continuity, leading to the above. This will be studied in Chapter[12}

8.2.3 Finite Model MDP Approximation: Quantization of both the State and Action Spaces

We showed in Theorems [8.2.3] and [8.2.4] that any MDP with (infinite) compact action space and with bounded one-
stage cost function can be well approximated by an MDP with finite action space, for both the discounted cost and the
average cost cases.

Therefore, before discretizing the state space to compute near optimal policies, one can discretize, without loss of
generality, the action space U in advance on a finite grid using sufficiently large number of grid points. Then, near
optimality of finite models follow from the discussions in Section[8.2.2]

Remark 8.5 (An alternative direct argument via the convex analytic method for average cost criteria). For average
cost criteria, an alternative argument is presented in [[16, Theorem 4.2], where it is shown that under either weak or
setwise continuity conditions, both finite state and action models are near optimal by considering the set of invariant
occupation measures under unique ergodicity conditions. Furthermore, under the conditions noted, deterministic and
stationary policies are shown to be dense among those that are randomized and stationary, in the sense that the cost
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under any randomized stationary policy can be approximated arbitrarily well by deterministic and stationary policies.
Furthermore, the dense set of deterministic and stationary policies can be assumed to have finite range. A further utility
of this approach is that geometric ergodicity, e.g. via minorization, is not needed.

8.3 Numerical Methods for POMDPs

8.3.1 Near optimality of quantized policies under weak Feller or Wasserstein regularity of non-linear filters

As we have seen, any POMDP can be reduced to a completely observable Markov process [352], [262], whose states
are the posterior state distributions or "beliefs‘ of the observer; that is, the state at time ¢ is

7Tt(') = P{Xt S -|y07...,yt,u0,...,ut,1} EP(X)

We called this conditional probability measure process the filter process. The filter process has state space P(X) and
action space U. Here, P(X) is equipped with the Borel o-algebra generated by the topology of weak convergence. The
transition probability of the filter process is given in (6.27).

Accordingly, we have a fully observed belief-MDP. Now, by combining the approximation results in Section and
reinforcement learning theoretic results to be presented in Section together with the the weak Feller continuity
results presented in Section [6.3.2] we can conclude that the numerical methods can also be applied to POMDPs under
the conditions reported in Theorems|[6.3.3]and [6.3.4] [128]) [[184].

This has explicitly been demonstrated in [276, Theorem 3], where also methods for quantizing probability measures
have been studied. This also applies under Wasserstein regularity of non-linear filter kernels, with explicit conditions

given in Theorem [100]; see Theorem

Accordingly, due to the weak Feller property of controlled non-linear filters, we can obtain rigorous approximation
results by quantizing probability measures.

In the following, we present an alternative approach.

8.3.2 Near-optimality of finite window policies under filter stability

One can also show that under filter stability (see Section [6.4), finite window policies are near optimal [188]. Consider
the following:

Jo(p, T,v) = E]7

ZﬁtC(mt,Ut)] o 5w T) = Vlg}i Js (1, T3 7).

t=0

The question we ask is: suppose that instead of using all available history, we construct an approximate model using
the finite window information variables

ItN = {y[th,t]au[th,t—l]h ift > N,
1IN = {yj0.0 up,—1}, if0 <t < N,
IO = {y0}7 (824)

that is we observe the information variables through a window whose length is N. Suppose, we denote the optimal
value function of the approximate model by J é\’ and the approximate policy by 7.

Inspired from filter stability, consider the following: For any time step ¢ > N and for a fixed observation realization
sequence y|o,¢ and control action sequence u[g ;_ 1], the state process can be viewed as
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PH(zy € -ypo,0, upo,e—1)) = P77 (X € [yp—n.4) - N, t—1])

where

m-n_ () = P*(2-N € “[Yjo,t-N—-1]> U[0,t—N—1])-

That is, we can view the state as the Bayesian update of 7, _, the predictor at time ¢ — IV, using the observations
Yi—N,-- -, Y. Notice that with this representation only the most recent N observation realizations are used for the
update and the past information of the observations is embedded in ;5 _. Consider the following set (state space):

Z = {(m, yjo,n) ujo,n—-11); T € P(X), o5 € YN up y_1) € UV}
We place the product metric on this new space: weak convergence on the belief and usual metric on the measurements
and actions.
The approach is summarized in Figure|S.1

Now, for a fixed 7 € P(X), consider the quantized state space:

ZN = {(#,yj0,n7, upo,N—1)); Yjo,n) € YN upnv_1) € UV}

The idea is to quantize Z as follows: collapse all 7 to a fixed state 7, define an approximate finite MDP and establish
performance bounds utilizing filter stability and the robustness approach presented earlier
In the following, we will assume that X is R™ for some n and that U, Y are finite sets.
The actual state space and the finite approximation are:
Z = {(m, yjo,n) ujo,n—11); T € P(X), 0,57 € YV upo v_y) € UV}
ZN = {(ﬁvy[O,N]au[O,N—l]);ZJ[O,N] € YNJF17U[0,N—1] € UN}

Define the map and F' : Z — Z¥, such that for (w,y[O’N], up,n—1]) € 2

F(7, yj0,87, ujo,n—1)) = (7, Yjo,n]> Ujo,N—1])-

Yo, Uo3 Y1, U135 Y2, U2 Y3, U35 -+ Yt—1,Ut—13Yt ——pt Y Ut ADMISSIBLE POLICY

T — Y L el BELIEF REDUCTION

T N_iYt—N>Ut—N; 5 Ye—1, U1 Yt ——p Y Ut FINITE WINDOW BELIEF REDUCTION

i Quantizing the prior m;_n_

T Y NS Ut NG 5 Y1, Ut 13Ut — gl Y L el APPROXIMATE FINITE WINDOW MDP

Fig. 8.1: Construction of the Finite-Window Approximate MDP from the Finite-Window Belief-MDP [189].
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Using the map F' and the finite set Z N, one can define a finite belief MDP, and construct a policy for this finite model,
by extending it, we can use the policy, say ¢” for the original model.

The cost function for the approximate model is
é(ét]\]7ut) = é(ﬁ-’ ItN7ut) = 6((;5(7%7[5\[)’“75)

= C(Z‘ta Ut)Pﬁ(dﬂfth/tv e Yt—N, Ut —1, - - - 7ut—N)-

A

We define the controlled transition model for the approximate model by

TA’N(’gi]\—Zi-ﬂéthut) = ﬁN(ﬁv-[t]ilh}aItN?ut) = ﬁ(P(X)’IﬁJ'ﬁ,L{Vvut) (825)

We will write Z2 to make the dependence on # and N more explicit.

For simplicity, if we assume N = 1, then the transitions can be rewritten for some I\ = (fy41,9:,4¢) and I} =
(Yts Ye—1,ut-1)

AN (R Dot G T 7y Yoo Ye15 Wem1, ) = DPX), Ger 1, Dty Ue 7 Yoy Yom1, Ur—1, Us)

= 1{yt:@tyut:ﬁt}Pﬁ- (Der1Ye Ye—1, g, Up—1). (8.26)

Denoting the optimal value function for the approximate model by J év , we can write the following fixed point equation

T3 EN) = min | e(zNu)+ 8 Y JFEDV (RN 0) | - (8.27)
NezZN

E.g., for N = 1, we rewrite the fixed point equation for some 2} = (7, y1, yo, uo) as

Jév(ﬁ-7y17y07u0) = glé% é(ﬁ-vylay()uu(hul) +B E Jév(ﬁ7y27y17ul)Pﬁ—(y2|y17y07uhuo) . (828)
1
Y2 €Y

We can now investigate the following approximation error terms:
15 (2) = J3(2)], I (2, 8") = T5(2).

The first one is the difference between the optimal value function of the original model and that for the approximate
model. The second term is the performance loss due to the policy calculated for the approximate model being applied
to the true model.

Using the approaches presented in Section [8.2] and what is to be presented in Chapter[12] (building on [183][187]), we
can show that the loss is related to the term:

Lt =

sup EZJ [HPW: (X4 N € Y], Uppan—1)) — Pﬁ(XtJrN € | Yit,e4- N1, U[t,t+N71])||TV} (3.29)
yel

Notice that this term is directly related to filter stability studied in Chapter|[f]

Theorem 8.3.1 [188,|189] [Continuity of Value Functions] For 2y = (o , I)V), if a policy 4 acts on the first N step of
the process which produces 1Y, we then have
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£ (|7 o) - 50| 1] < g2 2

Theorem 8.3.2 [/88||189] [Robustness of Approximate Finite Window Model Solution applied to Actual Model] For
20 = (my , 1Y), with a policy 4 acting on the first N steps

oo

@Jw%ﬁﬁzmmWﬂgiEEQWM

As one example, we now show that the term L, can be bounded by the filter stability result presented in Theorem|[6.4.1]
Recall that this states that

EF [t — 77 |lgv] < 2.

which holds uniformly for all 4 < v where a := (1 — 6(7))(2 — §(Q)).

Since 4 (T) is a uniform Dobrushin coefficient over all control actions, the above bound is valid under any control
policy. Thus we have that

L, = sup EZO_ [P (Xesn € [Yiern) Uen—1)) — PT(Xeun € Y an), Ui n—1)) v
yeE

< 2a (8.30)

Theorem 8.3.3 [|/88,|189] Assume the following holds:

(i) The exponential filter stability condition applies:

a:=(1-0(T)2-46Q) <1 (8.31)
(ii) The transition kernel T is dominated, i.e. there exists a dominating measure T € P(X) such that for every x € X
andvw € U, T (-|z,u) < 7(-).

Then, by choosing the dominating measure 7 for the approximate model,

5 L~ . 4|l oo
1 [[75(20,6") = T50)| 119] < (1”_”@20# (832)

Instead of the Dobrushin based analysis, the more relaxed stability condition presented in Example [6.9] can also be
adopted, though not leading to an exponential convergence rate in the memory size. In that case, L; — 0 asymptotically
and thus (8.32) converges to 0 as NV increases only asymptotically, without a geometric convergence rate in V.

Via a somewhat different, and more direct, derivation, [[188, Section 4.2 and Theorem 17] presented the following
alternative condition involving sample path-wise uniform filter stability term

LY, .= sup sup

P*(-lyjo,n1> ujo,N-1]) — PZ*('|?J[0,N],U[0,N71])H ; (8.33)
z€P(X) Y[o,N] U[0,N —1] T

%

to show the following uniform error bound:

2(1+ (az — 1)B)
(1-8)°(1 —azp)
for all 8 € (0,1) under a contraction condition, for some constant cvz defined in [188]. Additionally, [[188} Theorem

9] provided conditions where the error is in the bounded-Lipschitz metric (which is equivalent to the Wasserstein-1
metric when the state space X is compact), however these were only applicable for a restrictive subset of the discount

sup |Js(z, ) — J3(z)| < lelloo L7y (8.34)
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parameter 3. On the other hand, the bound in (8.32) is in expectation whereas the bound in (8.34) is uniform, and thus
the results are complementary.

As a complementary condition, via the Birkhoff-Hopf theorem, a controlled version of a contraction via the Hilbert
metric [146] can be utilized [[101]]: Recall that

F(z,y,u)(-) = Pr{Xgs1 €| Zp = 2, Y1 =y, U = u}

Assumption 8.3.1 1. Q(y|z) > € > 0 foreveryx € Xandy € Y.
2. The transition kernel T (.|.,u) is a mixing kernel (see Definition for every u € U.

Lemma 8.3.1 [I] Under Assumption[8.3.1) there exists a constant r < 1 such that

h(F(p,y,u), F(v,y,u)) < rh(p,v) (8.35)

Sfor every comparable 11,v € P(X) and for everyu € Uandy € Y. Here v = !

Trdbe, €u is the mixing constant of the
kernel T(.|.,u).

Theorem 8.3.4 [101]] Under Assumption[8.3.1] there exists a constant v < 1 and K such that

LY, <V K. (8.36)
1—e2
Here, K = é sup h(Z1, Z5) and r = sup,,cy Tz?z

Corollary 8.6. [|/01|]] Under Assumption there exists a constant r < 1 and K such that

B [Js(mn T.A™) = Ty T < (f'_c'g;r“fc (337)

2
1—ej e
ey
1+eie

Here, K = é sup h(Z1, Z7) and r = sup,,cy

Despite these consequential approximation results, implementing the above is still tedious; though possible. Can rein-
forcement learning be feasible? Can we view the finite history as an effective state? We will address this question in
the following chapter.

8.4 Bibliographic Notes

For computational and learning methods, there is an extensive literature, where various approaches have been devel-
oped. A partial list of these techniques is as follows: approximate dynamic programming, approximate value or policy
iteration, simulation-based techniques, neuro-dynamic programming (or reinforcement learning), state aggregation,
etc. [39,[41188L[112].

We refer the reader to the monograph [270] for a general treatment of approximation results along what has been
presented for continuous spaces; these also build on on [[185,269L[272,273||2'75]]. presentation, only focus on the setup
where the state spaces considered are compact. A generalization of some of the approximation results are presented
in [187] in view of robustness properties.
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8.5 Exercises

Exercise 8.5.1 Consider a controlled Markov chain with state space X = {0,1}, action space U = {0,1}, and
transition kernel fort € 7. :

P =1z =0,us =1) = Plagpr =l =Lbup =1) =«
P($t+1 = 1|£Ct = 07’U,t = 0) = P("Et+1 = 1‘(Et = 1,ut = O) =1-aqa.
where « € (0, 1). Let a cost function c(x,u), with ¢ : X x U — Ry be given by
¢(0,1) =¢(0,0) =1 c(1,0) =¢(1,1) = 2.

Suppose that the goal is to minimize the quantity

o0

B> Ble(z, )],

t=0
Jora fixed 5 € (0,1), over all admissible policies v € 4.
Find an optimal policy and the optimal expected cost explicitly, as a function of a, B (note that the initial condition is

Trog = 0)

Exercise 8.5.2 Consider the following problem: Let X = {1,2},U = {1,2}, where X denotes whether a fading
channel is in a good state (x = 2) or a bad state (x = 1). There exists an encoder who can either try to use the channel
(u = 2) or not use the channel (u = 1). The goal of the encoder is send information across the channel.

Suppose that the encoder’s cost (to be minimized) is given by:
C(xau) = _1{122,11,:2} + a(u - 1)a

Sor o = 1/2 (if you view this as a maximization problem, you can see that the goal is to maximize information trans-
mission efficiency subject to a cost involving an attempt to use the channel; the model can be made more complicated
but the idea is that when the channel state is good, u = 2 can represent a channel input which contains data to be
transmitted and u = 1 denotes that the channel is not used).

Suppose that the transition kernel is given by:

P(It-‘rl = 2‘It = 2,’U¢ = 2) = P(l’t+1 = 1|l’t = 2,Ut = 2) = 02
P(Lli‘tJrl = 2‘3’,} = Q,Ut = 1) =0. 2 P($t+1 = 1|.’I}t = 2,Ut = 1) =0.8
P($t+1 = 2‘3& = 1,’(Lt = 2) =0. 5 P(l’t+1 = 1|1’t = l,ut = 2) =0.5
P($t+1 = 2‘$t = ].,’UJt = 1) 0 9 P(I'H»l == 1|1't - 17ut = 1) = 0]‘

We will consider either a discounted cost criterion for some 3 € (0, 1) (you can fix an arbitrary value)

(o)
inf EY[) ~ Ble(ws, uy)] (8.38)
K t=0
or the average cost criterion
T-1
inf lim sup E7 Z c(xe, u)] (8.39)
Y T—oo =0

a) Using Matlab or some other program, obtain a solution to the problem given above in ([9:34) through the following:
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(i) Policy Iteration
(ii) Value Iteration.

b) Consider the criterion given in ([9.33). Apply the convex analytic method, by solving the corresponding linear pro-
gram, to find the optimal policy. In Matlab, the command linprog can be used to solve linear programming problems.

See ([7.42).

Exercise 8.5.3 (Convex Analytic Method for Discounted Cost) Consider the convex analytic method for a discounted
cost problem, where the expected occupation measures are defined, for a given v € I'4 as

n(Ax B) =Y B"PY(X) € A, Uy € B)
k=0

Show that the set of all such expected occupation measures 1 are equivalent to the set of all expected occupation
measures achieved by stationary (and randomized) -, that is, by v € I'sg.

Hint: Obtain a recursive equation involving
NAxU)=P(Xg€A)+ 8> B7'PI(X, € A)
k=1

=~ P(Xo € A)+ Y 81 [ T(Ale )P (X € do U € du)

k=1

=P(XocA)+ 5//T(A|a:,u) ZﬂkilPV(Xk_l € dx,Uy_1 € du)
k=1

=P(Xp€ A)+ ﬁ//T(A|x,u)77(dac, du)

Then, note the similarity with (8.7), in that this equation is also satisfied by selecting a stationary control k defined

almost everywhere with k(du|z) = %( ).

Exercise 8.5.4 Let c : X x U — R be bounded, where X is the state space and U is the action space for a controlled
stochastic system. Suppose that under a stationary policy v, the expected discounted cost, for § < 1, is given by

Js(w,7) == EZ[Z B e(an, y(z1))] = ez, 7(x)) + 5/J6($t+1,7)7'(d$t+1\$t =z, u = ()
k=0

Let f1 and fo be two stationary policies. Define a third policy, g, as:

g9(x) = fi(x)lzecy + fo(2)lzex\cy

where

C= {l‘ : Jﬁ(xvfl) < Jﬂ(xan)}
and X\ C denotes the complement of this set.
Show that Jz(x,g) < Jg(x, f1) and Jg(x, g) < Jg(x, f2) forall x € X.

Exercise 8.5.5 Consider a controlled Markov chain with state space X = {0,1}, action space U = {0,1}, and

transition kernel fort € 7 :
Pz =1z =0,up =1) =1

P(-rt-i-l = 1|.13t = O,ut = 0) =

M| —
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1
P([L‘t+1 = 1|[L’t = 1,Ut = 0) = P(l’t+1 = 1|LL’t = 1,’U,t = 1) = 5

Let a cost function ¢ : X x U — R be given by

1
c(0,1) = 3 ¢(0,0) =1
5
c(1,0) = T c(1,1)=2
Suppose that the goal is to minimize the quantity
v o~ Ly
Eq [Z(i) (@, ur)],

t=0
over all admissible policies v € I'4.
Find an optimal policy using Policy Iteration.

Note. Please note that you can only use a pen and paper for this problem. Note that for an invertible 2x2 matrix
ab
4=[2

we have
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Reinforcement Learning

In this chapter, we will study stochastic learning and reinforcement learning methods, first in the context of finite space
MDPs and later on for general continuous (standard Borel) space MDPs and POMDPs.

9.1 Stochastic Learning Algorithms and the Q-Learning Algorithm

In some Markov Decision Problems (MDPs), one does not know the true transition kernel or the cost function, and
may wish to use past data to obtain an asymptotically optimal solution (that is, via learning from past data). In some
problems, this may be used as an efficient numerical method to obtain approximately optimal solutions. There may
also be setups where a prior probabilistic knowledge on the system dynamics may be used to learn the true system. In
particular, one may apply Bayesian (probabilistically driven given some prior information) or non-Bayesian (primarily
empirical, without assuming a prior probabilistic model) methods.

An important class of non-Bayesian methods are known as stochastic approximation algorithms: such approximation
methods are used extensively in many application areas. A typical stochastic approximation algorithm has the following
form

Ti41 = Tt + at(F(.’Et) — X+ wt) (91)

where w; is a zero-mean noise variable, x; is a stochastic process and w, is some driving noise. The goal is to arrive at
a point z* which satisfies * = F(z*), where F' may correspond to an optimality condition.

Exercise 9.1.1 (Stochastic gradient descent) We revisit the stochastic gradient descent algorithm discussed in Theo-
rem[d.3.4 noting the similarity with (9.1). Consider a convex function f : R" — R and denote the set of minima of f
by X*. Let a sequence of iterates be given by

Tht1 = Tk — Yk (sz(xk) + nk>, xo € R", 9.2)

where the random variables ny, are zero-mean, orthogonal to one another, and have their second moments uniformly
bounded. If 3, vy = oo and ), 7,3 < 00, the sequence of iterates converges almost surely to some element
x* e X*

9.1.1 Q-Learning

(Q—learning [26,411/300,[303}/306,|323|| is a stochastic approximation algorithm used for fully observed finite space
MDPs that does not require the knowledge of the transition kernel, or even the cost (or reward) function for its imple-
mentation. In this algorithm, the incurred per-stage cost variable is observed through simulation of a single sample path.
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In this context, one may reflect on the way humans respond to experience, for example a baby learning to experiment
with gravity without knowing physics and therefore physical models at all!

When the state and action spaces are finite, under mild conditions regarding infinitely often hits for all state-action
pairs, this algorithm is known to converge to the optimal cost. We now discuss this algorithm.

Consider a Markov Decision Problem with finite state and action sets with the criterion given in (8.1)) for some 8 €
(0,1).

Let @ : X x U — R denote the Q-factor of the controller. Let us assume that the decision maker applies an arbitrary
admissible policy ~ and updates its Q-factors as follows for ¢ > 0,

Qi1 u) = Qula,u) + v, w) (clw,w) + Bmin Qi(Xei1,0) — Q) ©.3)

where the initial condition Q) is given, ay(x,u) is the step-size for (z,w) at time ¢, u; is chosen arbitrarily -e.g.,
according to some random exploration policy 7y- as long as some technical conditions noted below hold, and the
random state X; 1 ~ P(X¢41 € - | Xt = 2, U = w). It is assumed that, for all (z, ), ¢ > 0, the following hold
Assumption 9.1.1 For all (x,u), t > 0,

(l) at(x,u) € [05 1]

(ii) i (x,u) = 0 unless (x,u) = (x4, up)

(iii)c (2, w) is a (deterministic) function of (xo, ug), . - . , (T¢, ut).

(V)Y >0 (@, u) = oo, almost surely

(v) tho a?(z,u) < C, almost surely, for some (deterministic) constant C' < oo.

A common way to select « coefficients in the algorithm is to take for every (x,u) pair:

1
= T
1+ Zk:o l{Xk::L’,Uk:U}

oz, u)

The selection of the control actions for each state can be arbitrary, as long as the assumptions above are guaranteed to
hold.

Let I be an operator acting on the () factors defined by:

F(Q)(w,u) = c(,u) + ) T(a'|o,u) min Q(a', ), (94)

where, as before, T (2'|x,u) = P(xz1 = 2'|z¢ = &, ug = u) is the transition kernel. Consider the following fixed point
equation.

Q" (z,u) = F(Q")(z,u) = c(z,u) + Z T (2 |z, u) min Q* (2, v) 9.5)

whose existence and uniqueness follow essentially identically from arguments used in the contraction analysis utilized
in Chapter 5 (see Theorem 5.5.2), by using the norm ||Q||cc = max(, ,,) |Q(z,u)]: Since for every realization z;; of
Xit1, |ming Q¢ (x441,v) — ming QF (zr41,v")| < max, |Q(xi41,v) — QF (141, v)|, we have that

[F(Q)(@,u) = F(Q)(z,u)| < BllQr = Q7[|c = Fmax|Qe(z, u) — Q"(z, )l 9.6)

Now, note that we can write (9.3) as
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Quiae) = Q) + aulo ) (F(@0) (o) = Qi)
+ <c(x, u) + 8 mvin Qi(rir1,v) — F(Qy)(x, u)))
9.7

which is in the same form as (9.1) since
wy 1= <C(93t7 ug) + Bmvin Qi(wiq1,v) — F(Q4) (4, Ut)>, (9.8)

conditioned on the filtration generated by {x+, u;} up to time ¢, is a zero-mean random variable.

Let us write (9.7) as
Qir1(z,u) = (1 — oz, 1) Qi (z,u) + ar(z, u) (F(Qt)(x,u) + (c(m,u) + ﬁmﬂin Qt(xt41,v) — F(Q)(z, u)))

and by (9.3)
Qt+1(z7 U) - Q*(ZE, u)
= (1= ag(z,u))(Qu(z, u) — Q" (x,u)) + ar(z, u) (F(Qt)(% u) — F(Q)(z, u)

+(ew) + min Qi) - FQOG)) ) ©9)

Theorem 9.1.1 (i) Under Assumption[9.1.1) the algorithm (9.3)) converges almost surely to Q*.

(ii) A stationary policy f* which satisfies min, Q*(z,u) = Q*(z, f*(x)) is an optimal policy.
Proof. (i) From @), the process (), satisfies the following form, with S; = Q; — Q;:
Ser1(z,u) = (1 — ar(z, u)) Sz, u) + (2, u) <(F(Qt)(x, u) — F(Q%)(x,u)) + wt>,

where {«;} satisfies Assumption and wy is given in (9.8).

We will consider the following two parallel dynamics, as in [[I 78, Theorem 1]:
Sf_‘_l(l', u) = (1 - O‘t(xa U))S?(.T, U) + Oét(ﬂf, U)U)t, (910)

Sf+1(l’,u) = (1 - at(x,u))Sf(x,u) + O‘t(xau) <F(Qt)(xau) - F(Q*)(x,u)) (911)

We have Sy (z,u) = S, (2, u) + SP, 1 (x,u). We will study each of these two additive terms separately.
The first step is to show that S¢, ; (z,u) — 0 almost surely. We will show this further below.

Assume then for now that S§(x,u) — 0 almost surely. We then focus on S¢, | (z,u) + S, (x, u), using the fact that,

by (©-6)
IF@Q)() = F(Q) (Do < BlStlloe < BISE oo + BlIST 1 Il

Almost surely for sample paths w, for every € > 0, there exists IV (w) such that for ¢ > N(w), ||Sf,;(w)|le < € (Where,

in the following, we suppress the sample path dependence and thus omit w). In the following, we assume that ¢ > N.
Now, for some M large enough, let 3 := (1 + 2) < 1 and for || S?||oc > Me note that

BISE (2, 1) + el < BlISTlso
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and

|71 (@, )] < (1= a(z,u)) |57 (2, u)] +

outo.) (F(@0) (o)~ FQ) o) )|

< (1= o, u)|[SP(x, u)| + oz, u) (BIISF | + BIST ) (9.12)
< (1= oy(@,u))|SP (@, u)| + ez, u)B)|SF[loo (9.13)
< (157 low (9.14)

Hence max, ,,(S? (z,u)) monotonically decreases for ||S?||o > Me leading to two possibilities: it either gets below
M e or it never gets below M e in which case by the monotone non-decreasing property it will converge to some number,
say M; with M; > Me.

Now, if the former is the case: once || S?||.c < Me we can show via (9.12) and 3(M + 1)/M < 1 that it will remain
there thereafter.

We now show that the latter, that is with the limit being M; > Me, is not possible. The relation
19741 (@, u)] < (1= (@, w))[SP (2, u)| + (2, w) B S|l oo

implies that (via an argument similar to what is known as Gronwall’s lemma, as can be inductively shown) the solution
is bounded from above by the solution to the equation

|71 (2, w)| = (1= ar(z, )| Sy (x, )| + (2, ) 5157 | 0
which can be shown to converge to zero. This follows from the reasoning that, for any fixed D, the iterate
St 41 (2, w)] = (1= ae(z, w)) |} (2, u)| + ez, w) 5D

converges to AD; this follows since the effects of the initial condition diminish by the summability of a; (see Exercise
and hence there exists only one limit solution, which by inspection will be equal to BD (the uniqueness of the
solutlon can be shown by subtracting BD from the iterates, whose limit would be zero for any initialization). Therefore,
if there is an upper bound Dy on the iterates, the bounds for future iterations eventually get smaller and smaller than
ﬁ Dy+6 =: D for any arbitrarily small § > 0, and as time progresses by an inductive reasoning, eventually the iterates
would have to converge to zero (see also [178, Proof of Lemma 3] or [306] p. 196]).

Thus, for any ¢ > 0, for large enough #, we have that ||S?|c < Me. Since ¢ > 0 is arbitrary, the convergence result
follows.

We now discuss St‘ﬂ

"We note that an alternative, more direct, argument, due [|189} Theorem 4.1], is also possible under additional structure on the random
exploration policy used to generate the actions and if the learning rate leads to averaging dynamics as in Exercise[9.1.2} see [189] Theorem
4.1] for the analysis to follow and [[191} Theorem 2.1]: In particular, if the policy adopted to randomly generate actions leads to a positive
Harris recurrent Markov chain, then the following more direct argument is possible to establish convergence without apriori showing
boundedness of the iterates: Write

Quen(o) = (1= au(o ) Qi) + aule) (F(@0) (o) + (el + fmin Qularen. 1) = FIQO) ) )
and
Qo) — Q" (2.u) = (1 — )@ () — Q" ()
+a(z,u) (F(Qt)(:c, u) — F(Q")(x,u) + ﬂmvin Qi(xi41,v) — ,BE[mUin Qi(Ti41,v)|Te = TyUur = u])
9.15)

With
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Taking the square of Sy, we obtain:
B(Sty (2, )?| F] < (SF (2, u))* — 200 (Sf (2, 0))* + oF (S (2, 0))* + o (2, w)wy (9.19)

First, by an argument identical to that used in the proof of the Comparison Theorem (Theorem #.2.3), we have that for
any T' > 0O:

BLS™ (200 — a2)(S2 (o) < (S8 ) + BY" 3z, u)u?]
t=0 t=0
< (S§(z,u) + C(sgp wy), (9.20)

where we use Assumption v). We now show that (sup, w?) is uniformly bounded: By (9.7)), we have that
Qey1(z,u) = (1 — sz, 1)) Qe (2, u) + sz, u)(c(z, u) + fmin Qy(z141,v))

which implies that

Qey1(z,u)] < (1 = aulz, u)[[Qillco + aul, u)(e(z, ) + Bl Qtl|oo)

=: L4, we have that

llelleo

Now, if [| Qo0 > el

|Qtv1(z,u)| < (1—ay(w

And thus, since this holds for all (z, u) pairs, ||Qi+1]lco < ||Q¢llcc Whenever ||Q;]|oo > L1 and hence |Q;|/o would
be a decreasing sequence as long as it is above L;. On the other hand, if |Q¢||coc < L1, then ||Qt41|lco < L1 as well.

These imply that ||Q¢|| is uniformly bounded almost surely. As a consequence w; is also bounded, uniformly over
time. Thus, the right hand side of (9.20) is bounded.

Furthermore, by re-writing (9.19), in the expression

B(Sty1 (@, w))?|F] < (87 (2,u)? = (200 — o) (S} (2, w)) + of (&, w)wy,

re(z,u) i= min Q¢ (zer1,v) — SEMIN Qe (Te41,v)[xe = @, ue = ul.

ri(,u) == fmin Q" (zr41,v) — BE[mIn Q” (zr41, v)|we =z, ur = u]

Qear (1) — @ (1) = (1 — ava, 0) Qs ) — Q" (2, )
o, ) (F(Qo(x, W) = F(Q) @, u) + 15 (@, u) + (o, ) — r:<x7u>>)

Obtain the sum:

R (zyu) = (1 — ae(z,w)) St (z,u) + ae(z, u)r™ (z, u)s, 9.16)
Rf+1(:r, u) = (1 — au(z, u))Sf(m, u) + ai(x,u) ((rt(:c, u) — i (z, u)), 9.17)
Ri i (z,u)=(1— at(x,u))Sf(x,u) + ae(z,u) (F(Qt)(a:, u) — F(Q*)(:c,u)), (9.18)

Si(z,u) = R&y(z,u) + Ry (x,u) + Ry (x,u). By ergodicity, R¢ — 0 almost surely by averaging and the positive Harris
recurrence under the exploration policy (by the additional assumption noted). Note that

|(re(@, u) = ri (2, 0) + F(Q) (2, u) — F(Q7) (2, u)| = |Bmin Qi(z4+1,v) — fmin Q" (ze+1,v)| < Bl|Qr — Qt [l

and thus,
th)+1(m7 u) + R§+1(‘T7 ’U,) S BHQt - Qt*HOO
As a result, by replacing S£’+1 with Rf+1 + R{,, we can trace the proof steps presented above without the analysis on Sy to follow.

s u)[|Qellcotere(, u) (e(z, u)+B[1Qtlloo) = [|Q¢llcotere(, u)(c(z, u)+(B=1)[Qtlloc) < Q|
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the term o7 (y, u)w; is finite almost surely. This implies, by Theorem that S converges to some random variable
almost surely. The inequality (9.20) then implies that this limit must be zero: Suppose not; since c; is not summable,
there exists an infinite sequence of times so that each summation of «; between the times is bounded from below by a
positive constant. Through this, if (S¢)? were not to converge to zero (given that it does converge to something else), it
would remain above a positive constant after a sufficiently large time, and then it would follow that Y, (2a; — o) S§
would not remain bounded. Therefore, if this were to happen with non-zero measure, the expectation of this term would
be unbounded, which in turn would, as T" — oo, violate (9.20). You can also, alternatively, build on Theorem[4.3.2]

(i) Now, consider
Q" (,u) = F(Q")(w,u) = c(z,u) + By P(a'|,u) min Q" (2',v)
Note that the minimum of u, for each z, is essentially the solution to the Discounted Cost Optimality Equation studied

in Chapter 5 (see Theorem|5.5.2). Hence, the stationary policy { f*} is optimal. o

We also refer the reader to the proof of [[178, Theorem 1] for an alternative proof.

Exercise 9.1.2 To gain some further intuition, and also a more direct proof for the case where the oy, term is taken
as % (or more precisely; for every (x,u) pair: ou(z,u) = S ), consider the following averaging
k=0 {zp=z,up=u}

dynamics: Let a; be a sequence of scalars and define:
=
ST =% kZ:O ak
Observe that for T > 1, Tsp = (T — 1)sp—1 + ar—_1 which leads to

ST = Sr-1+ ?(GTA —S7-1)

In view of this observation, conclude that with oy, in Assumption taken as %, we have an averaging dynamics.
One may interpret the Q-learning algorithm and its convergence properties with this insight. Furthermore, one can see
that the convergence holds under more relaxed conditions, this will be utilized in Sections[9.2.2]and[9.3]

Remark 9.1. Via studying (9.10) and (0.13) separately, one can also arrive at convergence rates as a function of the
number of iterates, see [5,/121},/299].

9.1.2 Reinforcement Learning for the Average Cost Criterion

For the average cost criterion, we can follow two approaches: (i) One is to utilize near optimality of discounted criterion
policies as shown in Theorem[7.3.5]and Theorem [7.3.6} and (ii) another approach is via directly applying an algorithm
tailored for the average cost criterion. We note here that the average cost setup is typically more challenging due to the
lack of contraction properties. Nonetheless, as we have seen earlier in Chapter[7] one can follow contraction updates
for the average cost criterion as well. See [[190] for algorithms and an extensive review.

We also note that the references [2,|150] are among the earliest studies that provide convergent learning algorithms
based on relative value iteration, and the convergence of these algorithms in these studies have been established via the
ODE method [|68]] for finite models.

9.1.3 Synchronous Q-Learning

The algorithm above is known as the asynchronous Q-learning algorithm: At any given time only a single (x, u) pair
can be updated. In some applications, where extensive data or simulations are available, one can simultaneously update
multiple or all state-action pairs, leading to a synchronous version. The analysis above is applicable to the synchronous
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setup, but the synchronous setup often allows for a more direct stochastic analysis especially for the average cost
criterion.

9.2 Reinforcement Learning Methods for POMDPs

For the analysis in this section, please first recall the discussion in Section[8.3.1]

9.2.1 Near optimality of quantized policies under weak Feller property of non-linear filters

As we have seen, any POMDP can be reduced to a completely observable Markov process, whose states are the
posterior state distributions or “beliefs‘ of the observer; that is, the state at time ¢ is

’/Tt(') = P{Xt € '|y07"'aytau07"'aut71} EP(X)

As discussed earlier, this conditional probability measure process is the filter process. The filter process has state
space P(X) and action space U. Here, P(X) is equipped with the Borel o-algebra generated by the topology of weak
convergence. The transition probability of the filter process is given in (6.27).

Accordingly, we have a fully observed belief-MDP. Now, by combining the approximation results in Section [8.2] and
reinforcement learning theoretic results to be presented in Section together with the the weak Feller continuity
results presented in Section [6.3.2] we can conclude that the numerical methods can also be applied to POMDPs under
the conditions reported in Theorems[6.3.3]and [6.3.4] [128] [184].

Accordingly, due to the weak Feller property of controlled non-linear filters, we can apply quantized Q-learning, to be
introduced in Section[9.3] to also belief-based models to also arrive at near optimality of control policies. However, one
should note that some subtleties with regard to unique ergodicity properties arise; see [[191].

9.2.2 Near-optimality of finite window policies under filter stability and Q-learning convergence

As an alternative approach, we also saw earlier in Section [8.3.2]that finite memory policies are near optimal under filter
stability conditions; see the program in Figure We now study the reinforcement learning implementation of this
approach.

Recall that under mild conditions, for finite state and action MDPs, the Q-learning algorithm given in (9.3 converges
to a fixed point which leads to the Discounted Cost Optimality Equation (DCOE).

Learning in POMDPs is challenging, mainly due to the non-Markovian behavior of the observation process. For
POMDPs, an attempt may be to study the iterations given by

Qr+1(Yr, uk) = (1 — ar(Yk, uk)) Qr (Yk, ur)
+ ok (yr, ur) (Ck(yIm ur) + fmin Qr(Yit1, U))
However, the observation process y; is not a controlled Markov process and the cost that is realized is ¢(x, ux ), which
is not a function of y; and uy, only. A two-part question then is the following:
(i) Would the Q-learning iterates for such a setup indeed converge?,
(ii) And, if they do converge, where do they converge to?

The answer to the first part of the question is positive under mild conditions [290] and [302]; and the answer to the
second part of the question is that under filter stability conditions, the convergence is to near optimality with an explicit
error bound between the performance loss and the memory window size.
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Thus, to answer this, we consider a generalization using a finite window and use again filter stability [189] :

Assume that we start keeping track of the last N + 1 observations and the last NV control action variables after at least
N + 1 time steps. That is, at time ¢, we keep track of the information variables

N _ WesYi—1s - YN U—1, - u—n ) N >0
t v, if N =0.

We will construct the Q-value iteration using these information variables. In what follows, we will drop the N depen-
dence on IN and sometimes we will use N = 1 for simplicity of the notation. For these new approximate states, we
follow the usual Q learning algorithm such that for any I € YN*! x UN andu € U

Qi+1(L,u) = (1 — ar(L,u)Qe(L, u) + (I, u) (C’t(I,u) + S min Qt(ﬁﬂﬂ) ; ©.21)
where If = {Yii1, Yty -y Yt—N+1,Ut, - - -, Ut—N+1}, We put the ¢ dependence to emphasize that the distribution of

Y;+1 and hence It are different for every t.

To choose the control actions, we use polices that choose the control actions randomly and independent of everything
else such that at time ¢

Ut = U, W.p 0y
for any u; € U with o; > 0 for all :.

We note that for the convergence of the learning algorithm, it is sufficient for the hidden state process to converge to its
invariant distribution under the exploration policy. Hence, any policy that leads the hidden state process to its invariant
measure and visits every action with positive probability can be used for the exploration. For example, the control
action can also be chosen to be a function of the most recent measurement and randomized (as long as all actions have
positive probability of being selected for every measurement realization); this would again lead to a uniquely ergodic
hidden state process under our assumptions. The algorithm is summarized in Algorithm[9.2.1]

Algorithm 9.2.1 Set Parameters: Input: Qg (initial Q-function), v* (exploration policy), N (memory window length
for IN), L (number of data points), { M (I, u) }(1,u) = 0 (number of visits to finite memory state action pairs (I,u)).
Initialize Start with Qg

Iterate If (I;,Uy) is the current memory state-action pair = generate the cost ¢(X;,U;) and the next state Yy 11 ~
T (| X, Uy), and update 1,14 given I, Yy, Uy.

Iterate set
M(It, Ut) = M(It, Ut) + 1

Iterate Fort =0,...,L — 1,

Update Q-function Qy for the inputs (I, U;) as follows:

Qe1(It,Up) = (1 — (11, Uy)) Qe (14, Us)

+ ay (I, Uy) (C(Xu Us) + ﬂgleiurjl Qt(L41, U)) ;

where

LU)=—
or(f, Ur) 1+ M1, Uy)

43 Generate Uy 1 ~ ™.
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End

Return Q7

Algorithm [9.2.T] differs from the usual Q-value iterations:

(i) The distribution of I?, which is the consecutive N-window information variable when we hit the (I, u), is generally
different for every ¢ and the pair (I, «) is not a controlled Markov process.

In other words, the controlled transitions are time dependent, that is, if we assume N = 1 then for some I =
(Yt, Y—1,ut—1) and u = uy:

PT(If = (yiﬂ,yé,ué)Iz = (ytvytflautfl)aut) = 1{yt:yé,ut:ug}Pr(yt+1|ytaytflautyutfl)

is not stationary and might change at every time step ¢, since Pr(y;+1|ys, Yt—1, ut, us—1) depends on the marginal
distribution of z;_; (x;— v in the general case).

(ii) Here, we only observe the cost realizations of the underlying state process {z;}; and the control actions. For
example, if we assume that N = 1 then the cost we observe is ¢(x, u:). However, c(x¢, u;) depends on (I, u) pair
randomly and in a time dependent way so that for some I = (y;, yr—1,us—1) and u = uy:

Ci(I,u) = c(x,uy) € B, wp. Pr(X; € {x:c(x,ur) € BHye, Yr—1, Ut—1)

where Pr(dxi|y:,yi—1,us—1) can be seen as some pseudo-belief on the underlying state variable given I =

(yt,Yt—1,ut—1), the most recent N = 1 information variables. In other words, Pr(dx:|ys, ys—1,us—1) is the
Bayesian update of 7;_;, the marginal distribution of the true state x;_; at the time step ¢ — 1, using I =
(yt, yt—1,us—1) and thus, it is time dependent. o

We will observe that, if one assumes that the hidden state process, {x; }: is positive Harris recurrent, or at least, admits
a unique invariant probability measure 7* under a stationary exploration policy ~, then the average of approximate state
transitions gets closer to

P (L | Iy ue) i= AN (7%, L) | (0%, 1) ue) (9.22)
with 777V is defined as in (8.25)) and (8.26). In particular, if we assume N = 1, then we write
P*(It+l = <y£+1ay£7u2)|lt = (ytayt—lvut—l)aut) :“é{yizyt,ugzut}Pﬂ*(yt+1|ytvyt—1autaut—l) (9.23)

where P™ (Ye+1|Yt, Yt—1, us, ur—1) denotes the distribution of y; 11 when the marginal distribution on z;_; is given by
the invariant measure 7*.

We also have that the sample path averages of the random cost realizations get close to,
C*(I,u) = ¢&(n*, I,u) = / c(z,u)P™ (dz|I)
X

where, P*(x|I) is the Bayesian update of 7*, using I. If we assume N = 1, we can write for some I = (y1, yo, o)
and u = uq

C*(y1,Y0, w0, u1) = &(7*, (y1, Yo, uo), u1) = / c(z1,u1)P™ (dz1|y1, Yo, uo)- (9.24)
X

Now consider the following fixed point equation

Q*(I,u) = C*(I,u) + 8> _ P*(I'|I,u) min Q*(I',v) (9.25)
I/

where P* is defined in (9.22) and C* is defined in (9.24).
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The existence of a such fixed point follows from usual contraction arguments. The same fixed equation can also be
written as, for N = 1, and for I = (y1, Yo, uo) and u = u,

Q* ((yhyOauO)aul) = C* ((y17y07u0)7u1) + 6 Z Pﬂ—* (y2|y17y07u17u0) lglelﬂ_r]lQ* ((y27y1uul)av) . (926)

Yy2€Y

We note that the stationary distribution 7* does not have to be calculated by the decision maker. The Q value iterations
given in only use the finite-memory variables I, and 7* is not used in the iterations. We will show that the
algorithm naturally converges to (9.25)), if the state process is positive Harris recurrent, or at least, admits a unique
invariant probability measure 7* under a stationary exploration policy 7y, where 7* will be the stationary distribution of
the hidden state process z; under the exploration policy. The performance loss will depend on the stationary distribution
7* that is learned via the exploration policy, however, we will establish further upper bounds that are uniform over such
7* which decrease exponentially with the window size V.

That is, one runs Q-learning algorithm by pretending that the finite window is the state. We first need to specify some
conditions that would be needed.

Assumption 9.2.1 (i) o (I, u) = £ if I, = I, up, = w.

(ii) Under the stationary {memoryless or finite memory exploration} policy, say , the true state process, { X; }+, admits

a unique invariant probability measure 7.
(iii)During the exploration phase, every (I, u) pair is visited infinitely often.

Condition (iii) can be relaxed: However, one needs to ensure that the set of all (y, u) pairs which are visited infinitely
often during exploration is so that an optimal policy is learned (visited infinitely often), and when this optimal policy
(learned via the convergence of ()-learning) is implemented, the closed-loop process always remains in this set; see
[191]] and [92, Lemma 6 and Corollary 2].

Theorem 9.2.1 [|/89] Under the previous assumption, the algorithm given by

Q1L u) = (1 — a(l,u)Qr(l,u) + ax (L, u) (Ck(lv u) + ﬁmvln Qi (11, 1))) )
converges almost surely to Q* which satisfies

Q" (I,u) = C*(I,u) +52P*(I’\I,u)n}jn@*([’,v)
7

which are the Q values for the approximate belief MDP.
Corollary 9.2.1 [/89] Under the filter stability conditions, finite window Q learning is nearly optimal.:
(a) Under the exponential filter stability condition, for any policy vV that satisfies Q*(I,¥N (I)) = min, Q*(I,u)

Allelloc n

B [Ts(my, TA™) = Ty, DT < 7= g2

(b) If we only have asymptotic filter stability (uniform in policies) in total variation, as N — oo,
E [Js(my, ToA™) = Ji(ng, TIL'] = 0.

Remark 9.2. Under the conditions of Corollary[8.6] the bounds via the Hilbert metric provide complementary sufficient
conditions for geometric decay of the approximation error to zero in the memory length.

Remark 9.3. We caution the reader that our result assumes that the cost starts running after time N that is the effective
cost is:
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E

> 6k_NC(xk;Uk)] : (9.27)

k=N

Of course, this criterion is also applicable if the system starts running prior to time — /N and the costs become in effect
after time 0.

If this criterion is not applicable, and the first IV stages are also crucial, (i) if 5 is large enough, we can conclude that
the first [V stages are not as critical for the analysis as their contributions will be minor in comparison with the future
stages for the criterion, which can also be seen by noting that for large enough £, the contributions of the first N time

stages become negligible:
o0
Z J}k, Uk ] .

k=0

(i) On the other hand, if 3 is not large and if the cost starts running at time 0, then, we can first run the Q-learning
algorithm above to find the best N-window policies which optimizes (9.27). The remaining question would be to
optimize:

N-—

Z xk,uk + V([k)

k=0

(9.28)

as a finite-horizon optimal control problem with a terminal cost and the terminal cost V' can be estimated by via
Theorem and Theorem The question then becomes how to select the first [V actions, leading to a problem
with a finite search complexity for a finite horizon problem, without knowing the system dynamics. For this, one can
run a MCMC algorithm in parallel simulations to find the optimal policy for the first /V time stages. Since the resulting
policy minimizing (9.28) will be at least as good as the first N-window policy under the optimal (belief-MDP) policy
(which is not designed to optimize (9.28)) but the original cost, the bounds presented in Theorem(8.3.2 will be applicable
even when the cost criterion includes the first NV time stages.

See Theorem [6.4.4] for sufficient conditions for asymptotic filter stability under total variation.

9.3 Q-Learning For Continuous State and Action Spaces: Quantized Q-Learning, its
Convergence and Near-Optimality

With the approach above, by quantizing the state space and viewing the quantization output as a measurement (and
quantizer as a measurement kernel), and thus as a POMDP; we can arrive at an approximate finite MDP. First note that
under Assumption [8.2.1] Theorem 8.2.|leads to near-optimality of finite actions.

Let p = @, be a nearest-neighbour quantizer with finite range X,

Qm(z) := argmindx(z, z).
2k E€EXm

Then, one runs the following: Using the nearest neighbour map p, write for any (x,u) € X x U

Quia(p(a). w) = (1 = a(p(e), u)) Qu(p(x). ) 929)
+ anlp(@),u) (Crlp(e), u) + Bmin Qu(p(X1).v))

that is for any true value of the state, we use its representative state from the finite set X,,,: Thus, one run Q-learning
as if the quantized state is the actual state.
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For exploration, we again use polices that choose the control actions randomly and independent of everything else with
positive probability for every action: the invariant measure of the state process x; (under the exploration policy) should
put positive measure on these bins and satisfy an ergodicity condition to be presented in the following:

Assumption 9.3.1 (i) Withy = p(z), we let oy (y,w) = 0 unless (Y, Uy) = (y, u). Otherwise, let

1
1+ Yo L=t U=u}

at(yv u)

(ii) Under the exploration policy ~*, the state process is uniquely ergodic (and thus has a unique invariant probability
measure o,

(iii)During the exploration phase, every observation-action pair (y, ) is visited infinitely often.
As noted in Remark [4.3] Meyn and Tweedie [233], Theorem 13.0.1] show that for an aperiodic Harris recurrent Markov
chain, for each initial state x € X,
lim sup |P"(x,B)—w(B)| =0,
n—=% BeB(X)
that is P™(z, -) converges to 7 in total variation. This assumption is sufficient, but not necessary for the second item to

hold.

Algorithm 9.3.1 Set Parameters: Input: Qq (initial Q-function) q : X — Y (quantizer), v* (exploration policy), L
(number of data points), { N (y,u) = 0}, uyexv (number of visits to state-action pairs).

Initialize Start with Q)

Iterate If (X,U;) is the current state-action pair —> generate the cost ¢(X;,U;) and the next state Xy1q ~
T(- X, Up),

Iterate set
N(q(Xt)7 Ut) = N(q(Xt)7 Ut) + 1.

Iterate Fort =0,...,L — 1,

Update Q-function Qy for the inputs (q(Xy), U) as follows:

Qi+1(q(Xe),Ur) = (1 — au(q(X), Ur)) Qe(q(X+), Ur)

+ o (q(X4), Ur) (C(Xm Uy) + ﬂ{)nelllfjl Q:(q(Xi41), U)) ;

where

ar(a(Xe), Up) = 5 + N(q(X1),Up)

43 Generate Uy 1 ~ ™.
End
Return Qp,

Theorem 9.3.1 [185] Under Assumption Sor every pair (y;,u) € Y x U, the algorithm given above converges
to

Q" (iu) = C*(yiu) + B Y P*(yjlyi u) min Q" (y;, v).

y; €Y
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Here, P* and C* are defined by

C*(yi,u):/B c(w,u) 7, (dr)

P*(sluien) = [ T(Byle.) 5, (da), (9.30)
B;
where
N T *(A) .
F(A) = ) A B, Vie(l,... M), 31
ﬂ-yi( ) WW*(Bi)7 - 16{ } (9 )

and T~ is the invariant measure of the state process under the exploration policy ~*.

Remark 9.4. Observe the similarity with @) Here, however, the weighting measures 7} are not arbitrarily selected,
and are induced by the exploration policies.

9.3.1 Error Analysis for Convergence of Quantized Q-Learning for Continuous Space MDPs

The model described in (8:I8) is the same model given by the equations (9.30). Hence, the results and error bounds
from Section [8.2.2] can be used for the error analysis of the Q-learning algorithm given by (9.3.1). For the remainder
of this section, we present a series of results for the performance of the policies learned through the approximate Q-
learning algorithm in (9.3.1)) building on the results from Section [8.2.2] In these corollaries, it is always assumed that
my«(B;) > 0foralli € {1,..., M} where B;’s are the quantization bins and 7.~ is the invariant measure on the state
process under the exploration policy v*.

Error Analysis for Non-Compact MDPs

The first result is in asymptotic nature and requires very mild conditions for the convergence (i.e., continuity of the
stage-wise cost and weak continuity of the transition kernel). It follows from Theorem [0.3.Tand Theorem 8:2.9]

Corollary 9.3.1 [[I85] Under Assumption[9.2.1| and Assumption the Q learning algorithm in converges
to Q* in Theorem with probability 1 and for any policy 4 that satisfies Q*(x,5(x)) = min,cy Q*(z,u) (ie.,
greedy policy of Q*), for any compact K C X, we have

sup |Jg(20,%) — J5(x0)| = 0
roEK

as L™ — 0, where L™ is defined in .
We recall now that the error bounds to be presented in Corollary [9.3.2] and Corollary [9.3.3] below will involve the

function L and the uniform bound L which are defined as follows: for some = € X where 2 belongs to a quantization

bin B; whose representative state is y; (i.e. ¢(x) = y;) and averaging measure 7t,,» we have

L(z) :

/ e — o[ 4% (da')

7

L:

“max  sup |z —2|.
=1,..., I,.’I;'EBi

The following result follows from Theorem [9.3.1]and Theorem 8.2.6]
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Corollary 9.3.2 [I85]] Under Assumption[9.2.1| and Assumption the Q-learning algorithm in (9.3.1)) converges

to Q* in Theorem with probability 1 and for any policy 4 that satisfies Q*(x,5(x)) = minyecy Q*(z,u) (ie.,
greedy policy of Q*), for any initial state xo, we have

[Tp(a0.3) = J3an)| <2 o 5?”¢@)§yﬁwp LX),

B yel’

Application to Models with Compact State Spaces

For the case with compact spaces, we obtain sharper bounds in the following.

The following result follows from Theorem [9.3.1]and Theorem 8.2.8]

Corollary 9.3.3 [[I85] Under Assumption[9.2.1| and Assumption[8.2.3] the Q learning algorithm in converges

to Q* in Theorem with probability 1 andfor any policy 4 that satisfies Q*(x,4(z)) = min,ecy Q*(:L‘, u) (ie.,
greedy policy of Q*), we have

20, -
sup |Jg(xo, J5(xz0)| < L
sup (o) = S5l < =530 Fan)

where L is defined in )

Building on the results presented, we now show that for compact state spaces, the terms L(x) and the uniform bound L
can be explicitly bounded via cardinality of finite approximating set Y and dimension d of the state space. To this end,
we assume that the state space X C R? is compact, and thus totally bounded. Then, for a given M, we can quantize X
by choosing a finite subset Y = {y1, ..., yas} such that

ma})g{ mln |l — vl < a(l/M)l/d

[AS
for some o > 0, which is possible since X is totally bounded ( [[111, Theorem 2.3.1]). Using this construction, one can
then write the following immediate bounds:

L(x

I /\

20(1/M)Y 4 forallz € X,

)
L < 20(1/M)Y4.

| /\

We can then state the following results, which follow from Corollary [0.3.2]and Corollary [0.3.3]

Corollary 9.3.4 [185] If the state space X C R% is compact, under Assumption|9.2.1| and Assumption|S.2.4) the Q-
learning algorithm in (9.31) converges to Q* in Theorem [9.3.1| with probability 1 and for any policy ¥ that satisfies
Q* (z,4(x)) = min,cy Q*(x, u) (i.e., greedy policy of Q*), for any initial state xq, we have

5aT|CI|oo> da(1/M)V4

[ 9p(003) = Ty(ao)] < (o + P51 ) 220/

Corollary 9.3.5 [185]] If the state space X C R? is compact, under Assumption and Assumption the Q
learning algorithm in (9.3.1) converges to Q* in Theorem with probability 1 and for any policy % that satisfies

Q*(x,4(x)) = min,ecy Q*(x, u) (i.e., greedy policy of Q*), we have

4o,
sup ’Jﬁ ro,%) — J5(xo ‘ < o(1/M)V/4

zo€X - B)*(1 - Bar)
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9.4 A General Q-Learning Convergence Theorem

In this section, we present a generalization of the convergence results presented earlier in the chapter. In many problems
including most of those in applied, health, and social sciences, and financial mathematics, one may not even know
whether the problem studied can be formulated as a fully observed Markov Decision Process (MDP), or a partially
observable Markov Decision Process (POMDP) or a multi-agent system where other agents are present or not. There
are many practical settings where one works with data and does not know the possibly very complex structure under
which the data is generated and tries to respond to the environment. For such settings, a common practical approach is
to view the system as an MDP, with a perceived state and action (which may or may not define a genuine controlled
Markov chain and therefore, the MDP assumption may not hold in actuality), and arrive at corresponding solutions via
some learning algorithm.

Toward this end, a general convergence theorem was given in [[191}, Theorem 2.1], with further implications and refine-
ments reported in [92] Section IV.B]. This is presented in the following:

Let {C;}; be R-valued, {S;}+ be S-valued and {U;}; be U-valued three stochastic processes. Consider the following
iteration defined for each (s,u) € S x U pair

Qir1(s,u) = (1 — ay(s,u)) Qe(s, u) + az(s,u) (Cy + BVi(Sty1)) (9.32)

where V;(s) = min,cp Q+(s, u), and ay (s, u) is a sequence of constants also called the learning rates. We note that un-
like the finite setup considered earlier where w; € wasaconditionallyzero—meanmartingalenoise7 suchapropertydoesnotapy
Markoviannatureo fthedynamics.

We assume that the process U, is selected so that the following condition holds.

Assumption 9.4.1 S, U are finite sets, and the joint process (Si+1,St, Ur, Ci)i>0 is asymptotically ergodic in the sense
that for the given initialization random variable Sy, for any measurable bounded function f, we have that with probability
one,
1 Nl
N
t=0

f(St+1, St7 Ut, Ct) — / f(Sl, S, u, C)71'(d$17 dS, du, dc)
for some measure 7 such that 7(S X s X u x R) > 0 for any (s,u) € S x U.

Remark 9.5. The assumption that 7(S X s x u x R) > 0 for any (s,u) € S x U is in the same spirit as the standard
condition for reinforcement algorithms that every state-action pair is visited infinitely often during training. We note that
it is possible to relax this condition, if one is only interested in the convergence of the algorithm. In particular, we might
consider a measure 7 such that 7(S x s x u x R) > 0 for all (s,u) € B C S x U, for some subset B, where the set B
represents so called trained state-action pairs. For the learned policies to be optimal, however, one needs to make sure that
the controlled process stays within the trained part of the system during the execution of an optimal policy.

The above implies Assumption [9.4.2](ii)-(iii) below:

Assumption 9.4.2 i. (s, u) = 0 unless (Sy, Uy) = (s, u). Furthermore,

1
= 3
1+ Zk:O 1{Sk:5»Uk:u}

at(87 u)
and with probability 1, ), a(s,u) = 00
it. For Cy, we have, as t — oo,

¢
Zk:o Ckl{sk:57Uk:u}
7
2 k0 L{Sk=s,U=u}

— C*(s,u),
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almost surely for some function C*.
iii. For the Sy process, we have, for any function f, ast — oo,

S ko f(Ska1) L (sy—s. Uk —u)
t
Zk:o 1{Sk:S;Uk:u}

— / f(s1)P*(ds1|s,u)
almost surely for some P*.

Note that a stationarity assumption is not required. Under Assumption [9.4.1] we have that with f(Si41, S, Up, Ct) =
Cilys,—s,U,=u}» a8 N — o0,

N-1
1
-~ Cilys,=s,U,=uy — Cn(S =s,U =u,dC).
W & Ol 2 f

We also have that with f(S;41,51,Ut, Ct) = 1{g,=s,0,=u}>as N — o0,

1 N-1
N Z ]'{St:{,"Ut:u} — 7(-(5 =S, U = U)
t=0

almost surely. Hence, we can write

1 t
1 Zk:o Ck]‘{sk:&Uk:“}

Lyt - /Cﬂ'(dC|S =s5,U=u)=:C"(s,u)
t+1 Zk:o 1{Sk=s,Uk,:u}

which implies Assumption[0.4.2](ii). Similarly, one can also establish Assumption[9.4.2](iii) under Assumption[9.4.1]
As before, let S, U be finite sets. Consider the following equation
Q" (s,u) =C*(s,u) + 8 Z V*(s1)P*(s1]s,u) (9.33)
s1E€S
for some functions Q*, C*, to be defined explicitly, and for some regular conditional probability distribution P*(-|s, u),

where V*(u) := min,, Q*(s,u).

Theorem 9.4.1 [|/91| Theorem 2.1] Under Assumption Q+(s,u) = Q*(s,u) almost surely for each (s,u) € S x U
pair where Q* satisfies , for any initialization of Q.

We note that this result generalizes those presented earlier in this chapter and in particular Theorem See also [[78|
107,/189].

9.5 Bibliographic Notes

Q-learning was introduced and studied in [323]], [306]], [26]]. An ODE approach to Q-learning presents a rather direct proof
of convergence [64] [319]]. Two comprehensive resources on reinforcement learning are [301]] and [231]].

Quantized Q-learning and its convergence and near-optimality is studied in [|185].

Q-learning for partially observed MDPs have been studied in [[138},229][2891302]]. Our analysis here builds on [[189] which
also establishes convergence to near optimality.
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9.6 Exercises

Exercise 9.6.1 Consider a controlled Markov chain with state space X = {0, 1}, action space U = {0, 1}, and transition
kernel fort € Z.:
P(ziy1 =1as =0,up =1) = P(agp1 = lze = Lus = 1) =«

P($t+1 = 1|$t = O,Ut = O) = P(th-i—l = 1‘.1% = 1,ut = 0) =1-a.
where o € (0, 1). Let a cost function c(x,u), with ¢ : X x U — R be given by
¢(0,1) = ¢(0,0) =1 ¢(1,0) = ¢(1,1) = 2.

Suppose that the goal is to minimize the quantity

o0

E 3Ct7ut

t=0
for a fixed 5 € (0,1), over all admissible policies vy € I's.
Find an optimal policy and the optimal expected cost explicitly, as a function of «, B (note that the initial condition is

o = 0)

Exercise 9.6.2 Consider the following problem: Let X = {1,2},U = {1, 2}, where X denotes whether a fading channel is
in a good state (xr = 2) or a bad state (x = 1). There exists an encoder who can either try to use the channel (u = 2) or
not use the channel (uw = 1). The goal of the encoder is send information across the channel.

Suppose that the encoder’s cost (to be minimized) is given by:
C(xvu) = _1{93:2,11,:2} + a(u - 1)a

Jor a = 1/2 (if you view this as a maximization problem, you can see that the goal is to maximize information transmission
efficiency subject to a cost involving an attempt to use the channel; the model can be made more complicated but the idea
is that when the channel state is good, uw = 2 can represent a channel input which contains data to be transmitted and
u = 1 denotes that the channel is not used).

Suppose that the transition kernel is given by:

P(It_;,_l = 2|It = Q,Ut = ) = 08, P(It+1 = 1|It =2 , Ut = 2) =0.2
P(.Tt+1 == 2|.Tt =2 Ut 1) = 02, P(l‘t+1 = 1|J)t =2 , Ut = 1) =0.8
P($t+1—2|xt—1 ut—2)—05, P(l‘ 1:1|xt:1,ut:2)20.5
P($t+1 = 2|:ct = ].,Ut = 1) =0 9, P($t+1 = 1|$t =1 , U = 1) =0.1

We will consider either a discounted cost criterion for some B € (0,1) (you can fix an arbitrary value)

(o)
inf EY[Y ~ Be(wr, uy)] (9.34)
K t=0
or the average cost criterion
T-1
inf lim sup E7 Z c(xe, u)] (9.35)
Y T—oo —0

a) Using Matlab or some other program, obtain a solution to the problem given above in (9.34)) through the following:
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(i) Policy Iteration

(ii) Value Iteration.

(iii)Q-Learning. Note that a common way to pick « coefficients in the Q-learning algorithm is to take for every x,u
pair:

B 1

= t
1+ Zk:O 1{5131«:00#1«:“}

oz, u)

b) Consider the criterion given in (9.33)). Apply the convex analytic method, by solving the corresponding linear program,
to find the optimal policy. In Matlab, the command linprog can be used to solve linear programming problems. See (7.42)).

Exercise 9.6.3 Revisit Exercise[9.6.3] part a). Apply Q-Learning, noting that a common approach to pick « coefficients in
the Q-learning algorithm is to take for every x,u pair:

1
= z
1+ Zk:O 1{wk:$’uk:u}

ay(x,u)

Exercise 9.6.4 One can apply Q-learning even when the model is not known, but for the results to be optimal, it is essential
that the system we are dealing with is an actual MDP.

a) However, imagine that we have a POMDP but we run the Q-learning algorithm as if the system is an MDP. Sections[9.2]
and[9.3| have shown that Q-learning, when a finite window memory of the most recent measurements and actions is viewed
as a state, converges even in this case, and even to near optimality under mild conditions related to either filter stability or
appropriate approximation bounds. Study Exercise[7.7.6land apply finite memory Q-learning for this example.

b) [Quantized Q-learning]As a further instance we have considered the finite-state quantization of a continuous space
MDP and view this as a POMDP.

Consider the setup in Exercise Revise the problem above with the following transition kernel so that X = [0, 1] (thus
the channel’s quality is not binary) and for each Borel A € [0, 1]

P(x41 € Alxy = zp,us = 1) = 2/ (1 —z)dz, P(x¢41 € Alxy = zp,us =0) = 2/ xdx,
A A

for all zy € [0, 1], and suppose that the encoder’s per-stage cost (to be minimized) is given by:
c(x,u) = —zu + nu.

for some 11 € R. Apply quantized Q-learning by quantizing the channel state with uniform quantization of increasing
granularity.

Exercise 9.6.5 Recall Exercise[/.7.6} Consider a POMDP given by the following description. Let there be two possible
states that a machine can take: X = {0,1}, where 0 is the bad (‘system is down’) state and 1 is the good state. Let
U = {0, 1}, where 0 is the ‘do nothing’ control and 1 is the ‘repair’ control. Suppose that the transition probabilities are
given by:

i

(Xep1 =X, =10, =0)=1-m, PXyp1=0X,=1LU;=0)=n >0
(X1 =X, =10, =1)=1-1m, P(Xpp1=0X,=1LU;=1)=n>0
( )
( )

v

Xt+1:1|Xt:0,Ut:0 :0, P(Xt+1:0|Xt:0,Ut:0):1
Xt+1 - 1|Xt - O,Ut = 1

P o > O, P(Xt+1 = 0|Xt = 0, Ut = 1) =1—-« (936)

Thus, n1 is the failure probability when the state is good (and no repair) and ns is the failure probability when the state is
good (and when there is repair) with 11 > 12, and o is the success probability in the event of a repair.

The controller has access only to {0, 1}-valued measurement variables Yy, - - - , Yy and Uy, - - - ,Us_1, at time t, where the
measurements are generated by a binary symmetric channel:
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Y=zX=12)=1-—c¢, PY=1—-2z|X=x)=c¢,

for all x € {0,. The per-stage cost function c¢(x,u) is given by ¢(0,0) = C,¢(1,0) = 0,¢(0,1) = ¢(1,1) = R with
0<R<C.

Apply Q-learning using the finite window I} = {[y—n, 1]}, [us—n,t — 1]}} as an effective state, as described in Section
9.2 of the lecture notes. When can you guarantee convergence to near-optimality as the window size increases? Compute

the numerical performance for several N values. Reflect on the trade-off between performance, computational demands,
and memory length for such a control design.
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Decentralized and Multi-Agent Stochastic Control

10.1 Introduction

In classical stochastic control problems considered so far in this document, we were given a system of the form
ep1 = f(@e, ue,we), tE€7Zy,
where actions are to be generated using some control policy v = {~;} with
up =y (ly), t€Zy,

where I is the information available at ¢. Here, w; is i.i.d. noise. If I; = {xzg,- - ,x¢;ug, -+ ,us—1}, we have a fully
observed system. If the controller only has measurements

Yt = g(-%'t»'Ut)v

I ={yo, - ,ys;u0," - ,us_1}, we have a partially observed system. These have been studied extensively in the previous
chapters.

As we observed earlier in these notes, given an optimality criterion (e.g. expected finite horizon cost, discounted cost,
average cost, terminal cost), for such classical stochastic control setups, there are few powerful techniques to establish the
existence/computation of optimal policies:

(1) The dynamic programming approach and backward induction: Weak-continuity / strong continuity properties and
measurable selection conditions leads to existence / explicit computations.

(i) The strategic measures approach (see Section [5.4).
(ii1) For infinite horizon problems, linear programming/convex analytic techniques.

All of these crucially build on the fact that [, C I, 1, that is, information is expanding. In the absence of this condition,
which facilitates the applicability of the iterated expectations theorem (Theorem .1.3), much of the standard analysis on
existence/structure/recursions is no longer applicable: The reader is referred to the derivation at the beginning of Chapter

&

However, a very important class of optimal stochastic control problems involve setups where a number of decentralized
decision makers are present. In this context, we will consider a collection of decision makers (DMs) where each has access
to some local information variable: Such a collection of decision makers who wish to minimize a common cost function
and who has an agreement on the system (that is, the probability space on which the system is defined, and the policy and
action spaces) is said to be a stochastic team. Such problems are called decentralized stochastic control problems.

To gain some insight, let us consider the following model.

wt+1 :f(xtau%7'~'7ut[/7wt)7
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with each decision maker DM m arriving at their action v at time ¢ using only local information:
ui' =" (I{"),t € Zy,

where I;" denotes some information variable. Decentralized stochastic control theory requires more general approaches
when compared with the classical setup that we have considered up until this chapter, primarily due to the informational
subtleties, to be presented further in the following.

To study such problems in a systematic fashion, we will present a classification for decentralized stochastic control models
based on the informational and dynamical relations between the decision makers in the following. Toward this goal, in the
following we introduce Witsenhausen’s intrinsic model.

10.2 Solution Concepts, Information Structures and Witsenhausen’s Intrinsic Model

10.2.1 Witsenhausen’s intrinsic model

Witsenhausen’s contributions (e.g., [327,328|331]]) to decentralized stochastic control and characterization of information
structures have been crucial in our understanding of stochastic team theory. In this section, we introduce the character-
izations as laid out by Witsenhausen, termed as the Intrinsic Model [328]]; see [349] for a comprehensive overview and
further characterizations and classifications of information structures. In this model (described in discrete time), any action
applied at any given time is regarded as applied by an individual decision maker/agent, who acts only once. One advantage
of this model, in addition to its generality, is that the characterizations regarding information structures can be compactly
described.

Suppose that in the decentralized system considered below, there is a pre-defined order in which the decision makers act.
Such systems are called sequential systems (for non-sequential teams, we refer the reader to Andersland and Teneketzis
[8]], [9] and Teneketzis [304], in addition to Witsenhausen [326] and [349} p. 113]). Suppose that in the following, the
action and measurement spaces are standard Borel spaces, that is, Borel subsets of Polish (complete, separable and metric)
spaces. In the context of a sequential system, the Intrinsic Model of Witsenhausen [[329] is the following characterization
of information structures, where we consider a decentralized stochastic control model with N decision makers (DMs) (also
called agents). In the model, there exist the following:

— A collection of measurable spaces {(£2,F), (U*,U?), (Y",V%),i € N}, specifying the system’s distinguishable
events, and the control and measurement spaces. Here N = |N | is the number of control actions taken, and each
of these actions is taken by an individual (different) DM (hence, even a DM with perfect recall can be regarded
as a separate decision maker every time it acts). The pair ({2, F) is a measurable space (on which an underlying
probability may be defined). The pair (U?,2{?) denotes the measurable space from which the action, u?, of decision
maker i is selected. The pair (Y?, )) denotes the measurable observation/measurement space for DM i.

— A measurement constraint which establishes the connection between the observation variables and the system’s
distinguishable events. The Y’-valued observation variables are given by 3 = 7’ (w, ul*=1) ulbi=1 = {4+ L <
i — 1}, n* measurable functions and uF denotes the action of DM k. Hence, the information variable y" induces a o-
field, o(Z*) over £2 x H]Lc_zll U*. The collection {J7%;i =1,...,N}or {n%;i =1,..., N} is called the information
structure of the system.

— A design constraint which restricts the set of admissible N-tuple control laws v = {792, ..., yN}, also called

designs or policies, to the set of all measurable control functions, so that u’ = ~*(y*), with y* = 7’ (w, ull*=1),
and ", n’ measurable functions. Let I"* denote the set of all admissible policies for DM i and let T' = [| & Ik,

We note that, the intrinsic model of Witsenhausen gives a set-theoretic characterization of information fields, however, for
standard Borel spaces, the model above is equivalent to that of Witsenhausen’s; see Exercise[I.6.6

One can also introduce a fourth component.

— A probability measure P defined on ({2, F) which describes the measures on the events in the model.
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10.2.2 Solution concepts

Thus, we will assume that we are given a probability measure P on ({2, F). Additionally, we have a loss (or cost) function
c: 9 x (U x --- x UN) — R, to be optimized where (2, is an appropriate signal space.

Let
y={+", N} er.
‘We then have,

J(7) = Elc(wo, )] = Elc(wo, v ("), -+, 7N (™)), (10.1)

for some non-negative measurable loss (or cost) function ¢ : 2 x [], U¥ — R.. Here, we have the notation u = {u’,t €
N'}. Here, wy may be viewed as the cost function relevant exogenous variable and is contained in w.

Definition 10.2.1 For a given stochastic team problem with a given information structure, {J; I'*,i € N}, a policy (strat-
egy) N-tuple v* = (’yl*, e ,’yN*) € T is an optimal team decision rule (team-optimal decision rule or simply team-
optimal solution) if
J(v*) = inf J(y) =: J*, (10.2)
7 yer L
provided that such a strategy exists. The cost level achieved by this strategy, J*, is the minimum (or optimal) team cost.

Definition 10.2.2 For a given N -person stochastic team with a fixed information structure, {J; I'*,i € N'}, an N-tuple of

strategies y* := (’yl*, N *) constitutes a Nash equilibrium (synonymously, a person-by-person optimal (pbp optimal)

solution) if. for all 3 € I'* and all i € N, the following inequalities hold:
T =J() < J(7B), (10.3)
where we have adopted the notation

(’Yﬁi*aﬁ) = (’yl*, ce 7’7i71*,ﬁ7’yi+1*7 <o v’yN*)' (104)

For notational simplicity, let forany 1 < k < N,y % := {’yi,i e{l,--- ,N}\ {k}} In the following, we will denote
i=1,---,N}andu = {u',i =

by bold letters the ensemble of random variables across the DMs; that is, y = {y’,
1,--- N}

Example 10.1. Consider the following model of a system with two decision makers [349]. Let {2 = {w1, w2, w3}, F be
the power set of §2. Let the action space be U = {U(up), D(down)}, U2 = {L(left), R(right)}, and U' and U? be the
power sets of U! and U? respectively.

Suppose the probability measure P is given by P(w;) = p;,4 = 1,2,3 and p; = p2 = 0.3, p3 = 0.4, and the loss function
c(w,ut, u?) is given by the following matrices

u? u? u?
Ll R L| R Ll R
« U 1] o] [Olf2] 3] [O][1] 2
D3| 1| D|{2] 1] |D||0] 2
wiwg 03 w03 w3z« 04

Case 1. First, let us consider the case where both agents have access to the true state of nature, and hence YL =Y2=
o({{w1}, {w2}, {ws}}), the c—field generated by the singletons.

In this case, the unique team-optimal decision rules are:
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U, w=uw L, w=uws
7 (w) = y
D, else R, else

which we may write symbolically as
7= (UDD,RRL).

We point to the observation that even though the policy pair (UDD, RRL) is unique as a team-optimal solution (which
is also, by definition, pbp optimal), it is not the unique pbp optimal solution. The policy pair (UU D, RLL) is also pbp
optimal, but it is suboptimal.

Case 2. Let the information fields J1 = {0, {w: }, {w2,ws}, 2} and T2 = {0, {w1, w2}, {ws}, 2}.
For the above model, the unique optimal control strategy is given by

U, y'={w}
Lk, 1\ )
7w {D, else

* R7 y2 = Wi, w
Y (y?) = ton,n)
L, else

The development of a systematic solution approach in optimal decentralized stochastic control requires a cautious classifi-
cation of such problems, primarily in view of information structures.

10.2.3 Classification of information structures

Static vs. dynamic information structures

Under the intrinsic model presented, an Information structure (IS) is dynamic if the information available to at least one
DM is affected by the action of at least one other DM. An IS is static, if the information available at every decision maker
is only affected by exogenous disturbances:

(i) A sequential team is static, if the information available at every decision maker is only affected by exogenous
disturbances (Nature); that is no other decision maker can affect the information at any given decision maker.

(i1) A sequential team problem is dynamic if the information available to at least one DM is affected by the action of at
least one other DM.

Figure[I0.1]is a depiction for a static team problem.

wWo

Fig. 10.1: An example of a static information structure. Here, Q*(y® € -|wo) := P(n'(w) € “|wo), i = 1,2, 3.

Classical, quasi-classical (partially nested), and nonclassical information structures
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(i) AnIS {y’,1 <i < N}isclassical if y* contains all of the information available to DM k for k < i. E.g.: Classical
stochastic control problems; the material in these lecture notes up to this chapter (involving fully observed or
partially observed models) has thus been with regard to classical information structures.

(i) An IS is quasi-classical or partially nested, if whenever u*, for some k < 1, affects y*, 4 contains y*.

(iii)An IS which is not partially nested is nonclassical.

Fully and partially observable models reviewed earlier in the chapter are classical in the sense described above. Non-
classical problems can be very challenging. As we will see in Section[I0.4.2] even a linear system with Gaussian noise can
lead to a problem which is very difficult to study and can admit an optimal solution which is not linear; this example is
known as Witsenhausen’s counterexample [325]]. This is called a counterexample since it shows that even linear quadratic
Gaussian (LQG) models can admit solutions which are not linear and hence it is a counterexample to a natural conjecture
(that all solutions to such LQG problems should be linear) when the information structure is nonclassical.

Quasi-classical information structures possess useful characteristics which allow for solution methods tailored for such
models, as we will see in the chapter.

10.2.4 A state space model

A sub-class of sequential teams involve setups where there is a controlled state model, where unlike the classical single-
agent model, the state realizations are not available to the agents. In a state space model, one assumes that the decentralized
control system has a state z; that is evolving with time. The evolution of the state is controlled by the actions of the agents
(control stations). We may assume that the system has N control stations where each control station ¢ chooses a control
action ui at time t. The system considered runs in discrete time, either for a finite or an infinite horizon. In the context of
Witsenhausen’s intrinsic model, any decision maker applying an action at a given time stage is interpreted as a different
decision maker.

Let X denote the space of realizations of the state x;, and U’ denote the space of realization of control actions u¢. Let T'
denote the set of time for which the system runs.

The initial state x; is a random variable and the state of the system evolves as
1 N
Topr = felze,up, . ul;wd), teT, (10.5)

where {w?,¢ € T} is an independent noise process that is also independent of ;. We assume that each control station i
observes the following at time ¢

yi = g (e, wy), (10.6)

where {w{,t € T} are measurement noise processes that are independent across time, independent of each other, and
independent of {wy,t € T'} and 7.

The above evolution does not completely describe a dynamical control system, because we have not yet specified the data
available at each control station. In general, the random variable I; available at control station % at time ¢ will be a function
of all the past system variables {x[1 4, Y[1,4, U1,4—1], W[1,4 }» 1-€.,

I = (., Y0, W1 W), (10.7)

where we use the notation u = {u', ..., u"} and zp; ) = {x1,...,2;}. The collection {I},i = 1,...,N,t € T} is called
the information structure of the system, in analogy with Witsenhausen’s intrinsic model.

When T is finite, say equal to {1,...,T}, the above model is a special case of the sequential intrinsic model presented
above. The set {x1,w?, w}, ..., wl¥ t € T} denotes the primitive random variable with probability measure given by the
product measure of the marginal probabilities; the system has N x 1" DMs, one for each control station at each time. DM
(i,t) observes I} and chooses ui. The information sub-fields ¥ are determined by {ni,i =1,...,N,t € T}.

Some important information structures are
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1. Complete information sharing: In complete information sharing, each DM has access to present and past measure-
ments and past actions of all DMs. Such a system is equivalent to a centralized system.

II'={ypngup-1}hteT.

2. Complete measurement sharing: In complete measurement sharing, each DM has access to the present and past
measurements of all DMs. Note that past control actions are not shared.

I = {ypgt, teT.

3. Delayed information sharing In delayed information sharing, each DM has access to n-step delayed measurements
and control actions of all DMs.

Ii _ {yft—n-&-l,t]’ uft—n+1,t—1]y[17t_”]’u[lvt_”]}’ t>n (10 8)
Y Y e—1) 0> sn

4. Delayed measurement sharing In delayed measurement sharing, each DM has access to n-step delayed measure-
ments of all DMs. Note that control actions are not shared.

I = {yft—n+1.,t]7ufl,t_l]ay[l,t—n]}, t>n
(Wt up e t<n

5. Delayed control sharing In delayed control sharing, each DM has access to n-step delayed control actions of all
DMs. Note that measurements are not shared.

Il = {yflvf/]’uft—n-s-l,t—l}vu[l,t—n]}, t>n
t = , .
{1 ve—uh t<n

6. Periodic information sharing In periodic information sharing, the DMs share their measurements and control peri-
odically after every k time steps. No information is shared at other time instants.

[ Wiemgea ek YLk IR UL /R
Ii = t>k

{yfl,t]vufl,tq]}v t<k

7. Completely decentralized information In a completely decentralized system, no data is shared between the DMs.

I = {yfl,tpufl,tfl]}? teT.

In all the information structures given above, each DM has perfect recall (PR), that is, each DM has full memory of its
past information. In general, a DM need not have perfect recall. For example, a DM may only have access to its current
observation, in which case the information structure is

Il ={y;}, teT. (10.9)

To complete the description of the team problem, we have to specify the loss function. For some applications, one may
have that the loss function is of additive form:

clzpryupm) =Y c(re, u) (10.10)
teT
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where each term in the summation is known as the incremental (or stagewise) loss. The objective would be to choose
control policies v} such that u} = ~;(I}) so as to minimize the expected loss (T0.10).

10.3 Solutions to Static Teams

Definition 10.3.1 Given a static stochastic team problem {J; I"*,i € N'}, a policy N-tuple v € T is stationary if (i) J(7y)
is finite, (ii) the N partial derivatives in the following equations are well defined, and (iii) v satisfies these equations:

[Vuz‘ Ew|yi c(wo; j_i(Y)7 ul)]

wi=yi(yi) = 0,a.s. 1€ N. (10.11)

There is a close connection between stationarity and person-by-person-optimality, as we discuss in the following. The re-
sults to be presented below are due to Krainak et. al. [196] and [349]], generalizing Radner [260]. We follow the presentation
in [349], which also contains the proofs of the results.

Theorem 10.3.1 [1260] [|196] Let {J; I e N} be a static stochastic team problem where Ul = R™,4 € N, the loss
function c(wo, ) is convex and continuously differentiable in u a.s., and J(vy) is bounded from below on T'. Let v* € T
be a policy N-tuple with a finite cost (J(v*) < 00), and suppose that for every v € T such that J(7y) < oo, the following
holds:

z}/ BV (w03 )|y () (1) i+ (4111 20.(10.12)
1€

where E{-} denotes the total expectation and the notation V i c(wo; v* (y)) means that the partial derivatives are evaluated
under policy v*. Then, v* is a team-optimal policy, and it is unique if c is strictly convex in u.

Proof Sketch. First, by the convexity of ¢, we obtain

1

=~ [ewo; 7" (y) + ala(y) = 2" (0)]) = elwo; 7" (¥))] < elwo; 2(¥)) = elwo; 1" (¥));

for all & € (0, 1]. Using the definition of .J, this inequality can equivalently be written as (by taking the total expectation):

he) = [E{C(wm () +ab(y) =2 @D =IO < J() - I,

where o € (0,1]. Note that both J(v) and J(v*) are finite, by hypothesis, and the first random variable (i.e., the first
loss function) also has a finite expectation for every a € (0, 1] because of the bound provided by the inequality. Now,
due to the convexity of c, its finite integral, E{c(wo;7*(y) + a[y(y) — 7*(y)])} is also convex in . This leads to the
conclusion that (by a property of convex functionals that () is a monotonically nonincreasing function as o | 0, and
furthermore k(1) = J(y) — J(7*) is bounded (by hypothesis). It then follows from the monotone convergence theorem
that limg o A(c) exists, and the limit and expectation operations can be interchanged. As a consequence of continuous
differentiability, this then leads to the inequality

N
ZE{VuiC(WOQ*(Y))[’Yi(Z/i) — < I() - ()

from which team-optimality of v* follows, since the left-hand-side is nonnegative, by (10.12).

If ¢ were strictly convex in u, a.s., then all the inequalities above would be strict, for v # +*, thus leading to
J() < J()

which implies that v* is the unique team-optimal solution. o

Note that the conditions of Theorem lO? l above do not include the stationarity of v*, and furthermore inequality @)
may not generally be easy to check, since they involve all permissible policies  (with finite cost).
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If the following N inequalities hold:

E{Vyicw;y" )0 (y") =" ()} 20, €N, (10.13)
then (T0.12) would also hold.

Then, either one of the following two conditions will achieve this objective [[196]] [|349]:

(c.1) For all 5 € I" such that J () < oo, the following random variables are integrable

Vauie(wo 7" ) (') =7 (")), ieN

(c.2) I'" is a Hilbert space for each i € N, and J (7) < oo forall y € I'. Furthermore,

By {Vuic(wo;y*(y)} €I, i €N.

Here, (c.2) can directly be obtained from (c.1) if I'?, i € N, are taken as Hilbert spaces. Here we give it as a separate
condition because in some problems (such as linear quadratic—as we shall see shortly) (c.2) follows quite readily from the
problem formulations (due to the condition that a finite expected cost is attained under the considered policies).

Theorem 10.3.2 [196|] [349] Let {J; I'*,i € N'} be a static stochastic team problem which satisfies all the hypotheses of
Theorem|10.3. 1| with the exception of the inequality (10.12). Instead of (10.12)), let either (c.1) or (c.2) be satisfied. Then,

if v* € I is a stationary policy it is also team optimal. Such a policy is unique if c(wo; u) is strictly convex in u, a.s.

What needs to be shown is that under stationarity, (c.1) or (c.2) implies Theorem [10.3.1} this follows once again from the
law of the iterated expectations (Theorem (4.1.3)); see [349]. If (c.1) holds, then for all ¢ € N,

B[ Vuscten 7 ()0 ) 101

_E [E [vuic«uo; VD) =1 )]

B|B[Vasctini 1))
0

(10.14)

under stationarity (where, again the order of expectation and differentiation is justified by the monotone convergence
theorem) and thus Theorem [10.3.2| holds.

To appreciate some of the fine points of Theorems[10.3.1)and [10.3.2} let us now consider the following example, which
was discussed by Radner (1962) [260], and Krainak et al. (1982) [[196].

Example 10.2. Let N = 2, U! = U? = R, £ = z be a Gaussian random variable with zero mean and unit variance
(~ N(0,1)), and the loss functional be given by

2
c(z;ut,u?) = (u' —u?)?e” 4 2ulu?.
Note that c is strictly convex and continuously differentiable in (u!,u?) for every value of z. Hence, if the true value of
x were known to both agents, the problem would admit a unique team optimal solution: u! = u? = 0, which is also
stationary. Since this team-optimal solution does not use the precise value of z, it is certainly optimal also under “no-
measurement” information at the decision makers. Note, however, that in this case the only pairs that make J(-y) finite, are

1 2
2 1 > z2
FEle® z—/ et T dr = .
[e"] 5 |

u' =u” =u € R, since
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The set of permissible policies not being an open set, we cannot talk about stationarity in this case. Theorem|10.3. I|(which
does not involve stationarity) is applicable here. Note also that for every v € R, u! = u? = u is a pbp optimal solution,
but only one of these is team optimal.

Now, perhaps as a more practical case, consider the measurement scheme:
1 1 2 2
Yy =+ w; Yy = +w

where w! and w? are independent random variables uniformly distributed on the interval [—1, 1], which are also indepen-
dent of x. Note that here the random state of nature, &, is chosen as (z, w!, w?)’. Clearly, u! = u? = 0 is team-optimal for
this case also, but it is not obvious at the outset whether it is stationary or not. Toward this end, let us evaluate @I) for
i = 1 and with v2(y?) = 0:

(8/0uM) By 211 {(uh)?e8 } = (8/0ub)[(u}) By {8 }] = 2u' By {7}

where the last step follows because the conditional probability density of x given y' is nonzero only in a finite interval (thus
making the conditional expectation finite). By symmetry, it follows that both derivatives in vanish at u! = u? = 0,
and hence the team-optimal solution is stationary. It is not difficult to see that in fact this is the only pair of stationary
policies. Note that all the hypotheses of Theorem[I0.3.2 are satisfied here, under condition (c.2). o

Quadratic-Gaussian teams

Given a probability space (2, F, Pg), and an associated vector-valued random variable &, let {J; ;i € N} be a static
stochastic team problem with the following specifications [349]:

(i) U* = R™¢, 5 € N i.e., the action spaces are unconstrained Euclidean spaces.
(ii) The loss function is a quadratic function of u for every ¢ (where we use the notation L instead of c¢):
L(&u) = Y u' Ri(©uw +2> u'ri(€) + c(§) (10.15)
i,jEN ieEN

where R;;(§) is a matrix-valued random variable (with R;; = R;-i), r;(£) is a vector-valued random variable, and
¢(€) is a random variable, all generated by measurable mappings on the random state of nature, .

(iii) L(&; u) is strictly (and uniformly) convex in u a.s., i.e., there exists a positive scalar « such that, with R(€) defined
as a matrix comprised of IV blocks, with the ij’th block given by R;;(€), the matrix R(£) — al is positive definite
a.s., where [ is the appropriate dimensional identity matrix.

(iv) R(&) is uniformly bounded above, i.e., there exists a positive scalar 3 such that the matrix SI — R(&) is positive
definite a.s.

V) Y? =R"™, i € N, ie., the measurement spaces are Euclidean spaces.
(vi) y* = n'(€),i € N, for some appropriate Borel measurable functions n’,i € N.

(vii) I'* is the (Hilbert) space of all Borel measurable mappings of v* : R — R™:, which have bounded second
moments, i.e., B, {v" (y')7'(y")} < oc.

(viii) Ee[r}(€)ri(€)] < co,i € N3 Eele(£)] < oc.

Definition 10.3.2 A static stochastic team is quadratic if it satisfies (i)—(viii) above. It is a standard quadratic team if
Sfurthermore the matrix R is constant for all £ (i.e., it is deterministic). If, in addition, £ is a Gaussian distributed random
vector, and r;(€) = Q;&,m°(€) = HE, i € N, for some deterministic matrices Q;, H', i € N, the decision problem is a
quadratic-Gaussian team (more widely known as a linear-quadratic-Gaussian (LQG) team under some further structure
on Q; and H?). o
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One class of quadratic teams for which the team-optimal solution can be obtained in closed form are those where the
random state of nature ¢ is a Gaussian random vector. Let us decompose £ into N + 1 block vectors

£= (g y%, Y (10.16)

of dimensions rq, r1, 72, . . . , N, respectively. Being a Gaussian random vector, £ is completely described in terms of its
mean value and covariance matrix, which we specify below:

Blgl=¢&=(@.3",....7V) (10.17)

cov (&) = X, with [X];; =: Xy, i,j=0,1,...,N (10.18)

[Z];; denotes the ij’th block of the matrix X of dimension ; X 7;, which stands for the cross-variance between the i’th and
Jj’th block components of £. We further assume (in addition to the natural condition X > 0) that X;; > 0 for i € N, which
means that the measurement vectors y°’s have nonsingular distributions. To complete the description of the quadratic-
Gaussian team, we finally take the linear terms r;(€) in the loss function to be linear in x, which makes z the
“payoff relevant” part of the state of nature:

ri(§) =Dz, 1eN (10.19)

where D, is an (r; X 7) dimensional constant matrix.
In the characterization of the team-optimal solution for the quadratic-Gaussian team we will need the following important

result on the conditional distributions of Gaussian random vectors, generalizing our earlier results in Chapter|[6]

Lemma 10.3.1 Let z and y be jointly Gaussian distributed random vectors with mean values Z, iy, and covariance

cov (z,y) = (;,ZZ gji) >0, X,,>0. (10.20)
2y

Then, the conditional distribution of z given y is Gaussian, with mean

Elzly] =2+ 2., 5, (y— ) (10.21)

and covariance
cov(zly) = X.. — 2,5, XL, (10.22)
<

The complete solution to the quadratic-Gaussian team is given in the following.

Theorem 10.3.3 [349] The quadratic-Gaussian team decision problem as formulated above admits a unique team-optimal
solution, that is affine in the measurement of each agent:

V) =y -G+ M'E, ie N, (10.23)
Here, IT" is an (m; X r;) matrix (i € N'), uniquely solving the set of linear matrix equations:

R“HLEH + Z RinjEji + D;Xy; =0, (10.24)
JEN jF#i

and M* is an (m; X ro) matrix for each i € N, obtained as the unique solution of

> RyM’4+D; =0, icN. (10.25)
JEN

Remark 10.3. The proof of this result follows immediately from Theorem |[10.3.1| and noting that Condition (c.2) holds.
However, a Projection Theorem based concise proof can also be provided exploiting the quadratic nature of the problem
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(see [349, p. 55], [261] and [[139]), by defining the problem as an inner-product minimization and projection (onto the
closed subspace of decentralized control policies viewed as a product of individual policies of each DM) problem the
solution of which builds on an orthogonality condition.

An important application of the above result is the following static Linear Quadratic Gaussian Problem: Consider a two-
controller system evolving in R™ with the following description: Let 1 be Gaussian and x5 = Axy + Blui + B?u? + w;,

1 1 1
yl :C l‘1+’U17

2 2 2
yy = C7xy + 07,

1

with w, v', v? zero-mean, i.i.d. disturbances. For p1, p2 > 0, let the goal be the minimization of

J(v',9%) = & |llaall3 + palluilf3 + pal [uf]]3 + [la=2[3 (10.26)

over the control policies of the form:

For such a setting, optimal policies are linear.

10.4 Static Reduction of Dynamic Teams: Policy-Dependent and Policy-Indepent Reductions

Following Witsenhausen [331]], we say that two information structures are equivalent if: (i) The policy spaces are equiv-
alent/isomorphic in the sense that policies under one information structure are realizable under the other information
structure, (ii) the costs achieved under equivalent policies are identical almost surely, and (iii) if there are constraints in the
admissible policies, the isomorphism among the policy spaces preserves the constraint conditions.

A large class of sequential team problems admit an equivalent information structure which is static. This is called the static
reduction of an information structure.

10.4.1 Static reduction I: Dynamic teams with quasi-classical information structures and their policy-dependent
static reduction

An important information structure which is not nonclassical, is of the quasi-classical type, also known as partially nested,
an IS is partially nested if an agent’s information at a particular stage ¢ can depend on the action of some other agent
at some stage ' < ¢ only if she also has access to the information of that agent at stage ¢’. For such team problems with
partially nested information, one talks about precedence relationships among agents: an agent DM 1 is precedent to another
agent DM j (or DM i communicates to DM j), if the former agent’s actions affect the information of the latter, in which
case (to be partially nested) DM 75 has to have the information based on which the action-generating policy of DM ¢ was
constructed.

For partially nested (or quasi-classical) information structures, static reduction has been studied by Ho and Chu in the
specific context of LQG systems [171]] and for a class of non-linear systems satisfying restrictive invertibility properties
[172].

Under quasi-classical information, LQG stochastic team problems are tractable by conversion into equivalent static team
problems: Consider the following dynamic team with N agents, where each agent acts only once, with Ak, k € A/, having
the following measurement

y'=Cre+ Y Dy, (10.27)

where £ is an exogenous random variable picked by nature, and ¢ — k denotes the precedence relation that the action of
A7 affects the information of A% and «* is the action of Aq.
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If the information structure is quasi-classical, then
I8 = {y* {T'i — k}).

That is, Ak has access to the information available to all the signaling agents. Such an IS is equivalent to the IS ZF = {§*},
where §* is a static measurement given by

gF = {C"'&{C’E,i — k}}. (10.28)

Such a conversion can be done provided that the policies adopted by the agents are deterministic, with the equivalence to
be interpreted in the sense that any deterministic policy measurable under the original IS being measurable also under the
new (static) IS and vice versa, since the actions are determined by the measurements. The restriction of using only deter-
ministic policies is, however, without any loss of optimality: with policies of all other agents fixed (possibly randomized)
no agent can benefit from randomized decisions in such team problems. We discussed this property of irrelevance of ran-
dom information/actions in optimal stochastic control in Chapter 5 in view of Blackwell’s Irrelevant Information Theorem
(see [346, Remark 2]).

This observation, made by Ho and Chu [[171]] leads to the following result.

Theorem 10.4.1 Consider an LQG system with a partially nested information structure. For such a system, optimal solu-
tions are affine (that is, linear plus a constant).

The linearity condition can be relaxed via the following more general condition, which is also due to Ho and Chu [[172].

Assumption 10.4.1 Under a quasi-classical information structure, with
I8 = {y" AT i = k}}.
ify* = g(&,u"*=1), then the map g(-,ul"*=1) : € — y* is invertible.

Under this assumption, static reduction is possible.

Policy-dependence of the static reduction. In the above, under Assumption [10.4.1] while mapping the policies that are
equivalent under the dynamic setup to those that are expressed in terms of exogenous variables in the static-reduced form,
we note that the policies’ dependence on the exogenous variables explicitly depend on the policies adopted by the preceding
DMs. Accordingly, we refer to the static reduction of partially nested dynamic teams as policy-dependent static reduction
(as opposed to the policy-independent reduction to be presented in the following). Some restrictions and limitations due to
such policy-dependence will be studied later in the chapter.

If the control actions are also shared under the static measurement reductions, called static-measurements with control-
sharing reduction [277], even though this reduced information structure is not static in a strict sense, where only the mea-
surements are so, this reduction is policy-independent.This follows since g(-, u[l’k_”) in Assumption is invertible
given previous actions ul"*~1 regardless of the policies of the previous decision makers.

Remark 10.4. Another class of dynamic team problems that can be converted into solvable dynamic optimization problems
are those where even though the information structure is nonclassical, there is no incentive for signaling because any
signaling from say agent A¢ to agent Aj conveys information to the latter which is “cost irrelevant”, that is it does not lead
to any improvement in performance [[342] [349].

10.4.2 Static reduction II: Non-classical information structures and their policy-independent reduction

In this sub-section, we introduce another static reduction method, due to Witsenhausen [331]], applicable also to non-
classical information structures and call it a policy-independent static reduction, since this reduction does not depend on
the policies adopted.
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For some of the results of the chapter, we need to go beyond a static reduction, and we will need to make the measurements
independent of each other as well as wq. This is not possible for every team which admits a static reduction, for example
quasi-classical team problems with LQG models [171] do not admit such a further reduction, since the measurements are
partially nested. Witsenhausen refers to such an information structure as independent static in [331} Section 4.2(e)].

Consider now dynamic team setting according to the intrinsic model where each DM ¢ measures

t__ 1 t—1 1 t—1
Yy _gt(w07wt7y7“’,y YU e, U )7

and the decisions are generated by u! = v*(y?), with 1 <t < N. Here wp, w1, - - - ,w are primitive (exogenous) variables.
We will indeed, for every 1 < n < N, view the relation

P(dyn|w0,y17y25"' ayn_17u17u2a"' 7un_1)

)

as a (controlled) stochastic kernel (to be defined later), and through standard stochastic realization results (see [[144) Lemma
1.2] or [56, Lemma 3.1]), we can represent this kernel in a functional form through

n o__ 1 2
Yy _gn(w(hwnvyvyv“'ay U, Uy, U
for some independent w,, and measurable g,,.

This team admits an independent-measurements reduction provided that the following absolute continuity condition holds:
For every t € N/, there exists a function f; such that for all Borel S:

P(yt € S|WO7U1,U2,"' autilaylay2a'” 7yt71)

= / ft(yt7w07u1au27"' 7ut_17y1ay27'” 7yt_1)Qt(dyt)a (1029)
S

We can then write (since the action of each DM is determined by the measurement variables under a policy)

P(dwg, dy, du)
N

= P(dUJQ> H (ft(yt7w07 ul,u2, e 7ut_17y17y27 o 5yt_l)Qt(dyt)l{’yt(yt)Gdu}> .

t=1

The cost function .J () can then be written as

N
J(’Y) / dw() H ft y CUO,’LL ’U,2 aut717y17y2a"' 7yt71)Qt(dyt))c(w07u)a (1030)
t=1

with uF = vk(yk) for 1 < k < N, and where now the measurement variables can be regarded as independent from each
other, and also from wy, and by incorporating the {f;} terms into ¢, we can obtain an equivalent static team problem.
Hence, the essential step is to appropriately adjust the probability space and the cost function.

The new cost function may now explicitly depend on the measurement values, such that

t—1

Cs(W07}’> —CLU(), y LUQ,U u2 U 7y1vy2v"' 7yt_1)' (1031)

u:jz

Here we can reformulate even a static team to one which is, clearly still static, but now with independent measurements
which are also independent from the cost relevant exogenous variable wy.

Such a condition is in general not restrictive. Indeed, as Witsenhausen notes, a static reduction always holds when the
measurement variables take values from countable set since a reference measure as in Q¢ above can be always constructed
on the measurement space Y’ (e.g., Q%(z) = 2j>12 “I1{z=m,} Where Y' = {my, j € N}) so that the absolute conti-
nuity condition always holds. We refer the reader to [80] for relat10ns with classical continuous-time stochastic control
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where the relation with Girsanov’s classical measure transformation [[145] [33] is recognized. For discrete-time partially
observed stochastic control, similar arguments had been presented in Borkar [38], [62] again in the context of measure
transformation.

Remark 10.5. [Change of Measure Formula] Denote the joint probability measure on (wo,u',...,u™,y*, ..., y") by
P, and the probability measure of wy by PC. If the preceding absolute continuity condition (10.29) holds, then (under any
admissible policy profile !, - - - , V) there exists a joint reference probability measure Q on (wp, u®, ..., u™v, 3!, ..., y™)

such that the probability measure P is absolutely continuous with respect to Q (P < Q), so that for every Borel set A in
N i i
(920 x [T (U* x X))

dP
P(A) = | —=Q(dwo,du’,... du", dy',... dy"), (10.32)
4 dQ
where the reference probability measure
N . .
Q(dwo, du',...,du™,dy",... dy") = P°(dwo) [ [ Q" (dy')1 i (y)caurs (10.33)
i=1
leads to a Radon-Nikodym derivative, which is policy-independent:
apr 1 1,1 N - i, 1 i—1 1 i—1
@(w()vua"'auay ey ):Hf(va()au?"'au Yoy ) (1034)
i=1

Indeed, one may slightly relax the condition in (10.29) (which requires the absolute continuity to hold for all wg, u!, - - -, ut~?
to an almost sure existence condition of a derivative under a reference measure, in the sense that (10.34]) holds.

Witsenhausen’s Counterexample and its static reduction

The celebrated Witsenhausen’s counterexample [325] is a dynamic non-classical team problem

Suppose = and w; are two independent, zero-mean Gaussian random variables with variance o and 1 so that
0 1
Yy =z, Yy =up+w

ug = vo(x), up = y1(y)-

with the performance criterion:
Qw (, uo,u1) = k(ug — )% + (w1 — uo)?, (10.35)

This can also be viewed as a standard discrete-time two-stage stochastic optimal control problem, with state equations (see
Figure[10.3)

xr1 = X9+ Vo, X9 =T — V1, (10.36)

measurement equations

w1

—» Y70 —» | V1 |-

Fig. 10.2: Flow of information in Witsenhausen’s counterexample.
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Yo = o, y1=a1 +wi, (10.37)
and memoryless controls

vo = Y0(yo) , v =7(y1), (10.38)

where p and p are the instantaneous measurement output control policies at stages 0 and 1, respectively. This becomes
equivalent to the earlier formulation in view of the correspondences

Uy =0 +vo, U =v1, T=Tg, W=Wi, Y=Y,

if we pick the cost function as

Q(z2,v0) = (22)? + k(v0)? = Qw (21 — vo, 21,71 — T2) .

This problem is described by a linear system; all primitive variables are Gaussian and the performance criterion is quadratic,
yet linear policies are not optimal. We note that this is a non-convex problem [351]] and thus variational methods do not
necessarily lead to optimality. In fact, we don’t even have a good lower bound on the optimal cost for Witsenhausen’s
counterexample even though approximation results exist (see [274] for a detailed discussion).

The static reduction for Witsenhausen’s counterexample proceeds as follows:
[kt =1 (= a2 P)QUay ) by o P Pl

- / k(' — ') + (u! — w22 Q(dy )7 (duly )y (e n(y? — ud)dy?

2 _ N\
= [ (003 + w0 = w27y M Y oy

2 _ oD\ di2
= [ (03 + (w0 = w2t ) M oy (1039)

where ) denotes a Gaussian measure with zero mean and unit variance and 7 its density.

10.4.3 Equivalent static reductions preserve optimality but may not person-by-person-optimality or stationarity

We showed earlier that static reduction can be a very useful method for deriving and studying properties of optimal poli-
cies in stochastic teams. We note, however, that static reduction has its limitations when the solution concept is not global
optimality but only person-by-person-optimality or stationarity. This, in particular, is a concern for policy-dependent re-
ductions.
Theorem 10.4.2 [277] Consider a stochastic dynamic team with a policy-independent static reduction.

(i) A policy v* is pbp optimal (globally optimal) for a dynamic team if and only if v* is pbp optimal (globally optimal)

for a policy-independent static reduction of the dynamic team;

w1

Y0 pl 0 T F@ﬂ. 7 7'
o @xl . 22

>@—>

Fig. 10.3: Witsenhausen’s counterexample in two-stage state-space linear stochastic control form.
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d

where 9E is defined in ). Then, v* is stationary for dynamic team if and only if v* is stationary for a policy-
zndependent static reductzon of dynamzc team.

(ii) Let a policy v* satisfy P-almost surely

0 VieN, (10.40)

T | ap
vy 4

wi=y ()

Theorem 10.4.3 [277|] Consider a stochastic dynamic team with partially nested information structure. Let Assumption

hold. Then:

(i) lD ™ is a globally optimal policy for for the dynamic team if and only if its static equivalent
optimal policy for its static reduction, under the policy-dependent static reduction.

S is a globally

(ii) If lD * is a stationary (pbp optimal) policy for (PP), then its static equivalent 15** is not necessarily a stationary
(pbp optimal) policy for (P°) under the policy-dependent static reduction;

(iii)If 'ys *is a stationary (pbp optimal) policy for a static reduced dynamic team, then 'yD *, satisfying the policy-

dependent static reduction relation, is not necessarily pbp optimal for the dynamic team problem.

10.4.4 All stochastic dynamic teams are nearly static (with independent measurements) reducible

Now that we have seen the benefits of static reduction, a natural question arises as to whether we can perturb any stochastic
dynamic team by adding some additive noise to the measurements to make it static-reducible with arbitrarily small error
in the optimal cost: That is, are all dynamic team problems e-away from being static reducible as far as optimal cost is
concerned for any € > 0? This is indeed the case, see [173].

10.5 Expansion of information Structures: A recipe for identifying sufficient information

We start with a general result on optimum-performance equivalence of two stochastic dynamic teams with different infor-
mation structures. This is in fact a result which has a very simple proof, but it is quite effective as we will see shortly.

Proposition 10.5.1 Let Dy and D2 be two stochastic dynamic teams with the same loss function, and differing only in
their information structures, n L and = respectively, with corresponding composite strategy spaces I'1 and T's, such that
T's C T'y. Let Dy admit a team-optimal solution, denoted by 11* € I'y, with the further property that 1’1‘ € I's. Then ﬁ
also solves D-.

A recipe for utilizing the result above would be [349]:

Given a team problem, say Do, with IS My which is presumably difficult to solve, obtain a finer IS s and solve
the team problem under this expanded IS (assuming that this new team problem is easier to solve). Then if the
team-optimal solution here is adapted to the sigma-field generated by the original coarser IS, it solves also the
original problem Ds.

10.6 Convexity of Decentralized Stochastic Control Problems

We have already seen the utility of convexity in team theoretic problems earlier in the chapter, e.g. in Theorem [10.3.1] We
will study convexity further in this section.
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10.6.1 Convexity of static team problems and an equivalent representation of cost functions

Definition 10.6.1 A (static or dynamic) team problem is convex on T' if J(y) < oo for all v € T and for any a €
(0,1),7,,7, € I':
J(ay, + (1 —a)y,) <ad(y) + (1 —a)J(y,)

We state the following immediate result without proof, more general refinements will be stated later in the chapter.

Theorem 10.6.1 Consider a static team. J(v) is convex if c(wo, ) is convex in u for all wy, provided that J(y) < oo for
ally €T.

The condition in Theorem is not tight, however, due to information structure and measurability aspects.

Example 10.6. Consider 2 = [0, 1] and let P be the uniform distribution on {2, with N = 2, U* = U? = [1,2]. Let:

c(w, u', u®) = 1uepo0.0) ((Ul —2)® + (v — 2)2) + liwe(0.9.1]} (\/1 +ul 1+ U2)

Now, suppose further that I' = I? = nl(w) = n*(w ) = 1{ue[0,0.1)}- It follows that here the team problem is convex,
even though c(w, ut, u?) is not convex on {w : w € , 1]}, which has a non-zero probability measure. To see this, note
that one may view th1s optimization problem as J (uf, uy; uf, u3) where u} = ~*(w;), with w; = {w : w € [0,0.1)} and

we = {w : w € [0.1,1]}. It follows that

J(uf, ugiuf, ug) = Y 0.1(uj —2)% +0.8(ub — 2)* +0.1(y/uf + 1)

1=1,2

o

The Hessian of .J is a diagonal matrix with strictly positive entries, leading to the convexity of the problem.

k k

In the following, we will make use of the fact that u* <+ y* « {y =% w} form a Markov chain almost surely. Before
proceeding further, let us note that the join of two o-fields over some set X is the coarsest o-field containing both. The
meet of two o-fields is the finest o-field which is a subset of both. Let F? be the o-field generated by 1’ over 2, and let
Fe = F * be the meet of these fields, this is termed as common knowledge by Aumann [22] for finite probabilities
spaces. In addition, let 7 be the join of the o-field, denoted with F; = |, F k.

In the following, as earlier in the chapter, we assume that the measurement and the control action spaces are standard Borel.

An equivalent representation of the cost through iterated expectations. Let us express the expected cost under a given
measurable team policy 7 as follows. With the interpretation that P(u* € -|y*) =1 {uF =~k (y*)e-}» We obtain from the law
of the iterated expectations that

Elc(wp,u)] = F {E[c(wo, u)y]} (10.41)
Under any measurable policy, given y, u is specified. Thus, with

E(y Yt Y U,y 7UN) = E[c(wo,u)|y],

)

thatis é(y*,--- ,yN,ul, - uN) = <fP(dw0|y)c(w0,u1,~- ,uN)),thecostfunctionbecomesE[é(y1,~~- cyV ot u).

We will use this representation in the following.

Theorem 10.6.2 (i)If a team problem is convex, then

Ele(wo, w)|F]
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is convex in u almost surely.
(i) If
Elc(wo, w)|Fj]

is convex in u almost surely, then the team problem is convex on the set of team policies that satisfy J () < oo.

Proof. (i) We will show the contra-positive. Let B be a Borel set such that P(B) > 0, B € F,, and E[c(wp, u)|B] be
non-convex so that there exist u and u’ and A € (0, 1) such that

Elc(wo, Au + (1 — \u’)|B] > AE[c(wo, u)|B] + (1 — A) E[c¢(wo, u’)|B]

Now, let v and y be two team policies so that these only differ on B; and on B v = u and v = u’. Such measurable
policies exist, for example by taking (w) = {0,0,---,0} when w ¢ B. These policies are both Borel measurable and are
admissible given the information structure. Then

JMy 4+ (1 =X)7y) > AJ(y) + (1= N)J(7)
and convexity fails.

(i) We adopt the equivalent representation (I0.41) in this part of the proof. Note that under any measurable policy, the

random variable ¢(y!,--- 4™, ul, - ,u’V) is measurable on the o-field generated by y and thus the join o-field. The

proof then follows from the following. Consider two policies v and 7 with finite expected costs. It follows then that
JAy+ (1 =X)73)

= /P(d}’)é(ylw" AN MY = YY)+ (=207 )
< /P(dy)(ké(yl,m AN A AN WY)

N A Y, mN<yN>>)

=AM+ 1 -A)J(7)

<&

It can be observed that Example [T0.6] satisfies the conditions of Theorem [10.6.2] These conditions will also be used to
study Witsenhausen’s counterexample [325] later in the chapter.

A generalization of Radner and Krainak et. al.’s theorems

We provide a generalization of Radner’s or Krainak et al.’s theorem by utilizing an information structure dependent nature
of convexity. For example, Radner or Krainak et.al’s theorems are not applicable to Example [10.6]

Theorem 10.6.3 Let {J; I',i € N'} be a static stochastic team problem, the loss function E|c(wo,u)|F;] is convex and
continuously differentiable in u almost surely. Let v* € T be a policy N-tuple with a finite cost (J(v*) < o0), and suppose
that for every y € T such that J(7y) < oo, the following holds:

> E{Vuily, ) (W) = )]} = 0, (10.42)
ieN
where ¢(y,u) := Elc(wo, u)|F;]. Then, v* is a team-optimal policy, and it is unique if c(y,u) is strictly convex in u

almost surely.
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Proof. The proof follows by defining the new loss function:
&y, u) = Elc(wo, u)lfj]v

almost surely. The result then follows as in Theorem [10.3.1] o

Theorem 10.6.4 Let {J;I"",i € N} be a static stochastic team problem which satisfies all the hypotheses of Theo-
rem[10.6.3) with the exception of inequality (I0.42). Instead of (10.42)), let either (c.5) or (c.6) be satisfied with ¢ replaced
with ¢. Then, if v* € T is a stationary policy it is also team optimal. Such a policy is unique if E[c(wo, u)|F;] is strictly
convex inu, a.s.

Proof. The proof follows by defining the new loss function ¢ as in the proof of Theorem and following Theorem
1032 o

10.6.2 Convexity of Sequential Dynamic Teams
Convexity of the reduced model

The static reduction of a sequential dynamic team problem, if exists, is not unique. However, the following holds: Either all
of the static reductions are convex or none is. This holds under a minor technicality for quasi-classical patterns. Here, first
the information is to be expanded to allow for control sharing. Thus, we can state that a stochastic dynamic team problem
with a static reduction is convex if and only if its static reduction is.

Non-convexity of the Witsenhausen counterexample and its variants. Consider the celebrated Witsenhausen’s coun-
terexample [325]: This is a dynamic non-classical team problem with y' and w' zero-mean independent Gaussian
random variables with unit variance and u! = ~!(y!), u? = ~2%(u! + w!) and the cost function c(w,u’,u?) =
k2 (y! — u')? + (u! — u?)? for some k > 0: The static reduction is given in .

Another interesting example is the point-to-point communication problem: Here, the setup is exactly as in the Witsen-
hausen’s counterexample, but c(w, u', u?) = k?(u')? + (y' — u?)?. This problem is a peculiar one in that, even though the
information structure is non-classical, and is non-convex; an optimal encoder and decoder is linear. A proof of this result
builds on information theoretic ideas, such as the data-processing inequality (see Chapters 3, 11 in [[349] for a detailed
account). In this case, the reduction (I0.30) writes as:

/(k(ul)2 + (y' = u?)*)Q(dy" )y (dutly" )y (du®|y?) P(dy?[u')

(y* — u')dy?

-/ ((k(ul)? 0t = PIQU Y oty ) T )Q(dy1>cz<dy2>

(10.43)

Consider the static reduction of Witsenhausen’s counterexample and the Gaussian signaling problem (10.39)-(10.43). For
both d10.39b and d10.43]), using the fact that e~ is not a convex function, we recognize that this problem is not convex by
Theorem 1) (with the common knowledge/information being the trivial o-algebra consisting of the empty set and its
complement).

We note that Witsenhausen states without proof in [325] (p. 134) that the counterexample is non-convex in ' for every
optimal v? (selected as a best response to y!). The discussion above can be viewed as an explicit proof for this result. Note
also that for both problems above, linear policies contain person by person optimal policies, but this does not imply global
optimality. For the first problem, Witsenhausen had shown the suboptimality of linear policies. For the second problem
(10.43), however, linear policies are indeed optimal.
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Partially nested information structures: Convexity of the reduced model

As reviewed earlier, an important information structure which is not nonclassical, is of the partially nested type. For such
team problems with partially nested information, a static reduction exists under certain invertibility conditions as discussed
earlier. For such problems, the cost function is not altered by the static reduction. This leads to the following result.

Theorem 10.6.5 Consider a partially nested stochastic dynamic team which admits a static reduction where the cost func-
tion ¢(wg, w) convex in . If the information structure is expanded to also include control sharing whenever measurements
are shared under the partially nested information structure, then the team problem is convex.

See [351]. We note that Ho and Chu [171]] established this result that for the special setup involving the partially nested
LQG teams. In this case, optimal policies are linear through an equivalence to static teams.

10.6.3 Symmetric Team Problems: Optimality of Symmetric Policies

If a team problem, static or dynamic, is convex and symmetric (i.e., exchangeable; meaning that any permutation of DM
policies does not alter the induced expected cost), then an optimal team policy can be taken to be symmetric across agents
without loss.

In the absence of convexity, one can only show exchangeability of an optimal team policy [278-280].

10.7 The Strategic Measures Approach to Decentralized Stochastic Control

For classical stochastic control problems, strategic measures were defined (see [284], [253[], [117] and [124]) as the set
of probability measures induced on the product (sequence) spaces of the states, measurements, and actions; that is, given
an initial state distribution and a policy, one can uniquely define a probability measure on the product space of the states,
measurements, and actions. Certain measurability, compactness, and convexity properties of strategic measures for classical
stochastic control problems were studied in [49,/117.[124}253]).

In [351], strategic measures for decentralized stochastic control problems were introduced and many of their properties
were established. For decentralized stochastic control problems, considering the set of strategic measures along with com-
pactification and/or convexification of these sets of measures through introducing private and/or common randomness al-
low one to place operationally flexible topologies (such as those leading to a standard Borel space, e.g., weak convergence
topology, among others) on the set of strategic measures, as we will study in the following.

10.7.1 Measurable policies as a subset of randomized policies and strategic measures

A common method in control theory is to view a measurable policy as a special case of relaxed policies where relaxation
is often employed by randomization. Such an approach has been ubiquitously adopted in various fields often with different
terminology (e.g., relaxed controls (Young topology) in optimal deterministic control [224]] [340|], distributional strategies
in economics [238]] [230]], local hidden variables in quantum information theory etc.)

We recall here the following representation result [56]. Let X, Ml be Borel spaces. Let the notation P(X) denote the set of
probability measures on X. Consider the set of probability measures

0 :={( € P(X x M) : {(dz,dm) = P(dz) Q' (dm|z), Q7 (-|z) = L{jw)e}. f : X = M},

on X x M having fixed input marginal P on X and the stochastic kernel from X to M is realized by some measurable
function f : X — M. We equip this set with weak convergence topology. This set is the (Borel measurable) set of the
extreme points of the set of probability measures on X x M with a fixed marginal P on X. For compact M, the Borel
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measurability of © follows from [251] since the set of probability measures on X x M with a fixed marginal P on X
is a convex and compact set in a complete separable metric space, and therefore, the set of its extreme points is Borel
measurable. Moreover, the non-compact case holds by [56, Lemma 2.3]. Furthermore, given a fixed marginal P on X, any
stochastic kernel @) from X to M can be identified by a probability measure { € P(6) such that

Q(|2) = / £(dQT) Q' (). (10.44)
e
In particular, a stochastic kernel can thus be viewed as an integral representation over probability measures induced by
deterministic policies.

For a team setup, for any DM £, let
B {C eP(YF x UM ¢=PQ",
k
@ (1) = Lmrer ot € TH RO = PO €

For a static team, P, would be fixed; that is, independent of the policies of the preceding DMs. Therefore, in static case, in
view of (E.4), any element ¢ € P(Y* x U*) with fixed marginal P;, on Y* can be expressed as the mixture of OF

((A)= [ £dQ)Q(A), AeB(Y*xTU"), (10.45)
@k

for some & € P(O%). In the sequel, we generalize this idea to the set of strategic measures induced by measurable policies
and define various relaxed policies that are obtained as a mixture of measurable policies. Indeed, instead of viewing V-
tuple of policies as the joint strategy of DMs, we regard the induced probability distribution on the product space of state,
measurements, and actions as the joint strategy and name it strategic measure.

10.7.2 Sets of strategic measures for static teams

Consider a static team problem defined under Witsenhausen’s intrinsic model. In the following, B = B x Hff:l (A* x BF)
are used to denote the cylindrical Borel sets in 2y x ngl (YF x UF).

Let La(u) be the set of strategic measures induced by all admissible measurable policies with (wg,y) ~ pu; that is,

PeLs(p)C P(QO X ngl(Yk X [Uk)> if and only if

N

P(B) :/ ,u(dwo,dy) 1 wuk =~k (yk kY, (10.46)
o[ b g {ub=yk(yk)eBk}

for all cylindrical B € B (QO x TTn, (YF x U’“)), where v € I'* for k = 1,...,N. Let La(u,7) be the strategic
measure under a particular strategy v € T'.

The first relaxation is obtained via individual randomization of policies. Namely, let Lz (1) be the set of strategic measures
induced by all individually randomized team policies where wg,y ~ u; that is,

Lg(p) = {P € 7’(% X ﬁ(Yk X U’“)) : P(B) =/B (dwo, dy) ﬂ " (duly") }

k=1
where IT" takes place from the set of stochastic kernels from Y* to U* foreach k = 1,..., N.

Another relaxation, which is stronger than the former one, is obtained by taking the mixture of the elements of L 4 (u). To
this end, define 7 = [0, 1]". We then let
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N
Lo(p) = {P € 77(90 x JT v % U’f)) :P(B) = /n(dz)LA(u71(z))(B), n € P(T)},

k=1
where (z) denotes a collection of team policies measurably parametrized by z € 7 so that the map La(u,7(-)) : T —

L 4(w) is Borel measurable as L 4 () is a Borel subset of P <.QO X H oy (YF x UK )) under weak convergence topology
(as we will see in Theorem [10.10)).

Let Log denote the set of strategic measures that are induced by some fixed but common independent randomness and
arbitrary private independent randomness; that is,

Ler(p) = {PEP(QOXH xruk)>;

k=1

PB) = [ ataz)utaen, dy) [Tl .
x k

where IT* takes place from the set of stochastic kernels from Y* x 7" to U* for each k = 1,..., N. Here, the common
randomness 7 is fixed.

Let Loo g denote the set of strategic measures that are induced by some arbitrary but common independent randomness
and arbitrary private independent randomness, as in L (); that is,

Lecr(p) = {PEP(QO x ﬂ XUk)) .

k=1

P(B) = [ (el dy) [T @1y, 2) m e Pm},
X k

where IT* takes place from the set of stochastic kernels from Y* x 7" to U* for each k = 1,..., N. Here, the common
randomness 7) is arbitrary, unlike Lo g (). The following result, essentially from [351]], states some structural results about
above-defined sets of strategic measures. In particular, it establishes convexity related properties of these sets.

There also exist further convex relaxations: Quantum Relaxations, Non-Signaling Relaxations and Local-Markov Relax-
ations. We do not discuss these in these notes.

Theorem 10.7. Consider a static team problem. Then, we have the following characterizations.
(i) Lr(p) has the following representation:

N
Lr(p) = {P € P(QO x JT (v % Uk)> : P(B) = /U(dz)LA(u,l(z))(B),

k=1

UeP@),U(dv,- - ,dvy) = an(dvk)mk € P([o, 1])};

that is, U € P(Y) is constructed by the product of N independent random variables on [0, 1].

(it) Lo(n) = Leor(p) and this is a convex set. The set of extreme points of Lo (u) is La(w). Furthermore, Lr(u) C
Le(p).

(ii1) We have the following equalities:

inf J(7) = inf / P(ds)e(s) = inf / P(ds)e(s) = inf / P(ds)e(s).

yel PeLA(p PeLr(p) PeLc(p)

In particular, deterministic policies are optimal among the randomized class. In other words, individual and common
randomness does not improve the optimal team cost.
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(iv) The sets Lr(u) and Lo r(p) are not convex. In particular, the presence of independent or (fixed) common randomness
does not convexify the set of strategic measures.
(v) Lr(p) and Lo (p) are not necessarily weakly closed.

10.7.3 Sets of strategic measures for dynamic teams in the absence of static reduction

Note that if the dynamic team setup admits a static reduction (in particular independent static reduction), then one can
define strategic measures by considering equivalent static problem and characterize the convexity properties of the set of
strategic measures, as done in the previous section. In this section, we suppose that dynamic team does not admit a static
reduction. Let p be the distribution of wg. Recall that in dynamic setup, the distribution of measurements y is not fixed
as opposed to the static case. In this case, we present the following characterization for strategic measures in dynamic
sequential teams. Let, for alln € N,
hn = {w07 y17 u17 ) yn717 unilv yn’ un},

and pp, (dy"|hp—1) := P(dy™|hn,—1) be the transition kernel characterizing the measurements of DM n according to the
intrinsic model. We note that this may be obtained by the relation:

pn(yn € '|0J07yl’u1, e 7yn—1’un—1)

= P(ni(w,u[l’i_”) c. w07y17u17. . 7:l/n—17,u/n—1)

= P(Qn(WOawnvulv"' ,unil) S

wo,yt ut, ,y“l,u“). (10.47)

Note that once a policy is fixed, p,, (dy™|h,—1) represents the conditional distribution of y™ given the past history h,_1.
Let L4 () be the set of strategic measures induced by measurable policies and let Lz (1) be the set of strategic measures
induced by individually randomized policies for the dynamic team. We have the following characterizations of L 4 (u) and
L () that are quite useful when establishing the closedness of these sets.

Theorem 10.8 ( [351}, Theorem 2.2]). Consider a dynamic team problem that does not admit a static reduction. Then, we
have the following characterizations.

(i) A probability measure P € P (QO X HkN:1 (Y* x Uk)) is a strategic measure induced by a measurable policy (that is

in La(p)) if and only if, for everyn = 1,..., N, we have

[ Py ) = [ Pl ( /. g(hn_l,apn(dzmn_l))

and

/P(dhn) g(hnfhynvun) = /P(dhnflvdyn) (/ g(hnflaynaa) 1{'y"(y”)€da}>v

for all continuous and bounded function g with appropriate arguments, where P(dwg) = u(dwg) and v™ € T'™.
(i) A probability measure P € P (QO X chvzl (Y* x Uk)> is a strategic measure induced by a individually randomized

policy (that is in Lr(w)) if and only if, for everyn = 1,... N, we have

/ P(dhy1,dy"™) g(hn1,y") = / P(dhy ) ( / g(hn_l,z>pn(dz|hn_1>> (10.48)
and

/P(dhn)g(hn_l,y",u") :/P(dhn_l,dy”) </ g(hn_l,y”,a”)ﬂn(da”|y”)> (10.49)
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Sor all continuous and bounded function g with appropriate arguments, where P(dwg) = u(dwg) and II™ is a stochastic
kernel from Y™ to U™.

Remark 10.9. A result similar to Theorem can also be stated for the dynamic case, in particular with regard to L 4 (u)
being the set of extreme points of the convex hull of Lz (11). The reader is referred to [351, Theorem 2.3] which essentially
establishes this; see also [[123], Theorem 1.c] for related discussions.

A celebrated result in economics theory, known as Kuhn’s theorem [[199]], notes that the convex hull of admissible (i.e.
those in L 4 (1)) strategic measures (hence L¢(p)) is equivalent to L (1) when the information structure is classical. We
can thus state that this does not apply in the absence of classical-ness, as Lg (1) would not be convex (if the information
structure is not classical, then convexity fails [351, p.12]), but the convex hull of admissible policies is, by definition,
convex; but the convex hull of L (p) is Lo ().

10.7.4 Measurability properties of sets of strategic measures

As noted earlier, the set L 4 (y) is a Borel subset of P (£29 x [T, (Y* x U*)) under weak convergence topology. The same
is true for Lz (), which is stated in the following theorem. This result will be crucial in the analysis to follow.

Theorem 10.10 ( [351, Theorem 2.10]). Consider a sequential (static or dynamic) team.

(i) The set of strategic measures Lg(u) is Borel when viewed as a subset of the space of probability measures on
2y % H,JLI(Y’“ x U¥) under the topology of weak convergence.

(ii) The set of strategic measures L () is Borel when viewed as a subset of the space of probability measures on
2 X ]_[,CJ\[:l(Y{"C x U¥) under the topology of weak convergence.

For further properties of the sets of strategic measures, see [351]].

10.8 Existence of Optimal Solutions

The following theorem states a general existence result for static teams and for dynamic teams admitting static reduction.
Its proof depends on Weierstrass Extreme Value Theorem.

Theorem 10.11. Consider a static team or the static reduction of a dynamic team with c denoting the cost function. Let
¢ be lower semi-continuous in u for every fixed wo,y and Lr(p) or Lo(p) be a compact set under weak convergence
topology. Then, there exists an optimal team policy. This policy can be chosen deterministic and hence induces a strategic
measure in L a(p).

Remark 10.12. Since the cost function ¢ in independent static reduction of a dynamic team also depends on the measure-
ments y, we include y as an argument to the cost function c in the previous theorem.

Theorem 10.13. [346| Theorem 5.2] Consider a static or a dynamic team that admits an independent static reduction.
Let ¢ be lower semi-continuous in u for any wy,y. Suppose further that U' is c—compact (that is, U' = U, K,, for a
countable collection of increasing compact sets K,,) and, without any loss, the control laws can be restricted to those with
E[¢'(u')] < M for some lower semi-continuous ¢' : U' — R, which satisfies lim,, o inf,: ¢K, ¢ (u?) = oc. Then, an
optimal team policy exists.

Remark 10.14. Building on [351, Theorems 2.3 and 2.5] and [152] p. 1691] (due to Blackwell’s theorem on irrelevant
information [48}51]], [349, p. 457]), an optimal policy, when exists, can be assumed to be deterministic.
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So far, we presented existence results for static or dynamic teams that admit independent static reduction. In the following,
we present existence results for teams that do not admit independent static reduction.

Theorem 10.15. /351 Theorem 2.9] Consider a sequential team with a classical information structure with the further
property that o(wo) C o(yt) (under every policy, y* contains wy). Suppose further that Hi}vzl U* is compact. If c is lower
semi-continuous and each of the kernels p,, (defined in ) is weakly continuous so that

/ FW™) pa(dy™|wo, vty ..y Hut - Ju (10.50)

is continuous in wo,y", -, y" "L ul, - u™! for every continuous and bounded f, then there exists an optimal team

policy which is deterministic.
A further existence result along similar lines, for a class of static teams, is presented next.

Theorem 10.16. [346| Theorem 5.6] Consider a static team with a classical information structure (that is, with an ex-
panding information structure so that o(y™) C o(y"*1),n > 1). Suppose further that ngl(Yk x U*) is compact.
If

5(y17"' 7yN7u1a"' 7uN) = E[C(w07u)|yau]

is lower semi-continuous in u for every 'y, then there exists an optimal team policy which is deterministic.

Remark 10.17. The power of this last result may first seem limited. However, some reflection leads to the conclusion that,
in the continuous-time theory of stochastic control, a related but not identical argument has remarkable consequences. If
one makes the measurements independent via a change of measure argument, as in Girsanov’s celebrated argument, so
that the information structure is first made static, and then makes the information structure classical by considering the
actions at time ¢ measurable on the filtration generated by the past noise processes and actions up to time ¢; the proof of
Theorem|10.16|can be slightly adapted to show that such a set of measurement-action measures (with fixed marginal on the
measurements) that satisfy conditional independence g 4 <> Y[o,s] <> Ys — Yz is weakly closed (these are known as wide-
sense admissible control policies). Furthermore, the value is continuous in this joint measure on {(u,y)s, s € [0, 7]} and
this set of measures is tight. These lead to the compactness-continuity conditions and accordingly an existence result for
optimal policies follows. Furthermore, by showing that the set of {(u, y)s, s > 0} measures which have quantized support
in the measurement variable are dense, one can show also that piece-wise constant control policies are nearly optimal. This
allows one to approximate a continuous-time process with a (sampled) discrete-time process and the machinery developed
earlier in the lecture notes are applicable. This approach is the essence of Kushner’s method [203]], though stated somewhat
differently.

10.8.1 Some Applications and Revisiting Existence Results for Classical (Single-DM) Stochastic Control
Witsenhausen’s counterexample with Gaussian variables

Consider the celebrated Witsenhausen’s counterexample [325]] as depicted in Figures [10.3] and [I0.2} This is a dynamic
non-classical team problem with y! and w! zero-mean independent Gaussian random variables with unit variance and
ul = y(yl), u? = y2(u! + w') and the cost function c(w,ut,u?) = k(y* — u')? + (u! — u?)? for some k > 0.
Witsenhausen’s counterexample can be expressed, through a change of measure argument (also due to Witsenhausen) as

in (10.39).

Since the optimal policy for v2(y?) = E[u'|y!] and E[(E[u'|y'])?] < E[(u!)?], itis evident with a two-stage analysis (see
[152] p. 1701]) that without any loss we can restrict the policies to be so that E[(uz)2] < M for some finite M, fori =1, 2;

this ensures a weak compactness condition on both 4! and 42. Since the reduced cost | (k(u'—y')?+(ut —u?)?) W)

n(y?)
is continuous in the actions, Theorem |10.13|applies.
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Existence for partially observable Markov Decision Processes (POMDPs)

Consider a partially observable stochastic control problem (POMDP) with the following dynamics.

Ti41 = f(fﬂt, Utawt)a Yt = g(xtavt)'

Here, x; is the X-valued state, u; is the U-valued the control, y; is the Y-valued measurement process. In this section, we
will assume that these spaces are finite dimensional real vector spaces. Furthermore, (w;, v;) are i.i.d noise processes and
{w;} is independent of {v, }. The controller only has causal access to {y; }: A deterministic admissible control policy I7 is
a sequence of functions {~y; } so that u; = v(y[o,4; u[o,+—1])- The goal is to minimize

T
EH[ (e, ug)],

I
-

I
=)

for some continuous and bounded ¢ : X x U — R;..

Such a problem can be viewed as a decentralized stochastic control problem with increasing information, that is, one with
a classical information structure.

Any POMDP can be reduced to a (completely observable) MDP [352], [262f], whose states are the posterior state distribu-
tions or beliefs of the observer. A standard approach for solving such problems then is to reduce the partially observable
model to a fully observable model (also called the belief-MDP) by defining

7 (A) := P2t € Alyo,4, ujo,t—1)), A € B(X)

and observing that (7, u;) is a controlled Markov chain where 7, is P (X)-valued with P (X) being the space of probability
measures on X under the weak convergence topology. Through such a reduction, existence results can be established by
obtaining conditions which would ensure that the controlled Markovian kernel for the belief-MDP is weakly continuous,
that is if [ F(my41)P(dmq1|m = 7, u, = u) is jointly continuous (weakly) in 7 and u for every continuous and bounded
function F' on P(X).

This was studied recently in [[128, Theorem 3.7, Example 4.1] and [[184] (see also [73] in a control-free context). In the
context of the example presented, if f(-,-,w) is continuous and g has the form: y; = g(z:) + v, with g continuous and
w; admitting a continuous density function 7, an existence result can be established building on the measurable selection
criteria under weak continuity [[165 Theorem 3.3.5, Proposition D.5], provided that U is compact.

On the other hand, through Theorem[T0.16] such an existence result can also be established by obtaining a static reduction
under the aforementioned conditions. Indeed, through (10.31)), with 1 denoting the density of v,,, we have P(y,, € Blz,) =
Jzn(y — g(xy))dy. With 1 and g continuous and bounded, taking y" := yn, by writing Tp11 = f(Zn, Un, wn) =
F(f (1, Upn—1,Wn_1), Un,wy), and iterating inductively to obtain

Tnt1 = hn(‘r07 Ujo,n—1]s W[O,n—l])7

for some h,, which is continuous in ujy ,, 1) for every fixed zg, w[o,,—1}, one obtains a reduced cost (10.31) that is a contin-
uous function in the control actions. Theorem[I0.16]then implies the existence of an optimal control policy This reasoning
is also applicable when the measurements are not additive in the noise but with P(y, € Blz, = x) = [z m n(dy)
for some m continuous in = and 7 a reference measure.

Revisiting fully observable Markov Decision Processes with the construction presented in the chapter

Consider a fully observed Markov decision process where the goal is to minimize

T
EH[ (xt7ut)]7

t

I
—_

I
=)
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for some continuous and bounded ¢ : X x U — R. Suppose that the controller has access to x[g 41, u[o,;—1] at time ¢. This
system can always be viewed as a sequential team problem with a classical information structure. Under the assumption
that the transition kernel according to the usual formulation, that is P(dz1|zo = z,uo = u) is weakly continuous (in
the sense discussed in the previous application above), it follows that the transition kernel according to the formulation
introduced in is also weakly continuous by an application [287, Theorem 3.5]. It follows that when U is compact,
and hence the existence of an optimal policy follows. A similar analysis is applicable when one considers the case where
P(dz1|zg = x,ug = u) is strongly continuous in u for every fixed state = and the bounded cost function is continuous
only in w (this is another typical setup where measurable selection conditions hold (see Assumptions[5.2.Tand [5.2.2))).

10.9 Approximation of Optimal Solutions via Finite Approximations

In this section, we consider the finite approximation of static team problems. Since results of this section can also be applied
to static reduction of dynamic teams, we suppose that the cost function c also depends on the measurements y (which is
not the case in the original problem formulation). Recall that, in the independent static reduction of a dynamic team, the
reduced cost function c; is a function of wy, u, and y. To obtain finite approximation result, the following assumptions are
imposed on the components of the model.

Assumption 10.9.1 (a) The cost function c is continuous in (u,y) for any fixed wy. In addition, it is bounded on any
compact subset of 2y X Hszl(Y’“ x Uk).

(b) For each k, U* is a closed and convex subset of a completely metrizable locally convex vector space.
(c) For each k, Y* is locally compact.

(d) For any subset G o N: UF, the function wg(wo,y) = sup c(wo, ¥y, ) is integrable with respect to
k=1 ueG
w(dwo, dy), for any compact subset G of HIICV:1 U* of the form G = H,ivzl G*.
(e) For any v € T with J(v) < oo and each k, there exists ub* e U* such that J(l_k,’yfjk,*) < oo, where 75,“ =

In what follows, for any subset G’ of chvzl U*, we let

FG:Z{'yEF:'y(l]_V[Yk) CG}

k=1

and I'. ¢ := I'.NT'q, where I'; denotes the set of continuous strategies. Using these definitions, let us define the following

set of strategic measures for any subset G of H,Icvzl Uk:

LG (w)

N
= PELA(ILL):P(B):/ u(dw ,dy) 1eykmnk(yh k1, ’Yerg}.
{ o], A+ 0 kl;[l {uF=AF(y*)eB*} L

Let Li’c( 1) denote the set of strategic measures in LG (1) induced by continuous policies.

The following result states that, there exists a near optimal strategic measure whose support on the product of action
spaces Hszl UF is convex and compact (and thus bounded) subset G of it, and conditional distributions of actions given
measurements are induced by continuous policies.

Proposition 10.18. Suppose Assumption|10.9.1|holds. Then, for any € > 0 there exists a compact subset G of Hivzl U* of
the form G = Hivzl G?, where each G* is convex and compact, such that

inf / P(ds) c(s) < J* + <.
(w)

peLS§°
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Given any strategic measure, using Assumption [10.9.1}(e) and the fact that every measure on a Borel space is tight [249]
Theorem 3.2], one can construct a strategic measure in L 4 (1) whose support on the product of action spaces is convex
and compact and whose cost is €/2-close to the cost of the given strategic measure. For the new strategic measure, since
it has a convex and compact support on the product of action spaces, using Lusin’s theorem [111, Theorem 7.5.2], we
can construct a strategic measure induced by continuous policies whose cost function is €/2-close to the cost of bounded
support strategic measure. We can complete the proof by combining these two results.

Since each Y' is a locally compact separable metric space, there exists an increasing sequence of compact subsets { K}
such that K} C int K}, and Y* = [J,2, K [4, Lemma 2.76], where int D denotes the interior of the set D.

Let d; denote the metric on Y. For each [ > 1, let Yf’n = {vi1,..- ¥, } C K beanl/n-netin K/. Recall that if

f,n is an 1/n-net in Kli, then for any y € Kli we have

1
min d;(y,z) < —.
zEY;m’ n

For each [ and n, let qf’n K — Y?,n be a nearest neighborhood quantizer given by

qli,n(y) = arg mln dz(% Z);

z€Y;

where ties are broken so that g/ ,, is measurable. If K] = [-M, M] C Y* = R for some M € R, the finite set Y can
be chosen such that g} ,, becomes a uniform quantizer. We let Q? , : Y — Y?  denote the extension of ¢} ,, to Y* given by

Qi (y) — qli,n(y)v ify € Kli7
bn Yi.0 otherwise,

where y; o € Y? is some auxiliary element.

Define I'},, = I'" 0 Q;,, C I'*; thatis, I, is defined to be the set of all strategies 3* € I"* of the form 5* = 0 Q] ,,,
where 77 € I'’. Define also Ty ,, == [}, I}, C T Note that, forany i = 1,..., N, I}, is the set of policies for DM i

which can only use the output levels of the quantizer Qf,n. In other words, in addition to measurement channel g*(dy*|wo)

between DM i and the Nature, there is also an analog-to-digital converter (quantizer) between them.
Using these definitions, let us define the following set of strategic measures for any / and n:
l,n
L ()
N
= {P € La(p): P(B) = / o ldwo,dy) [] Lewrmrrwrrenrys 7 € rl,n}.
BOx Hk:1 A¥ k=1

The following theorem states that an optimal (or almost optimal) strategic measure can be approximated with arbitrarily
small approximation error for the induced costs by strategic measures in Lf;x” (w) for sufficiently large [ and n.

Theorem 10.19. [274] For any € > 0, there exist (I,n(l)), a compact subset G of Hszl U of the form G = Hivzl el

where each G* is convex and compact, and P € Li’ln(l) (w) N LG (1) such that

/P(ds) c(s) < J" +e

For each (I,n), we define a team model with finite measurement spaces. We prove that, for sufficiently large [ and n,
optimal strategic measure of the team model corresponding to (I, n) will provide a strategic measure to the original team
model which is nearly optimal.
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To this end, fix any (I, n). For the pair (I, n), the corresponding finite measurement team model has the following measure-
ment spaces: Z; ,, = {¥i,0,Yi,1,- - - Yii,, | (i-e., the output levels of Q; ), i € N. The stochastic kernels 9i.n( lwo) from
{2 to Zin denotes the measurement constraints and given by:

il,n

gin(-len) = g(S;7 Iwo) by, 5 (),

j=0

where Sf;’ = {y €Y':Q},(y) = vi;} Indeed, i, (- |wo) is the push-forward of the measure g*( - |wo) with respect to
the quantizer Q); .

Let ), == {¢" : Zj , — U’,¢" measurable} denote the set of measurable policies for DM i and let ®; ,, = 1Y, &

In Ln®

The cost of this team model is J; ,, : ®;,, — R, and defined as
Tin(@) = [  clwo,ysw) Pua(duo, dy),
where ¢ = (¢',...,¢"), u= ¢(y), and

N
P, ,(dwo, dy) = P(dwy) Hgf,n(dyﬂwo) = pyn(dwo, dy).

i=1
For any compact subset G of ngl U*, we also define <I>fn ={p e P, Q(Hi\;l Z;n) C G}.

In order to obtain the approximation result, we need to impose the following additional assumption.

Assumption 10.9.2 For any compact subset G of ngl U* of the form G = Hfil G', we assume that the function wg is
uniformly integrable with respect to the measures {u, ,, }; that is,

lim sup/ wg(wo,y) dpin = 0.
{we>R}

R— o0 In

Note that Assumption[T0.9.1}(d),(e) hold if the cost function is bounded. Indeed, conditions in Assumption[I0.9.T]are quite
mild and hold for the celebrated counterexample of Witsenhausen.

Theorem 10.20. [274] Suppose Assumptionsand hold. Then, for any £ > 0, there exists a pair (I,n(l)) and
a compact subset G = Hi\il G of Hiv=1 U* such that an optimal (or almost optimal) strategic measure P> in the set
TS (bu,nqy) for the (1,n(1)) team is e-optimal for the original team problem when P s extended to 2 x HkN:1 (YkxTU¥)
via quantizers Q’lb,n(l)’. that is,

N

Pel),(n(l)(.) = /u(dwo,dy) H 1{uk=,kaQZc."(l>(yk)E.}
: k=1 '

where

N
pPr(B) = /Ml,n(l)(dwo’dY) || S
: k=1
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10.10 Dynamic Programming and Centralized MDP Reduction Approaches to Team Decision
Problems

10.10.1 Dynamic programming approach based on Common Information and a Controlled Markov State

In a team problem, if all the random information at any given decision maker is common knowledge between all decision
makers, then the system is essentially centralized. If only some of the system variables are common knowledge, the re-
maining unknowns may or may not lead to a computationally tractable program generating an optimal solution. A possible
approach toward establishing a tractable program is through the construction of a controlled Markov chain where the con-
trolled Markov state may now live in a larger state space (for example a space of probability measures) and the actions are
elements in possibly function spaces. This controlled Markov construction may lead to a computation of optimal policies.

Such a dynamic programming approach has been adopted extensively in the literature (see for example, [|19]], [338], [87],
[3]], [342], and generalized in [241}[242])) through the use of a team-policy which uses common information to generate par-
tial functions for each DM to generate their actions using local information. Thus, in the dynamic programming approach,
a separation of team decision policies in the form of a two-tier architecture, a higher-level controller and a lower-level
controller, can be established with the use of common knowledge.

In the following, we present the ingredients of such an approach, as generalized in [242] and termed the common informa-
tion approach:

1. Elimination of irrelevant information at the DMs: In this step, irrelevant local information at the DMs, say DM k,
is identified as follows. By letting the policy at other DMs to be arbitrary, the policy of DM k can be optimized as
a best-response function, and irrelevant data at DM & can be removed.

2. Construction of a coordinated system: This step identifies the common information and local/private information
at the DMs, after Step 1 above has been carried out. A fictitious coordinator (higher-level controller) uses the
common information to generate team policies, which in turn dictates the (lower-level) DMs what to do with their
local information.

3. Formulation of the cost function as a Partially Observed Markov Decision Process (POMDP), in view of the coor-
dinator’s optimal control problem: A fundamental result in stochastic control is that the problem of optimal control
of a partially observed Markov chain (with additive per-stage costs) can be solved by turning the problem into a
fully observed one on a larger state space where the state is replaced by the “belief” on the state.

4. Solution of the POMDP leads to the structural results for the coordinator to generate optimal team policies, which
in turn dictates the DMs what actions to take given their local information realizations.

5. Establishment of the equivalence between the solution obtained and the original problem, and translation of the
optimal policies. Any coordination strategy can be realized in the original system. Note that, even though there is
no real coordinator, such a coordination can be realized implicitly, due to the presence of common information.

We will provide a further explicit setting with such a recipe at work, in the context of the k-stage periodic belief sharing
pattern in the next section. In particular, Lemma [[0.10.1)and Lemma [I0.10.2] will highlight this approach. When a given
information structure does not allow for the construction of a controlled Markov chain even in a larger, but fixed for all
time stages, state space, one question that can be raised is what information requirements would lead to such a structure.
We will also investigate this problem in the context of the one-stage belief sharing pattern in the next section.

k-Stage Periodic Information or Belief Sharing Pattern

In this section, we will use the term belief for a probability measure-valued random variable. This terminology has been
used particularly in the artificial intelligence and computer science communities, which we adopt here. We will, however,
make precise what we mean by such a belief process in the following.

As mentioned earlier in Chapter 6, a fundamental result in stochastic control is that the problem of optimal control of a
partially observed Markov chain can be solved by turning the problem into a fully observed one on a larger state space
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where the state is replaced by the belief on the state. Such an approach is very effective in the centralized setting; in
a decentralized setting, however, the notion of a state requires further specification. In the following, we illustrate this
approach under the k-step periodic belief sharing information pattern.

Consider a joint process {z;, y:,t € Z, }, where we assume for simplicity that the spaces where ¢, y; take values from
are finite dimensional real-valued or countable. They are generated by

1 L
i1 = f(@e,up, .0y, we),

Yp = g(xt,04),
where x; is the state, u% € U’ is the control action, (wy, vz, 1 < ¢ < L) are second order, zero-mean, mutually independent,

ii.d. noise processes. We also assume that the state noise, wy, either has a probability mass function, or a probability
measure with a density function.

Suppose that there is a common information vector Z; at some time ¢, which is available to all the decision makers. At
times ks—1, with & > 0 fixed, and s € Z, the decision makers share all their information: Z, | = {y[0,ks—1], U[o,ks—1]}
and for Z§ = {P(xo)}, that is at time 0 the DMs have the same a priori belief on the initial state. Hence, at time t, DM i
has access to {yj;, 4. Zf,_1}-

Until the next common observation instant ¢t = k(s+ 1) — 1 we can regard the individual decision functions specific to DM
ias {up = Vg (Y[s,4> Lis—1)}: We let v, denote the ensemble of such decision functions and let y denote the team policy.

It then suffices to generate -y for all s > 0, as the decision outputs conditioned on y[iks’t], under ! (yfksyt],Igs_l), can

be generated. In such a case, we can define v,(.,Z;, ;) to be the joint team decision rule mapping Z¢__, into a space of
action vectors: {7 (Yfy, s Zis—1):1 € L={1,2..., L}, t € {ks,ks + 1,... k(s +1) — 1}}.

Let [0,7 — 1] be the decision horizon, where T is divisible by k. Let the objective of the decision makers be the joint
minimization of

~

B Y el ud it uf),
t=0
over all policies y!,~?2, ..., v%, with the initial condition x( specified. The cost function
T—1
2l
JIO (l) = Eﬂ?o C($t, ut)
t=0
can be expressed as:
I
&
al _ _
‘]960 (1) = Eﬂ? [Z C(rys('azlis—l)’xs)]
s=0
with
k(s+1)—1
_ _ gl
6(78('7 ]25—1)3335) = Ei[ Z C(xtvut)]

t=ks
Lemma 10.10.1 [342] Consider the decentralized system setup above. Let I; be a common information vector supplied to

the DMs regularly every k time stages, so that the DMs have common memory with a control policy generated as described
above. Then, {Zs = xis,Vs(-, Lfs_1), s > 0} forms a controlled Markov chain.

In view of the above, we have the following separation result.

Lemma 10.10.2 [342|] Let I} be a common information vector supplied to the DMs regularly every k time steps. There is
no loss in performance if I7 | is replaced by P(Z|Z7,_,).
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An essential issue for a tractable solution is to ensure a common information vector which will act as a sufficient statistic
for future control policies. This can be done via sharing information at every stage, or some structure possibly requiring
larger but finite delay.

The above motivates us to introduce the following pattern.

Definition 10.10.1 %-stage periodic belief sharing pattern [342] An information pattern in which the decision makers
share their posterior beliefs to reach a joint belief about the system state is called a belief sharing information pattern. If
the belief sharing occurs periodically every k-stages (k > 1), the DMs also share the control actions they applied in the
last k — 1 stages, together with intermediate belief information. In this case, the information pattern is called the k-stage
periodic belief sharing information pattern.

Remark 10.21. For k > 1, it should be noted that, the exchange of the control actions is essential. o

The above generalize to models with standard Borel spaces [?], where weak Feller regularity are also obtained for the
reduced model. Accordingly, the numerical and learning theoretic results are applicable.

10.10.2 A Universal Dynamic Program

[346] considered the following topology on control policies, while developing a universal dynamic programming algorithm
applicable to any sequential decentralized stochastic control problem, generalizing Witsenhausen’s program [327] which
is tailored primarily for countable probability spaces.

Define

(1) State: Ty = {w07u17"' aut_17y1,"' 7yt}» 1<t< N.

(") Extended State: 7, € P(82y x [['_, Y* x [I'] U?) where, for Borel B € £, x [['_, Y’ x [['Z; UY,
T(B) i= B, [Liwo - wtsut o wt-1)eBy -

Thus, m; € P(2 X Hle Y¢ x HZ;} U?) where the space of probability measures is endowed with the weak
convergence topology.

(ii) Control Action: Given ¢, 4" is a probability measure in P ({2q x szl Y x szl U*) that satisfies the conditional
independence relation:
t ¢ 1 .1 t—1
u<—>yth:(w07y7"'7y;u7"'7u )

(that is, for every Borel B € U?, almost surely under 47, the following holds:
P(ut € B‘yta (w07y17 U 7Z~/t§U1» o 7ut_1)) = P(ut € Blyt)

with the restriction
Ty ~ T¢.

Denote with 1" (mr;) the set of all such probability measures. Any 4% € I'*(7;) defines, for almost every realization
y*, a conditional probability measure on U?. When the notation does not lead to confusion, we will denote the action
at time ¢ by v¢(du'|y'), which is understood to be consistent with 4.

(ii”)Alternative Control Action for Static Teams with Independent Measurements: Given 7, 4 is a probability measure
on Y* x U’ with a fixed marginal P(dy") on Y’ that is 7} (dy*) = P(dy"). Denote with I"* (") the set of all
such probability measures. As above, when the notation does not lead to confusion, we will denote the action at
time ¢ by v (du'|y?), which is understood to be consistent with 4. In particular, (y*, u?) is independent of (y*, u*)
for k #£ t.

With the control actions defined as in the above [346] developed a universal dynamic program for any sequential decen-
tralized stochastic control and established, as a corollary of the program, further existence results, one which is essentially
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identical to that presented in[10.13} but slightly more restrictive in that the cost function is assumed to be continuous in all
of its arguments.

Theorem 10.22. /346

(i) Under the kernel and controlled Markov construction presented, the optimal team problem admits a well-
defined backwards-induction (dynamic programming) recursion.

(ii) In particular, if the problem is independent static-reducible, actions are compact-valued and the cost function is
continuous, an optimal policy exists and the value function is continuous in the prior (that is, in the distribution of
primitive noise variables) under weak convergence.

Remark 10.23. The above construction is related to an interpretation put forward by Witsenhausen in his standard form
[327] where all the uncertainly is embedded into the initial state and the controlled system evolves deterministically.
Witsenhausen had considered only countable probability spaces for an optimality analysis.

Remark 10.24. The fully observed MDP setup can be viewed as a special case of the above. In this context, by Blackwell’s
theorem (Theorem [5.1.1)), we know that we can reduce the search space to policies that are Markov. In this case, the
optimality analysis via Bellman’s principle (Theorem5.1.3]) can be recovered via the Universal Dynamic Program.

10.11 Bibliographic Notes

We primarily followed [346]], [351]] and Chapters 2, 3, 4 and 12 of [349] for this topic. For a more complete coverage, the
reader may follow [349].

In the economics and game theory literature, information structures are also studied extensively. Stochastic team problems
are termed as identical interest games. In this literature, L (1) appears in the analysis of Aumann’s correlated equilibrium
[23]. Common and independent randomness discussions appear in the analysis of comparison of information structures
[216]. For further discussions, including a multi-stage generalization known as communication equilibria, see [[135]). For a
detailed treatment, we refer the reader to [230, p. 131].

10.12 Exercises

Exercise 10.12.1 Consider the following static team decision problem with dynamics:
r1 = axy + blué + b2u§ + wg,

y(% =0+ Uév

yg =0+ U%?
Here U(l), v%, wy are independent, Gaussian, zero-mean with unit variance.
Let 7' : R — R be policies of the controllers: u} = 7§ (yd), ud = 13 (v3).
Find L,

31117112 B} [27 + p1(up)? + p2(up)?),

where v is a zero-mean Gaussian distribution and p1, p2 > 0.
a) Find an optimal team policy v = {~',v*}.

b) When by = by and p1 = pa, can you conclude that an optimal solution will be identical for both Decision Makers?
See [278-280|] for further structural results on convex and exchangeable teams.
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Exercise 10.12.2 Consider the following team decision problem with dynamics:
Typ1 = axy + b1u% + bguf + wy,

1 1
Yy = Xy + 0y,

2 2
Yy =Tt + vy,

Here xq,v},vZ, w, are mutually and temporally independent zero-mean Gaussian random variables.
Let {~'} be the policies of the controllers so that ut = v (yd,ys, -+ ,yi) fori=1,2.

Consider:

T—1
. 1.2
min B [(Zw%+p1<ui>2+p2<u3>21) +x%}

v t=0
where p1, pa > 0.
Explain if the following are correct or not:
a) For T = 1, the problem is a static team problem.
b) For T = 1, optimal policies are linear.

c) For T = 1, linear policies may be person-by-person-optimal. That is, if v is assumed to be linear, then ~? is linear;
and if v is assumed to be linear then ~" is linear.

d) For T = 2, optimal policies are linear.

e) For T' = 2, linear policies may be person-by-person-optimal.

Exercise 10.12.3 Consider a common probability space (with a finite sample space §2) on which the information available
to two decision makers DM" and DM? are defined, such that I, is available at DM" and I is available at DM?.

R. J. Aumann [22]] defines that an information E is common knowledge between two decision makers DM" and DM?, if
whenever E happens, DM" knows E, DM? knows E, DM knows that DM? knows E, DM? knows that DM"* knows E, and
50 on.

Let (2 be finite. Suppose that one claims that an event E is common knowledge if and only if E € o(I) N o(I3), where
o(I1) denotes the o—field over §2 generated by information I, and likewise for o(I5).

Is this argument correct? Provide an answer with precise arguments. You may wish to consult [22|], [244]], [71|] and Chapter

12 of [349)].

Exercise 10.12.4 Let X be a binary random variable. Suppose two decision makers DM 1 and DM 2 have access to some
local random variables Y' and Y?, respectively, defined on a common probability space and correlated with X, and
exchange their conditional expectations over time. Suppose further that:

—  the information o-fields at each decision maker is increasing: Fi C F i i=1,2,teZ,.

— foralln € N, there exists m > n such that F, contains information on E[X |F}], i,j = 1, 2. That is, the decision
makers exchange their estimates (but not their raw data -Y" is private to DM i, © = 1, 2-) infinitely often.

State and rigorously justify your answers for the following:

a) [10 Points] Is there a limit for lim,, .o, E[X|FJ], j = 1,22 Either argue that the limit exists, or provide a counterex-
ample.

b) [10 Points] For the cases where the limit exists, is it the case that

lim E[X|F}] = lim E[X|F?Z
n—oo

n—oo
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Either prove the result, or provide a counterexample.

Hint: See [|65] (see also [140] and [307)])

Exercise 10.12.5 Consider a linear Gaussian system with mutually independent and i.i.d. noises:

L
Ti41 = Axt + Z Bjui + wy ,
Jj=1

yi=Clay+vl, 1<i<L, (10.51)
with the one-step delayed observation sharing pattern.
Construct a controlled Markov chain for the team decision problem: First show that one could have
L L
{ytla y1527 Y ,P(d$t|y[10,t71],y[207t71]7 e ay[o,tq])}
as the state of the controlled Markov chain.

Consider the following problem:

T-1
-
E;O[Z C(mtau%a T 7utLH
t=0
For this problem, if at time t > 0 each of the decision makers (say DM i) has access to P(dx; \y[lo 1] y[QO 1] y[%_t_l])

and their local observation yfo ot show that they can obtain a solution where the optimal decision rules only uses
1 2 L i .
{P(d‘rt|y[0,t71]7y[O,tfl]’ XX 7y[0,t71])’ Y}

What if, they do not have access to P(dxt|y[107t_1] , 9[20,15—1]7 e 7y[Loﬂf_l]), and only have access to yfoﬂ ? What would be a
sufficient statistic for each decision maker for each time stage?

Exercise 10.12.6 Two decision makers, Alice and Bob, wish to control a system:
Tit1 = axy + uy + uf + wy,

yf =zt Ug,
b b
yt = Tt + Ut7
where u, y& are the control actions and the observations of Alice, ul,y? are those for Bob and v, v?, w; are independent

zero-mean Gaussian random variables with finite variance. Suppose the goal is to minimize for some T € 7 :

T—1
a b
o [Z ) + (2],
t=0

forrq,m, > 0, where IT®, IT° denote the policies adopted by Alice and Bob. Let the local information available to Alice be
I¢ = {y* ul, s <t—1yU{ys}, and I} = {3°,ub, s <t — 1} U {y?} is the information available at Bob at time t.

Consider an n—step delayed information pattern: In an n—step delayed information sharing pattern, the information at
Alice at time t is

IrurI,,
and the information available at Bob is

rure .
State if the following are true or false:

a) If Alice and Bob share all the information they have (with n = 0), it must be that, the optimal controls are linear.
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b) Typically, for such problems, for example, Bob can try to send information to Alice to improve her estimation on the
state, through his actions. When is it the case that Alice cannot benefit from the information from Bob, that is for what
values of n, there is no need for Bob to signal information this way?

c) If Alice and Bob share all information they have with a delay of 2, then their optimal control policies can be written as
u? = fa(E[zt‘Iffl—Qa I;,)—Q]ﬂ y?—la yf)v

ug = fb(E[xt“’tanﬂ Iff2]v yf,l, yf)’
for some functions fq, fy. Here, E[.|.] denotes the expectation.
d) If Alice and Bob share all information they have with a delay of O, then their optimal control policies can be written as
u? = fa(E[xtugv If])7
ug = fo(BlaI{, 1Y),

for some functions fq, f,. Here, E[.|.] denotes the expectation.
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Controlled Stochastic Differential Equations

This chapter introduces the basics of stochastic differential equations and then studies controlled such equations. A com-
plete treatment is beyond the scope of these notes, however, the essential tools and ideas will be presented so that a student
who is comfortable with the discrete-time discussion thus far in the notes can realize that with a little additional effort
the continuous-time case can also be followed with ease. The reader is referred to e.g. [[15,|175,{181}204,248]] for more
comprehensive treatments on various aspects ranging from mathematical foundations, stability, optimal control, filtering,
and numerical methods.

Our approach here will primarily be to map the material presented so far in the notes to the continuous-time case, with the
understanding that the discrete-time theory is well understood. With X; an R-valued random variable for each t € R,
consider a stochastic process X;,t € R. Given a sufficiently regular function f suppose that we can define

lim Elf(Xn)|Xo =] — f(x)
h—0 h

= Af(z), z€R

for some map A (to be studied further). This means that E[f(X,)|Xo = z] = f(z) + Af(z)h + o(h), where O(:) — 0 as
h — 0. With ;(B) = E[l{x,ep}], for all Borel B, the above implies under mild conditions on A that

[ mtan i) /(/Afﬁ%w>@+/f/mw)

We will observe that the above can be viewed as a limit (as h — 0) of interpolations of the sampled (and thus discrete with
k € Z.) stochastic process

X(k—i—l)h :th+hb(th) +U(th)\/EZ (11.1)

where Z ~ N(0,1) and Af(z) = b(z) L f(z) + 1(o? (m))g L (). In the limit as h — 0, we arrive in some particular
sense (that of weak convergence of path valued random processes under the topology of uniform convergence over compact
sets), at the limit equation

dXt = b(Xt) —|— O'(Xt)dBt,
which is called a stochastic differential equation. Here, B; is the Brownian motion.

The discussion (11.1) also leads to the following chain rule: Let f(x,¢) be differentiable so that the operations to follow
are well-defined (e.g., twice continuously differentiable in x and continuously differentiable in ¢): Then, if we attempt to

write
0 0
Pt + )~ £t + St aw = gy + St W pwpn + o) Vhz)

what we observe is that in the last term af —dr = % (b(x)h+ o(x)v/hZ), when normalization by h is made, the expression
Vh h/h does not decay to zero and and the second derivative term appearing in the Taylor’s expansion, which would be

%% (dx)(dx), is non-negligible. Accordingly, a more appropriate expression is:
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2
Faeint+h) ~ 0+ ht a2 0 ) (aw)

leading to

of  of 102f

Fl@esn,t +h) ~ f(x,) + 5 -h+ 57 (hb(ze) + o(x)VhZ) + 29227 (x:)h2?

This essentially leads to 1t6’s formula to be studied. A number of technical questions will arise with respect to the notion of
convergence as i | 0 and the non-differentiability of the Brownian process B;. This model will be generalized, and there
will also be control entering the flow, e.g. via b(z, u) with u denoting the control term and possibly in o(-) as well.

We will restrict the model to certain systems, e.g. those driven by the Brownian process, though one can in principle study
more general models (the term multiplying o(Xy,) does not need to be a Gaussian measure and there exist many other
processes that can be considered.

We should note that the construction of a stochastic process on a continuous time interval, such as [0, 7] requires more
caution when compared with a discrete-time stochastic process, as we will observe. In this chapter, we will primarily be
concerned with controlled Markov processes X, each taking values in R™ for ¢t € [0,T] or ¢t € [0,00) and where the
integration term involves the Brownian process or semimartingale processes [|175]].

11.1 Continuous-time Markov processes

11.1.1 Two ways to construct a continuous-time Markov process

As discussed in Chapter 1 and Section[I.4] one way to define a stochastic process is to view it as a vector valued random
variable. This requires us to place a proper topology on the set of sample paths, to be discussed further below.

Another definition would involve defining the process on finitely many time instances: Let { X¢(w), t € [0, T} be stochastic
process so that for each ¢, X;(w) is an R™-valued random variable measurable on some probability space ({2, F, P). We
can define the o-algebra generated by cylinder sets (as in Chapter 1) of the form:

{we N: Xy, (w) € Ay, X, (w) € Ao, -+, X4 (w) € AN, A € B(R™), N € N}

By defining a stochastic process in this fashion and assigning probabilities to such finite dimensional events, Theorem|[[.2.3]
implies that there exists a unique stochastic process on the o-algebra generated by the sets of this form. However, unlike a
discrete-time stochastic process, in general, not all properties of the stochastic process are captured by finite dimensional
distributions of it and the o-field generated by such sets is not a sufficiently rich set of sets. For example the set of sample
paths that satisfy sup,c(o 1) | X¢(w)| < 10 may not be a well-defined event (that is, a set) in this o-algebra. Likewise, the
extension theorem considered in Theorem [I.2.2]requires a probability measure already defined on the cylinder sets; it may
not be possible to define such a probability measure by only considering finite dimensional distributions [332].

If a stochastic process has continuous sample paths, then by specifying the process on rational time instances will uniquely
define the process. Thus, if the process is known to admit certain regularity properties, the technical issues with regard to
defining a process on finitely many sample points will disappear.

11.1.2 The Brownian motion

Definition 11.1.1 A stochastic process B; is called a Wiener process or Brownian motion if (i) the finite dimensional
distributions of By are such that for any n € N and any sequence 0 < t1 < ty < --- ,t,, the collection of random variables
By, B, — By, , By, — By, _, are independent Gaussian zero mean random variables with By, — B; ~ N'(0,k — s),
and (ii) By has continuous sample paths.

Such a process exists and can be constructed as a limit of random walks as briefly suggested in Remark [TT.T|below. Going
back to the construction we discussed in the previous section, we can define the Brownian motion as a C'(]0, c0))-valued
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(that is, a continuous path valued) random variable: The topology on C(]0, o0)) is the topology of uniform convergence
on compact sets (this is a stronger convergence than the topology of point-wise convergence but weaker than the topology
of uniform convergence over R). This is in agreement with the finite dimensional characterization through which we could
define the Brownian motion.

Remark 11.1. [Why Brownian Motion?] The Gaussian property of the continuous limit process is universal in the sense
that, any continuous time process with sufficiently regular independent increments must be the Brownian process (via a
result known as Donsker’s theorem). In particular, even though typically in the construction of the Brownian motion (or
its existence), one considers Gaussian i.i.d. random increments and takes its limit; this is not necessary for the Gaussian
properties of the limit: Let { Z7, Zs, - - - , } be an i.i.d. random sequence with mean 0 and variance 1. For each n € N define
the random variable (with variance ¢ for each n € N):

Wn(t):i > Z, telo1l. (11.2)

This is a random function. By the central limit theorem, W, (¢) — N(0, t) (in distribution, that is weakly) for each t € R
and the same holds for any finite collection of time values. With this insight, one can also show that the path-valued random
variable converges weakly (where one needs to define an appropriate metric on the path-valued realization space, as the
elements of the sequence may not be continuous) to the standard Brownian motion. In this context, an appropriate topology
is the Skorokhod topology defined on the space of functions which are right continuous with left limits: Such a topology
defines a separable metric space [42].

For many interesting properties of the Brownian motion, the reader is referred to [252].

Remark 11.2 (Going beyond the Brownian motion). While the discussion above justifies the typical usage of the Brownian
motion for many stochastic integration models studied later in the chapter, one can consider more general processes (known
as semimartingales) for the analysis in the following sections to be applicable [175]]. Some applications may force one to
even be more general and consider driving signals that are to be studied under the theory of rough-paths [[136,221]], which
seeks to give a sample path sense meaning to stochastic integration, to be discussed further, as well as several robustness
properties to approximate models and continuity of solutions in the driving noise.

On White Noise
In many physical systems, one encounters models of the form

dr = (f(@e) +ue) + n,

dt
where n; is some noise process. In engineering, one would like to model the noise process to be white, in the sense that
ng, ng are independent for ¢t # s, and n, is zero-mean. We call such a process white, because the Fourier transform (and
thus the frequency spectrum) of the correlation function defined as R(7) = E[nin.y,] of such a process is a constant:
If the process is a discrete-time process with finite support, then this interpretation would be directly applicable since the
Fourier transform of a discrete-time impulse would be constant for all frequency values. For a continuous-time process,
however, if R(7) = E[ngns4,] = 0 for all 7 # 0, then a mathematical complication arises: If R(0) < oo, then this signal
has zero-energy and its Fourier transform would be identically 0. If R(0) = oo, then such an R would have significant
irregularities; such a process would have its correlation function as E[nsn;] = §(t — s); where the Dirac delta function
0 is a distribution acting on a proper set of test functions (such as the Schwartz signals S [174]]). Such a process is not a
well-defined Gaussian process since it does not have a well-defined correlation function as ¢ itself is not a function. But,
one can view this process as a distribution, or always cautiously always work under an integral; this way one can make an
operational use for such a definition.

With such a cautious interpretation, as we see in Exercise [11.10.4] the Fourier transform of a Brownian motion, over a
bounded support, is i.i.d. across its discrete spectrum coefficients, and Gaussian. This justifies the term white noise. Thus,
it is evident that n; would not be a well-defined process and instead of n;, we will only work with its integral B,. Thus,
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while working with By, instead of derivatives, we will study integral equations. On the other hand, it will be evident that
we cannot take the ordinary Lebesgue or Riemann integrations for B; (unless the function we work with is too regular)
since By is too irregular. Instead, a method to obtain integrations will be introduced: the It6 integral. The properties of
integration, differentiation, chain rule etc. for such integrations is called stochastic calculus. Later in the chapter, we will
add control to the dynamics.

11.2 Stochastic Integration, the It6 Integral and Stochastic Differential Equations

11.2.1 Some subtleties on stochastic integration

We define a differential equation or a stochastic integral as an appropriate limit to make sense of the expression:
T
| fs.w)
0

In the following, let t{") := kT2, k = {0, 1, ,2" — 1}. Thus, we have Byy := Byro-n.

We first note that one cannot define the above in the Riemann-Stieltjes sense (i.e., by partitioning the domain and taking
limits as the partition gets finer) for an arbitrary measurable fﬂ To gain further insight as to why this leads to an issue, we
discuss the following. Using the independent-increments property (that is (i) in Definition [IT.1.1]) of the Brownian motion
(e.g. via the construction of (I1.2)), the following can be shown:

Lemma 11.2.1 In Ly (that is, mean-square) and hence in probability

. 2
nh—>Holo ;(BtZJrl - Btﬁ) =T

Observe the following [312].
Theorem 11.2.1 Define the total variation of the Brownian process in the interval [a, b] as:

TV(B,a,b) = sup Z |Bt,... — By,

a<t)<tp<.-- <t <b,keN &
Almost surely, TV (B, a,b) = cc.

Proof. By Lemma |11.2.1} and Theorem , it follows that there exists some subsequence n,, so that k(BtZKH —
Bynm)? — b — a almost surely (see Theorem|B.3.2). Now, if TV (B, a, b) < oo, this would imply that

>_(Byp, — Bym)® <sup|By, — Byl } 1By, — Byl =0,
k

kE+1
k
as n — oo, since by continuity of sample paths (which would then be uniformly continuous due to compactness of the
support, for any sample path with probability one) sup,, |Btz+1 — Bt;:\ — 0. This would lead to a contradiction. o
To appreciate some subtleties on stochastic integration, let us consider simple functions of the form:

2" —1

fltw) = Z ek(w)l{te[kTQ*",(k—J—l)TQ*"]}
k=0

where n € N. Let us define

"However, this would be applicable if one has further regularities on the integrand f [339].
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/ f t (JJ dBt Zek Btk+1 ) - Btk (LU)]

where t, = t,i”) = kT2 " k={0,1,---,2™ — 1}. In the following, we use the notation: Bip := Byra-n.

Now, note that if one has:
fi(t,w) = Z Birra-ny liteera—n (k+1)T2-7]}
k

it can be shown that T
Bl A(tw)dBiw) -
0

but instead with

fa(t,w) = Z B{r1)r2-my Litewr2-n, (kt1)T2-7]}
k

it can be shown that

| /O folt,w)dBy(w)] = T.

Thus, even though both f; and f5 look to be reasonable approximations for some function f(¢,w), such as B;(w), the
integrals have drastically different meanings.

In particular the variations in the B, process is too large to define an integration (in the usual sense of Riemann-Stieltjes),

as we discussed above: It does make a difference on whether one defines fOT f(t,w)dB(w) as an appropriate limit of a
sequence of expressions

Zf w)(By, , (w) = Bin (w))

for different f(t7,w) with (t] € [t;,t;41]. If we take ¢ = t; (the left end point), this is known as the It6 Integral. If we
take ¢ = %(tj +t;41), this is known as the Stratonovich integral (and is denoted with [ f o dBy, to distinguish it from the
Itd integral).

11.2.2 The It6 Integral

It6’s integral will be well-deﬁnecﬂ if we restrict the integrand f(¢,w) to be such that f(¢,w) is measurable on the o-field
generated by { B, s < t}. We define F; to be the o-algebra generated by By, s < t. In other words, F; is the smallest
o-algebra containing sets of the form:

{w: By, (w) € A1, , By, (w) € A}, tp <t,

for Borel Ay, -, Ax. We also assume that all sets of measure zero are included in F; (this operation is known as the
completion of a o-field).

Definition 11.2.1 Let N}, t > 0, be an increasing family of o-algebras of subsets of §2. A process g(t,w) is called N
adapted if for each t, g(t,-) is Ny-measurable.

Definition 11.2.2 Let V(S, T') be the class of functions:

f(t,w) :[0,00) X 2 =R

In the theory of integration, as a student has seen over many courses, one chooses a definition of integration and identifies conditions
under which integration is possible. Of course, one expects that different integration concepts should be compatible whenever they are
simultaneously applicable. We have seen the Riemann integration and the Lebesgue integration, and how they both are defined as limits
of particular constructions. We will see in the following that the It0 integration has a similar flavour but with a very different construction.
This approach carries over to other types of integrations, such as the rough integral [[136,221].
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such that (i) f(t,w) is B([0,00)) x F-measurable, (ii) f(t,w) is Fi-adapted and (iii) E[f;?r f2(t,w)dt] < oo

We will often take S = 0 in the following. For functions in V, the It0 integral is defined as follows: A function ¢ is called
elementary if it has the form:

Zek 1{t€[tk tet1)}

with ey, being F;, -measurable. For elementary functions, we define the It integral as:

/¢tdet Zek (Btkﬂ )—Btk(w)) (11.3)

With this definition, it follows that for a bounded and elementary ¢,

EK ()Tqb(t,w)dBt(w))? = E| T¢2(t,w)dt]. (11.4)

0

This property is known as the Itd isometry. The proof follows from expanding the summation in (TI.3) and using the
properties of the Brownian motion. Now, the remaining steps to define the Itd integral are as follows:

— Step 1: Let g € V and g(-,w) be continuous for each w. Then, there exist elementary functions ¢,, € V such that

T
B / (g — bu)?dt] -0,

as n — o0. The proof here follows from the dominated convergence theorem.

— Step 2: Let h € V be bounded. Then there exist g, € V such that g,,(-,w) is continuous for all w and n and

E[/OT(h — gn)2dt] — 0.

One can follow Lusin’s theorem (Theorem[D.5.1)) to establish this result.

— Step 3: Let f € V. Then, there exists a sequence h,, € V such that h,, is bounded for each n and

T
B /O (f — ha)?dt] = 0

Here, we use truncation and then the dominated convergence theorem.

Definition 11.2.3 (The Itd Integral) Let f € V(S,T) and ¢,, be an approximating sequence of elementary functions as
above given in Steps 1-2-3. The Ité integral of f is defined by

T
/ Ftw)dBi(w) = Tim [ o (t,w)dBy(w),

n— oo 0

where the convergence to the limit is in Lo(P) in the sense; that is,

nh_}rroloE{(/ On(t,w)dB(w /ftdet )}_

The existence of a limit is established through the construction of a Cauchy sequence and the completeness of Lo (P),
the space of measurable functions with a finite second moment under P, with the corresponding norm. A computationally
useful result is the following (generalizing (TT.4)).
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Corollary 11.2.1 Forall f € V(0,T)
EK/OT f(t,w)dBt(w)>2] = EUOT f2(t,w)dt}

E[/O (fn — f)2dt] — 0,

And thus, if f, f, € V(0,T) and

then in Lo(P)
T T
/ Fultw)dBy(w) — / F(tw)dBu(w)
0 0

Example 11.3. Let us show that

/tB dB —132 1t (11.5)
0 S 5—2 t 2 .

With B} := B», define the elementary function: ¢, (w)=>_B} (W)l{te[t;?',tyﬂ)}’ it follows that E[](f(qﬁn — By)?ds] —
0. Therefore, the limit of the integrals of ¢y (w), that is the Lo(P) limit of }_; B} (B}, — B}), will be the integral.
Observe now that

—(B}41 — B})? = 2B} (B}, — B}) + B} — (B},,)”

and thus summing over j, we obtain

Z —(B — B?)Q = ZQB;‘L(B;LH - B})+ B§‘2 - (B;l+1)27
J J

leading to

B} =3 (BJyy — By = 2B} (Bjy, - BY) + BE,
J J

with By = 0. Now, taking the intervals [j, j + 1] arbitrarily small, we see that the first term converges to B? —t (see Lemma
11.2.1) and the term on the right hand side converges to 2 fot BsdBg, leading to the desired result. We will derive the same
result using Itd’s formula shortly. The message of this example is to highlight the computational method: Find a sequence

of elementary function which converges in Lo(P) to f, and then compute the integrals, and take the limit as the intervals
shrink.

Remark 11.4. An important extension of the It6 integral is to a setup where f; is H;-measurable, where H; C F; =
o(Bs, s < t). In applications, this is important to let us apply the integration to settings where the process that is integrated
is measurable only on a subset of the filtration generated by the Brownian process. This allows one to define multi-
dimensional Itd integrals as well. This is particularly useful for controlled stochastic differential equations, where the
control policies are measurable with respect to a filtration that does not contain that generated by the Brownian motion, but
the controller policy cannot depend on the future realizations of the Brownian motion either.

Remark 11.5 (Ito vs. Stratonovich Integrations). A curious reader may question the selection of choosing the It6 integral
over any other, and in particular the Stratonovich integral: Different applications are more suitable for either interpreta-
tion. In stochastic control, measurability aspects (of admissible controls) are the most crucial ones. If one appropriately
defines the functional or stochastic dependence between a function to be integrated or a noise process, the application of
either will come naturally: If the functions are to not look at the future, then Itd’s formula is appropriate. However, for
many applications involving white noise-like disturbances, physical processes, or stochastic stability, ergodicity [|17}/194]]
and smoothness properties of densities of solutions [155] to stochastic differential equations where one would build on
connections with geometric control theory [297] with piece-wise constant control action sequences replacing the driving
noise process, Stratonovich integral has been shown to be more relevant. Additionally, the Stratonovich integration has
desirable robustness properties with regard to the approximation of the Brownian noise, as will be discussed in Section
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A conclusion is that the application itself should determine the right notion of the stochastic integral to be used, in
view of the assumptions imposed by the application.

11.2.3 The Ito Formula

Now that we have defined integration, we will study a generalization of the chain rule in classical calculus: It6’s formula
allows us to take integrations of functions of processes.

Definition 11.2.4 We say v[0,T) € Wy if
v(t,w): [0,T) x 2 - R
is such that (i) v(t,w) is B(]0,00)) x F-measurable, (ii) v(t,w) is Hi-adapted where H; is as in Remark and (iii)
T ¢
P(fy f3(t,w)dt < o0) = 1.

Definition 11.2.5 (It Process) Let B; be a one-dimensional Brownian motion on ({2, F, P). A (one-dimensional) Ito
process is a stochastic process X, on (£2, F, P) of the form

t ¢
X =Xo+ | b(s,w)ds+ / v(s,w)dBs (11.6)
0 0
where v € Wy so that v is Hy-adapted and P(fot v2(t,w)dt < 0o) = 1 forall t > 0. Likewise, b is also H;-adapted and
P([}b*(t,w)dt < o0) =1 forall t > 0.
Instead of the integral form in (I1.6), we may use the differential form notation:

dX; = bdt + vdB;,

with the understanding that this means the integral form.

Theorem 11.2.2 [It6 Formula] Let X; be an It6 process given by
dXt = bdt + UdBt.

Let g(t,x) € C12([0,00) x R) (that is, g is continuously differentiable, C*, in t, and twice continuously differentiable,
C?, in x). Then,

Y = g(t, Xy),
is again an Itd process and
Og dg 10%g 9
dYy = —=(t, Xy)dt + —(t, Xy )d Xy + == (¢, Xy)(dX
t at(a t) +ax(7 t) t+2ax2(7 t)( t)

where
(dX;)? = (dXy)(dXy)

with dtdt = dtdBy; = dBdt = 0 and dB,dB; = dt

Remark 11.6. Let us note that if instead of dB;, we only had a differentiable function m; so that dX; = bdt + vdm, the
regular chain rule would lead to:
99 99
dYy = = (t, Xy)dt + == (t, X¢)(udt + vdmy).
t at( , Xi)dt + 8:5( , Xi) (udt + vdmy)
Note then that [td’s Formula is a generalization of the ordinary chain rule for derivatives. The difference is the presence of
the quadratic term that appears in the formula; see also the discussion at the beginning of the chapter.
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t
/ B,dB,.
0

View the above as an application of Itd formula with X; = B; so that dX; = dBy, and Y; = g(t, X;) = %Xf Then, by
1t6’s formula,

Example 11.7. Let us compute

1 1

and thus

1 1
dY, = ~B? = | B,dB, + ~t.
fav.= 5ot = [ Ban

Noting that [ dY, = Y; — Yj, this result is in agreement with (11.5).

It6’s Formula can be extended to higher dimensions by considering each coordinate separately.

11.2.4 Stochastic Differential Equations

Consider now an equation of the form:
dXt = b(t,Xt)dt—FU(t,Xt)dBt (117)

with the interpretation that this means

¢ t
Xy =Xo+ / b(s, Xs)ds + / o(s,Xs)dBs
0 0

Three natural questions are as follows: (i) Does there exist a solution to this differential equation? (ii) Is the solution
unique? (iii) How can one compute the solution?

Theorem 11.2.3 (Existence and Uniqueness Theorem) Let T > 0 and b : [0,T] x R® — R", ¢ : [0,T] x R™ — R™*™
be measurable functions satisfying:

b, 2)| + |lo(t, 2)| < C(A+ [z]), t€[0,T],z € R"
for some C € R with ||o||? := Trace(col), and

|b(t,.’L’) - b(tvy)l + |J(t,:)3) - U(tvy)l < D(|$ - y|)7 le [O,T],:E,y eR”

for some constant D. Let Xo = Z be a random variable which is independent of Bs,s > 0 with E[|Z|*] < oco. Then,
the stochastic differential equation has a unique solution X(w) that is continuous in t with the property that X is
adapted to the filtration generated by {Z, By, s < t} and E[fOT | X¢]?] < oo

Proof Sketch. The proof of existence follows from a similar construction for the existence of solutions to ordinary differ-
ential equations: One defines a sequence of iterations:

t t
Yt :X0+/ b(s,Ytk)ds+/ o(s,Y¥)dBs
0 0

with Y,? := X for all ¢ € [0, 7). Then, the goal is to obtain a bound on the Lo-errors so that

lim B[V~ ¥ -0,

m,n— oo

so that Y;" is a Cauchy sequence under the Lo (P) norm; this is where the Lipschitz bounds in the hypothesis are utilized.
Call the limit X. The next step is to ensure that X indeed satisfies the equation and that there can only be one solution.
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Finally, one proves that X; can be taken to be continuous. o

Let us appreciate some of the conditions stated above in the context of deterministic models.

Remark 11.8. Consider the following deterministic differential equations:

- dm_4§

dt ot
with (1) = 1 does not admit a unique solution on the interval [—1, 1].

— The differential equation

dz
_ = CCZ
dt
with (0) = 1 admits the solution z; = ﬁ and as ¢ 1 1, the solution blows up in finite time so that there is no

solution for ¢ > 1.

The solution discussed above is what is called a strong solution. Such a solution is such that X; is unique for a given
sample path. Furthermore, the solution is measurable on the filtration generated by the Brownian motion and the initial
variable (which can be seen by the construction of the integral, where each pre-limit approximation is measurable on
the filtration, and since Lo-limit implies a pointwise almost sure limit along a subsequence, the limit is also measurable,
assuming completeness of the filtration). Such a solution concept has an important engineering/control appeal in that the
solution is completely specified once the realizations of the Brownian motion (together with the initial state) are specified.

Weak solutions. In many applications, however, the conditions of Theorem do not hold. In this case, one cannot
always find a strong solution. However, in this case, one may be able to find a solution which satisfies the probabilistic
flow in the system so that the evolution of the probabilities are well-defined: Note, however that, this solution may no
longer be adapted to the filtration generated by the actual Brownian motion and the initial state; but may be adapted to
some other Brownian process defined on some probability space. Such a solution is called a weak solution or a martingale
solution. While such a definition has a physical interpretation limitation in the sense that the input-output relation does
not correspond to one where the noise is an input and the solution is the output, this concept is instrumental in studying
controlled stochastic differential equations as we will discuss later in the chapter and is appropriate if one is concerned
with expected behaviour of the solutions. This concept is also related to the solution to the Fokker-Planck equation that we
will discuss further in the chapter in Section For weak solutions, it suffices to have b to be bounded and only ¢ to
satisfy the Lipschitz continuity and the growth conditions provided that o(-)o” () has its eigenvalues uniformly bounded
from below (at least locally). We will discuss this further in the context of Girsanov’s measure transformation.

11.2.5 Some Properties of SDEs

Definition 11.2.6 A diffusion (also called It6 diffusion) is a stochastic process X (w) satisfying a stochastic differential
equation of the form:
dXt = b(Xt)dt + O'(Xt)dBt, t 2 S, XS =T

where By is m-dimensional Brownian motion and b, o satisfy the conditions of Theorem|l1.2.3|so that
[b(z) = b(y)| + lo(z) —o(y)| < D]z —yl.
Note that here b, o only depend on = and not on ¢. Thus, the process here is time-homogenous.

Theorem 11.2.4 Let X; be a diffusion and f be bounded and (Borel) measurable. Then, fort,h > 0:

B [f(Xtqn)|Ft](w) = Ex,w)[f(Xn)]



11.2 Stochastic Integration, the Itd Integral and Stochastic Differential Equations 255

Theorem 11.2.5 (Strong Markov Property) Let f be bounded and Borel, and T be a stopping time with respect to F; =
o({Bs, s < t}). Then, for h > 0, conditioned on the event that T < co:

Eo[f (Xein)| F-l(w) = Ex, () [f(Xn)]

Definition 11.2.7 Let X; be a time-homogenous It6 diffusion in R™. The infinitesimal generator A of X is defined by:
E. [f(Xy)] —

t—0 t ’

z €R",
whenever f is so that the limit is defined.

Lemma 11.2.2 Let Y; = Y,” be an Ito process in R" of the form:

Ve =a+ (s ) + / (s, w)dB, ().

Let f € C%(R™), that is f is twice continuously differentiable and has compact support, and T be a stopping time with
respect to F; with E,[T] < co. Assume that u,v are bounded. Then,
! i of 1 T 0% f
B0 = o) + £ | [ (Zu (1 00+ 5 S0 0 s 00 -
This lemma, combined with Definition [I1.2.7) gives us the following result:
Theorem 11.2.6 Let dX; = b(X,)dt + o(X;)dBy. If f € C2(R™), then,

Afx) = (0@ 2L (%0 + 2 S (00 (5,002 0 (X)
- ox 2 4 oriox

A very useful result follows.

Theorem 11.2.7 (Dynkin’s Formula) Let f € C2(R™) and T be a stopping time with E,[r] < co. Then,

Eulf(X,)] = f(z) + Es| / " AF(X.)ds]

Remark 11.9. The conditions for Dynkin’s Formula can be generalized. As in Theorem [4.1.5] if the stopping time 7 is
bounded by a fixed constant, the conditions on f can be relaxed. Furthermore if 7 is the exit time from a bounded set, then
it suffices that the function is C? (and does not necessarily have compact support).

Remark 11.10. [Martingale characterization of weak solutions] Consider a stochastic differential equation:d X; = b(X;)dt+
o(X¢)dB;. As we studied earlier, a probability measure P on the sample path space (or its stochastic realization X;) is
said to be a weak solution if under P

t
F(X0) — / AF(X.)ds (11.8)

is a martingale with respect to M; = o(X,,s < t), for any C? function f with bounded first and second order partial
derivatives. As noted earlier, every strong solution is a weak solution, but not every weak solution is a strong solution; every
such P admits a stochastic realization [181]] but the stochastic realization may not be defined on the original probability
space as a measurable function of the original Brownian motion. For example, if X; can be defined to be randomized, where
the randomization variables are independent noise processes, one could embed the noise terms into a larger filtration; this
will lead to a weak solution but not a strong solution since there is additional information required (that is not contained in
the original Brownian process).
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11.2.6 Fokker-Planck equation

The discussion on the infinitesimal generator function (and Dynkin’s formula) suggests that one can compute the evolution
of the probability measure p;(-) = P(X; € -), by considering for a sufficiently rich class of functions f € D

Bl (X)) = / () ().

Note that continuous and bounded functions are measure determining (as discussed in the proof of Theorem [T0.8] see
[42, p. 13] or [120, Theorem 3.4.5]) and since smooth signals are dense among such functions, we can take f to be
smooth. Suppose that we assume that y; admits a density function and this is denoted by the same letter. Furthermore, let
p(x,t) := pu(x). By taking D to be the space of smooth signals with compact support, which is a dense subset of the space
of square integrable functions on R, using the expectation of the infinitesimal generator function equation (I1.8)), writing

& [mtan s = GEce = 4ot arcegad = [ (Lo + ;2 0 w)

and applying integration by parts (twice for the term on the right), we obtain that for a process of the form

the following holds:
op(z,t) 0 19%
ot —%(b(l")p(%t)) + 5@(0 (z)p(z,1)) (11.10)

This is the celebrated Fokker-Planck equation. Notably, if there exists a stationary measure p, the time-independence on
the right hand side will lead to an ODE for this stationary measure.

The Fokker-Planck equation is a partial differential equation whose existence for a solution requires certain technical
conditions. As we discussed earlier, this is related to having a weak solution to a stochastic differential equation and in
fact they typically imply one another. Of course, the Fokker-Planck equation may admit a density as a solution, but it may
also admit a solution in a further weaker sense in that the evolution of the solution measure P(X; € -) may not admit a
probability density function.

11.2.7 Rough Integration [Optional]

We end this section with a brief reflection on the limitations of the integrations noted above. From the way we have
constructed the It6 integral is that the integral is constructed as an Lo limit of approximations. In particular, (i) the integral
is not defined in a sample path sense (and typically only would allow for convergence in probability and thus almost
sure convergence along a subsequence, though this does occur also in a sample path almost sure sense under additional
conditions on the regularity of the integrand; see e.g. [339] or [312] p. 91]), and (ii) it is not continuous with respect to
the driving noise. A pathwise theory of solutions to differential equations would thus be a natural goal to arrive at; and
this is attained by what is known as rough integration. The fundamental insight of rough paths theory is that the issue
of defining solutions to differential equations driven by an irregular signal X = (X!, ..., X¢) can be reduced to defining
iterated integrals of the form f;(X (r) — X%(s))dX(r). Rough paths theory allows for Hlder continuous driving signals
- or in the case of stochastic differential equations, stochastic processes that are almost surely Holder. Recall the definition
of Holder continuity: Define for a € (0, 1] the space C*([0, T, R?) of a-Hélder functions f : [0,7] — R? equipped with
the norm || | := sup;4, LIO=7 )] Now, if X is a signal that is a-Holder continuous with o € (1/3,1/2] and Fis a

[t—s]™
smooth function, then for a partition of [0,¢], P = {0 =ty < ... < t, =t} we have that in the integral
t n tey1
/0 F(X(r)dX(r) =) / F(X(r)dX(r)
k=0 "tk
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- Z/ . F(X () + F/(X(te)(X(r) — X (1)) + O(|r — tx|>**)dX (r)

k=0"tk
=3 (F(X(tk»(X(tm — X (1) + F'(X (1) / X ) - X (t)ax (r)
k=0 th
+ O 6 ). (an1n

as 3a > 1, the remainder term should go to 0. This reduces the problem of defining the integral fot F(X(r))dX(r) to

just defining j;t:“ (X (r) — X (tg))dX (r). We take the right hand side as a definition of the left hand side, so long as we
define the iterated integral first. However, if X is irregular then the iterated integral does not exist as a Riemann-Stieltjes
integral and therefore must be defined. This leads to a new construction, called the rough integral. A rough path above
a signal X is a pair X, ; = (X4, X, ) where X, is the increment of X and X, is a definition or postulation of
the iterated integral f;(X (r) — X (s))dX (r) [[137]. Then, one constructs the definition in a sense that it is compatible
with the usual integration notions. For example, if X € C! and f; (X (r) — X (s))dX (r) is the Riemann-Stieltjes integral,

Xt = (X)X (s), ft (X (r)—X(s))dX(r)) is consistent with such a postulation. The main utility of rough integration

is that, by imposing concfitions on the rough integration, solutions to equations of the form [[137, Theorem 4.10]

dY' = b (YYdt + o(YHdX?,

is continuous in the driving noise. It should be noted that the conditions impose that the rough integral definition itself is
continuous in the driving noise.

11.3 Controlled Stochastic Differential Equations and the Hamilton-Jacobi-Bellman Equation

11.3.1 Revisiting the deterministic optimal control problem in continuous-time

Consider
dr

i f(z,u), z(0) ==

and suppose that the goal is to minimize

T
J(7) = / (s, 2(s), u(s))ds + P(a(T))

to

over all feedback control policies v, where we take c to be continuous and bounded. Via Bellman’s principle, as in Theorem
[5.1.3] we define value functions:

T
V(t,z) = igf/f c(s,z(s),u(s))ds + P(z(T))
with the terminal condition

V(T,2(T)) = P(x(T))

Remark 11.11. For the existence of an optimal policy, very mild conditions can be arrived at via the theory of Young
measures: See Section for a detailed analysis leading to general existence conditions.

In the following, we first present an informal and non-rigorous derivation for an optimality equation, but the optimality
analysis will be rigorously justified in Theorem Applying Bellman’s principle from the theory studied earlier, for a
policy to be optimal it looks reasonable to arrive at the following (which will be justified shortly):
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t+h
Vt,x) = 13f/ o(s,2(s), u(s))ds + V(¢ + h2(t + h)) (11.12)
or
t+h
0= <igf/ c(s,x(s),u(s))ds+V(tJrh,x(tJrh))) - V{(t,x) (11.13)

for all A > 0. Consider then:

(inf7 j;t+h c(s,z(s),u(s))ds + V(t + h,z(t + h))) —V(t,x)

:1.
0 hlir%) h

Now, for i small, we have that z(t + h) = x(t) + f(x(t), u(t))h + o(h), where o(h)/h — 0 as h — 0. If we assume that
V is continuously differentiable in its entries, we then have

V(t+h,x(t+h) =V(t,xt) + Vilx,t)h + (Vi (t,x) - f(z,u))h + o(h),

leading to

[I e(s,2(s), u(s))ds + Vi(t, 2)h + (Ve (t,z) - f (2, u))h + o(h)}

0= jim uf 7

Assuming that o(h)/h — 0 uniformly for all control policies and that c(s, z(s), u(s)) is continuous in s (which is clearly
not justified for an arbitrary policy!), we arrive at

0= i%f {c(t,:c(t), u(t)) + Ve(t, x) + (Vo (t, ) - f(:c,u))}

In a more standard form, this leads to, provided the minimum exists,

Vi(t,) = min (eft.u(0) + (Vilto2) - S (11.14)
u(t

This is the celebrated HIB (Hamilton-Jacobi-Bellman) equation. This defines a partial differential equation with boundary

condition V (T, z) = P(zx) or V(T,z(T)) = P(x(T)).

The above analysis has several gaps: we imposed the value functions to be so that local linearized approximations could
be made and some uniformity assumptions were not even justified. Nonetheless, as is often the case in applied mathemat-
ics, heuristic reasoning may lead to important equations whose validity however then needs to be rigorously justified. In
particular, the above leads to an important equation which is a surprisingly strong result, as established in the following
verification theorem:

Theorem 11.3.1 [Optimality of HIB Solutions] Let V (t, ) be C! (i.e., continuously differentiable) in both t and x, and
solve the HIB equation (11.14)). Suppose further that the policy ~ satisfies (11.14) with u(t) = ~(t). Then, =y is optimal.

Proof. Let V (¢, 7) be C'! in both entries. Consider any admissible policy -, which (under any history dependent measurable
policy) can be viewed to be a function of time without any loss since the problem is deterministic. Let the HIB equation

hold:
ov

ot
and thus, for any policy with u; = ~(¢):

(t,z) + Irhin (g‘;(t,x) - fx,u) + c(t, x, u)) =0, V(T,z)=P(xr),

Ot 4 (Got) fan(0) + .09 (0) 20, V(T.) = Plar).
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and thus, for any policy v (which is open-loop without any loss in optimality for deterministic systems)

%(t’x) + <88‘;(t,z) < flz,y(t) + c(t,a:,y(t))) > 0.

Now, consider V (¢, z]) where y denotes the explicit dependence on the policy. We have that

ov

av(t,z] ov
M = (ta 332) + aix(tv $) : f(xv u)|x:z;’,u:'y(t)

dt ot

By the above, we have then

oV (t,x] oV
_(% + %(Ll’) . f(m7u)‘w:$;’,u:'y(t)) < C(l',’)/(t))

and

S < oo (e (1L.15)

Taking the integral and noting that this holds for any ~, we arrive at

T T
V0, 20) < /O e, A(0)dt + V (T, a3) = /0 e, 1(0)dt + P(a])

Note that the initial value is independent of control and hence V' (0, ) is a lower bound for any control. Equality holds if
the HJB is satisfied by some admissible control policy, which would then be optimal. o

Remark 11.12. For some generalizations on HJB and optimal control:

(1) One can relax the regularity conditions on V' so that V' may not be differentiable everywhere (leading to solution
concepts such as viscosity solutions). An intuitive way to appreciate viscosity solutions is to consider the verification
theorem above and replace V' at a neighborhood of a point z where V' is not differentiable with a continuously
differentiable function ¢ which satisfies two properties: With V (¢, ) = ¢(¢, x), if V(s,y) — ¢(s, y) has its local
minimum at (¢, z), then a version of holds with

~onlt,2) < min (et () + (02(0,0) - f(a, (1)),
which then leads to ¢(t, ) — ¢(s,y) > V(t,x) — V(s,y) for (s,y) in a neighborhood of (¢, ). Noting (¢, (¢, z) -
f(z,u(t)) as the partial derivative of ¢(¢, -), and moving it to the left hand side, by taking s = t + h,y = 445, we
arrive at (11.15) and this leads to the lower bound property of V. For the other direction, if V' (s,y) — ¢(s,y) has
its local maximum at (¢, z), we have that ¢(t, z) — ¢(t,y) < V(t,2) — V(t,y) in a neighborhood of (¢, ) and in
the equation

~gu(t,) > min (a(t,x, u(®)) + (6 (t,2) - f(m,u(t))))

u(t)

fix the control policy attaining the minimum, and then arrive that

T
V(O,mO)Z/O c(ze,~(t))dt + P(z)

Note the parallels in the argumentation, in terms of lower bounds and the attainability, with that in Theorem [5.5.3]
in the order of the inequalities, as well as with the ACOI in Theorem[7.1.3]

(ii) Instead of sufficiency, one can arrive at necessary conditions via what is known as the maximum principle via
variational local optimality conditions. We refer the reader to [218] for a rather comprehensive and accessible
discussion and [131]] for the stochastic setup.
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11.3.2 The stochastic case and classes of admissible policies

Suppose now that we have a controlled system:
dXt = b(t, Xt, 'U,t)dt + O'(t, Xt)dBt,

where u; € U is the control action variable. We assume that u; is measurable at least on F; (but we can restrict this further
so that it is measurable on a strictly smaller sigma field). Thus, the differential equation is well defined as an Itd integral.
We will assume that a solution exists.

Often, one has a time-homogenous diffusion model, which is more suitable for infinite horizon analysis.

dXt == b(Xt,Ut)dt+0'(Xt)dBt (1116)

Control policies and existence of solutions

As we discussed extensively throughout the notes, the selection of the control actions need to be measurable with respect
to some information at the controller and this dependency leads to fundamental differences on the behaviour of solutions
and optimization methods.

(i) If for every t, u; is measurable on the filtration generated by X4, then the policy is called admissible.

(i) If the control at time ¢ is only a function of X, and ¢, then the policy is called a Markov policy. If it only depends on
X4, then it is stationary. Randomization also is possible, but this requires a more careful treatment when compared
with the discrete-time counterpart [[15].

(iii)One often considers adapted open-loop policies; these are policies which are measurable with respect to o ( Xy, (Bs, s <
t)) at time .

(iv)One further relaxes these with non-anticipative policies; these are policies which satisfy the condition that
Xo, (Us, Bs) is independent of B; — By for every ¢ > 0.

The above entail subtle distinctions on whether they lead to strong solutions: To ensure existence and uniqueness of strong
solutions, consider the following assumptions on the drift b and the diffusion matrix o .

(A1) Lipschitz continuity: The functions o, b are Lipschitz continuous in « (uniformly with respect to the other variables
for b). In other words, for some constant C' > 0

[b(2,¢) = by, O)I* + llo(@) — o ()* < Clz — y/?

for all 2,y and ¢ € U, where || - ||is an appropriate metric on matrices such as ||o(z)|| = y/Traceo(z)o™ (z).
Furthermore, b is jointly continuous in (z, ¢).

(A2) Affine growth condition: b and o satisfy a global growth condition of the form

sup [(b(z, ), 2)| + [lo(@)|]* < Co(1 + [2?)  Va
CeU

for some constant Cy > 0.

Recall that in Theorem [I1.2.3] we had noted that for a control-free stochastic differential equation, if b and o satisfy
Lipschitz regularity and growth properties, then a strong solution exists. However, if we only restrict that the control policy
is measurable, with no additional assumptions, it is not guaranteed that a strong solution for X, would exist. In view of this
note, we state the following on the existence of strong or weak solutions under various classes of control policies:

(1) If b and o satisfy similar regularity conditions, as in Theorem [I1.2.3| with uniformity over control actions, and
the control policies are non-anticipative, then the existence of strong solutions under the hypotheses above follows
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from a similar argument [15, Theorem 2.2.4] (by viewing the control as an exogenous process). We also note
that the above global Lipschitz constant C' can be relaxed to a local one, that is one may have for all R > 0,
|b(z,¢) — by, O)|> + |lo(x) — o(y)||*> < Cr|z — y|? for all ||z||, ||y|| < R; here one considers solutions up to an
exit time, establishes a uniqueness result and takes take the exit set boundary to infinity.

(ii) If admissible (or feedback policies; that is, policies which are U(X[Oyt])—measurable) are considered, one can
apply measure transformation (via Girsanov’s method), establish a strong solution for the control-free term
dX; = o(X;)dBy, and then construct a solution under the original space; which then leads to a weak solution
for the original space. Accordingly, under the hypothesis [(A2)| together with a Lipschitz condition as in [(AT)] but
only for o, for any admissible control (IT.16) has a unique weak solution [I5| Theorem 2.2.11].

(iii)Furthermore, under hypotheses [[ADH(AZ) and under any stationary Markov strategy there is a unique strong solu-
tion which is a strong Feller process [15, Theorem 2.2.12].

(iv)Finally, if o were allowed to also depend on control in general, existence in this setup is a non-trivial problem, since
measure change arguments cannot be directly applied when the control is present in the diffusion term. However, if
non-anticipative policies are considered, then under strict Lipschitz and growth conditions, a strong solution exists.
We refer the reader to [[15, Section 2] as well as [33,951|96] for a detailed analysis and literature review. Notably,
if we replace o(x) by o(x, (), if o(-,v(+)) is Lipschitz continuous for stationary v then there is a unique strong
solution. But in general stationary policies are just measurable functions, and existence of suitable strong solutions
is more delicate (see, [15, Remarks 2.3.2]).

In the following, we will consider admissible policies and the solution concept will be taken to be of weak solutions so
that the expected cost criteria are well-defined and the limitations on having strong solutions are not presented apriori.
Nonetheless, we will observe that under verification theorems optimal policies (even among those which are admissible)
will be Markov and the issues on existence of strong solutions will not be as critical, see the discussion above.

The reader is encouraged to revisit the verification theorems for discrete-time problems: These are Theorem [5.1.3|for finite
horizon problems, Theorem[5.5.3]for discounted cost problems, and Theorem[7.1.1]for average cost problems. One can see
that the essential difference is to express the expectations through Dynkin’s formula and the differential generators.

Finite Horizon Cost Criterion
Suppose that given a control policy, the goal is to minimize

T
E[/O c(s, Xs,us)ds + cp(Xr)],

where ¢ is some terminal cost function.

As in Chapter 5, if a policy is optimal, we will arrive at the following equation for every possible state:

t
V(r, X,) = min E[/ c(s, Xs,us)ds + V(t, X¢)| X,].
¥ -

In the following, following the same flow of ideas as in the deterministic case in Section|11.3.1] we first provide a rather
informal derivation of the optimality equation, but the formal verification result will be precise. We assume that V (s, x) is
C?in z and C! in s. Then,

0 = min (E[/rt c(s, Xs,us)ds + V (¢, X4)| X] — V(r, Xr))

u

In particular,

(Bl (s, Xou)ds + V(r+ hy Xen) | X,] = V(r, X,
0 = lim min r -

h—0 u
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Now, if V' is so that it is in the domain of the generator for every control policy, with

2

Zbltxu ZO’ t,x)o )aagj(t,x)
'Oz

applying the mean-value theorem, assuming it would hold for now, we arrive at

min (c(s,x,u) + LYV (s,x) + 88‘8/(5,33)) =0 (11.17)

u

Thus, if a policy is optimal, it needs to satisfy the above property provided that V" satisfies the necessary regularity condi-
tions under the considered set of policies to validate the operations above and indeed the above would also be sufficient for
optimality by the analysis to follow. However, as in the deterministic case, the analysis above is informal and we have not
presented precise conditions under which the above would hold. As we have seen before in the earlier chapters, verification
theorems show that a policy that satisfies the verification is optimal over all admissible policies:

Theorem 11.3.2 (Verification Theorem) Consider: dX; = b(t, Xy, u;)dt + o(t, X¢,u)dBy. Suppose that V is C? in
and C" int is so that:

ov
E(t,x) + meln (L' V(t,x) + c(t, x u)) =0, V(T,z)=cr(x), (11.18)
Then, an admissible control policy which achieves the minimum for every (t,x) is optimal.

Proof.

The equation 2Y (¢, ) + min, {L*V (¢, z) + c(t, x,u)} = 0 implies that for any admissible control realization:

c(t,x,u) > —%V(t,x) — LYV (t, ), (11.19)

and as in the deterministic case (in Theorem[T1.3.T)), for any admissible control policy y

T
/A—VSX% QV@XMSEjAcwxg%»

Using It6’s rule,

T —
BV (0. X0)) = B[ (<55, X2) = £2V(s, X)ds] + BV (T. X)L

and thus, we obtain that for any admissible control
T
EmeMgm/cuxy@@+@wm.
0
On the other hand, a policy v* which satisfies the equality in (11.18)), leads to an equality in the above and optimality. ¢

Example 11.13. [Optimal portfolio selection] We consider a continuous-time version of a problem considered in Exercise
[2.9.2} A common example in finance applications is the portfolio selection problem where a controller (investor) would
like to optimally allocate his wealth between a stochastic stock market and a market with a guaranteed income (see [312]):
Consider a stock with an average return ;z > 0 and volatility o > 0 and a bank account with interest rate > 0. These are
modeled by:

dSt = /.LStdt + O'StdBt, SO =1
dR; =rRidt, Rp=1 (11.20)



11.3 Controlled Stochastic Differential Equations and the Hamilton-Jacobi-Bellman Equation 263

Suppose that the investor can only use his own money to invest and let u; € [0, 1] denote the proportion of the money that
he invests in the stock. This implies that at any given time, his wealth dynamics is given by:

dXt = MUXtdt + O'UXtth + T(l — U,t)Xtdt,

ordX; = (uu +r(l— u)) Xdt + ouX,dB;. Suppose that the goal is to maximize E[log(Xy)] for a fixed time T" (or

minimize —E[log(X7)]). In this case, the Bellman equation writes as:

0 0 1 62
0= aV(t x) + muin ((uu +7r(l - u))x%V(t,a:) + 02u2x2§a—V(t J:))
with V(T,z) = —log(x). With a guess of the value function of the form V(t,x) log x) + by, one obtains an

€ [0, 1] the optimal control is

ug(x) = £, leading to V (¢, 2) = —log(z¢) — C(T — t)), for some constant C.

Example 11.14. [The Linear Quadratic Regulator and Continuous-Time Riccati Equation] Consider a continuous-time
counterpart of the LQG problem studied in Section Let

dl’t = A.’Etdt + Butdt + DdBt,

where x;, u; are all R-valued, with the goal of minimizing:

N
J(a,y) = B[( / Qu? + Ru2) + Quad),

where R > 0,Qx > 0, Q > 0. By the HIB equation, we have

2

0 0 10
0==V(t, x)+mln<a (t,x)(Ax+Bu)+§@

2 2 2
5 min V(t,z)D* + Qx* + Ru >

Taking V (t,2) = Pyr? + Ky with Ky = 0, Py = Qx, we then have

—Plx* — K, = min (ZPtQ:(Aa: + Bu) + P.D?* + Qz* + Ru2> = min <2APtx2 + 2P,Bxu + Ru® + P,D? + Q:ﬂ)
ue ue

By completion of squares: 2P, Bxu + Ru? = (v Ru + ﬁPtB:c)2 — £ P?B?%2?, we have that the optimal control is

1
Uy = —EPtht

where 1
—Plz? — K| = (2AP, + Q — E13332)902 + P,D%.

Thus, we arrive at (the continuous-time Riccati equation)
_p— _ Lpope _
P/ =2AP, +Q LB Pn=0Qn

and
K| =-PD? Ky=0.

11.3.3 Discounted Infinite Horizon Cost Criterion

Suppose that given a control policy, the goal is to minimize
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E”[/O e (X, us)ds).

In this section, we will consider a time-homogenous setup
dXt :b(Xt,ut)dt—&—a(Xt,ut)dBt, (1121)

and let us define

) 829
Zb Za (2, w)o? (2, 0) 5= (@) (11.22)

In this case, we have the following result:

Theorem 11.3.3 (Verification Theorem) Suppose that V is C? and lim;_,o, e " E) [V (X}*)] = 0 under any admissible
policy v and x. Let

min <E"V(x) — AV (x) + ¢(x, u)) =0. (11.23)

uelU

Then, an admissible control policy which achieves the minimum above for every x is optimal.

Proof. Under any admissible policy -y and its control realization u; at time ¢, we have that L7V (z;) — AV (a) + (x4, ug) >
0. This then leads to
e Me(xy,up) > e MLV () + AV (24))

Using 1t0’s rule for V (X;)e~** one obtains:
¢ ¢
BV (Xo)] — e ME[V(X])] = EV[/ e M =LV (X,) + AV (Xy))ds] < E"’[/ e Mg, ug)ds]
0 0

Taking ¢t — oo, we show that V(0) is a lower bound. Proceeding as before in the proof of Theorem [I11.3.2] under equality,
we have that the lower bound is attained. o

The above is a sufficiency analysis. One could say more with regard to necessity as well [15, Theorem 3.5.6] via an
analysis based on the theory of partial differential equations: In addition to mild growth conditions [[15, Section 2.2], if (i)
c: R? x U — Ry is continuous and locally Lipschitz in 2 uniform in u, and (ii) if o(x), not depending on w, is locally
uniformly elliptic, i.e., o(z)o” () has its eigenvalues locally bounded from below, then admits a unique solution,
which is bounded, and which serves as the solution to the optimal cost. Thus, one has a complete characterization of
optimality under additional regularity conditions. These also carry over to the average-cost setup presented in the following.

11.3.4 Average-Cost Infinite Horizon Cost Criterion

Suppose that given a control policy, the goal is to minimize

1 T
lim sup —EV[/ o(Xs, us)ds].
0

T—o0
Once again here we consider a time-homogenous setup with the controlled equation (I1.21)) and generator (I1.22).

Theorem 11.3.4 (Verification Theorem) Suppose that V is C? and 1 € R so that

min (E“V(m) -n+ c(x,u)) =0, (11.24)

uelU
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and

y _ v
lim sup B[V (Xo) — V(X7)] =0, (11.25)
T—o0 T

under every admissible policy v and initial state x. Then, an admissible control policy which achieves the minimum for
every x is optimal.

Proof. Once again for any admissible control policy v, L7V (z]) —n+c(x],us) > 0, leading to c(x] , uy) > n— L7V (x]).
Then, one obtains

T T
/ c(x],up)dt > nT — / LYV (z]dt.
0 0

Dividing by T and taking the limit superior, via (I11.25), we have the lower bound. The achievability holds under equality
(11.26). o

The convex analytic method

The analysis we made in Chapter 5 and 7 applies to the diffusion setting as well. In particular, a discounted HIB equation
plays the role of the discounted cost optimality equation. For the average cost problems, one can apply either a vanishing
discount approach or an convex-analytic approach. We refer the reader to [15], [[61,/66] and [295].

11.3.5 Control up to an Exit Time

In some applications, one studies cost criteria of the type:
EV[/ (X5, us)ds + h(X;)],
0

where 7 = inf{t > 0 : X; ¢ S} for some S € R"™ which is a set with a smooth boundary 9(S) and h is a terminal cost
function.

We again consider the time-homogenous setup with controlled equation (IT.2T)) and generator (I1.22).

Theorem 11.3.5 (Verification Theorem) Suppose that V is C? and 1 € R so that
mi{g (/J“V(x) + c(m,u)) =0, z€S; V(z)=h(z) on O(9). (11.26)
ue

Then, an admissible control policy which achieves the minimum for every x is optimal.

Remark 11.15. All the equations stated in the verification theorems noted above demonstrate the strict connections with
the theory of partial differential equations. Indeed, existence and optimality results can be utilized to obtain direct and very
strong results, see [[15, Chapter 3]. The regularity conditions on the value function can also be relaxed.

11.4 Partially Observed Case, Girsanov’s Theorem and Separated Policies

Consider a partially observed setup with

Y, = /h(Xs)ds + B, (11.27)
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for some independent Brownian process B;.

Such a setup leads to a number of technical difficulties. The analysis (especially for the case with measurements that
are not linear and Gaussian) can be quite subtle due to the fact that the control policy (only restricted to be measurable
in general) may lead to issues on the existence of strong solutions for a given stochastic differential equation since the
control policy may couple the state dynamics with the past in an arbitrarily complicated, though measurable, way and
hence violating the existence conditions for strong solutions to stochastic differential equations. Even for linear models,
the analysis requires some careful reflection: Lindquist [219] provides a detailed account on this aspect and provides a
general separation theorem provided that the control laws are among those which lead to the existence of a solution to the
controlled stochastic differential system, generalizing e.g. the analysis in [206] (where control laws of the Lipschitz type
in the conditional estimate are considered) and [334] (where Lipschitz control policies in yo ¢ are considered) to ensure
the existence of strong solutions.

To avoid such technical issues on strong solutions, relaxed solution concepts were introduced and studied in the literature
based on measure transformation due to Girsanov [33,[95,96] (see Exercise [I1.10.2] for a heuristic derivation). Now,
consider the measurement model given in (11.27).

For a moment, suppose that h = 0, that is Y; is just an independent process. Suppose also that there is no control in the
diffusion process dX; = b(X;)dt+0(X,)dBjy. In this case, it is evident that the measurement process and the noise process
are independent and let us call this probability measure on the processes as Q := Px x Qy . In this case, consider for any
measurable bounded f on the paths of X|o ;) and Yo ¢ as:

EQ[f(X[o,t]aY[o,t])|Y[0,t]] = /f(x[O,t]vY[O,t])PX(dI[O,t])v

since the measurement processes Y; gives no information on the state process X;. Thus, the computation is quite simple in
this case.

Now, consider our original process given by (11.27) where h is non-zero. Let P be the joint probability measure on the
state and the measurement processes. Since P < Q, we have that

/f(l“[o,t],y[o,t])P(dx[o,tpdy[o,t]) :/G(x[(),t]ay[O,t])f(x[O,t]ay[O,t])Q(dx[O,t]ydy[O,t])

for some Q-integrable function GG, which is the Radon-Nikodym derivative of P with respect to Q. It turns out that under
mild conditions, we have that

dp I

Ch(es)dys—3 7 |h(zs)|2ds
G = G0, Yjo.) = aqQ ¢ (e2)dya=3 [ Iha2)

0

with fg h(zs)dys being a stochastic integral, this time with respect to the random measure/process Y. This relation allows
us to view the partially observed problem as one with independent measurements, with the dependence pushed to the
Radon-Nikodym derivative, not unlike what was done in Section|10.4.2|(see also Exercise[11.10.2]).

Therefore,

fz[o‘t],y[owt] f($[07t]7 y[o,t])G(x[oﬂt], y[o,t])Q(dx[mtp y[O,t])
fwm] G(ﬂﬁ[o,tb y[O,t])Q(dx[O,th y[o,t])

Ep[f (X0, Yio,)¥0,9] = (11.28)

This equation is known as the (Kushner-)Kallianpur-Striebel formula. If we focus on the numerator and focus on X; only,
this is known as the unnormalized filter [204].

11.4.1 Non-linear filtering in continuous time and Zakai’s equation

We will now study the evolution of the numerator above where we restrict f to be a function of the current state only. In
particular, we will study the evolution of [ 4/" (dz) f(z) = Ep[f(X:), (0.4, Where the notation [+, (o ;] means that we
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restrict the measurements yg ;) to be fixed (but we are not computing the conditional measure), as measurements are also
collected. Compare this with the Fokker-Planck equation (11.10) in which case measurements do not exist.

Now, under Q, we have that the X and the Y process are independent. Note now that we can write

Ep[f(Xt),y0,9] = EQlf(Xt)G4l,

where G is as defined earlier in this section. This relation will make the analysis below relatively immediate, following
the analysis of the Fokker-Planck equation (11.10). We will follow a similar reasoning, except now we will also consider
the realizations of the measurements by considering G, as a variable which adds a time dependence. We have then:

d . d d
G [ e o) £@) = S Eelf(X0). 0] = 5 Ealf (X6
and thus, X
d Y[o,¢] - Q df 10%f(x) 2 Gy
& [l @) = [uliao)( Lowe + 3 Lo @+ Gt
As before, applying integration by parts (twice for the term in the middle), and then computing via 1t6’s formula the
derivative of ““+ = G,(hdY’) (this can be obtained by writing G; = e?* where Z; solves dZ; = —3|h(z,)[?dt +

h(z;)dB;), and then writing
™" (dw) = i (d) Gy

we obtain that for a process of the form
dX; = b(X:)dt + o(X)dBy (11.29)

with measurements given in[I11.27), the non-normalized filter density (provided a smooth one exists) p¥(z, t) evolves as:

(o) = (= S0 .0) + 5 (0@ 0.0 ) dt -+ o Oy (11.30)

If one normalizes the above, this time by conditioning on y (that is, by dividing the above with the expectation over the
random measurements by integrating over all state values under the measure P), one arrives at another important equation,
known as the Kushner-Stratonovich equation. In particular, for a given function f

E[f(X0)[Yo,q) = Y041] = W

11.5 Existence of Optimal Policies under Full, Partial and Decentralized Information

11.5.1 A related existence discussion in deterministic continuous-time

We first revisit a version of the deterministic optimal control problem considered in Section |[11.3.1] It is instructive to
discuss here various control topologies that are already well-known in classical control theory (when there is a single
controller who has access to the state variable).

In the following, we build on [271]]. In deterministic nonlinear, geometric, and continuous-time control, properties on
stabilizability, controllability, and reachability are drastically impacted by the restrictions on the classes of allowed controls
(e.g., continuous, Lipschitz, finitely differentiable, or smooth control functions in the state or time when control is open-
loop [[72,|180,1267,291]) and naturally the control topology induced is dictated by the class of admissible controls. For
optimal control, to allow for continuity/compactness arguments, apriori imposing compactness over spaces of measurable
functions would be an artificial restriction, and the use of powerful theorems such as the Arzela-Ascoli theorem which
necessarily entail (usually very restrictive and suboptimal) conditions on continuity properties of the considered policies.
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In deterministic optimal control theory, relaxed controls [322}|340] allow for the mathematical analysis on continuity-
compactness to be applied with no artificial restrictions on the classes of control policies considered. A particularly conse-
quential approach is via the study of topologies on Young measures defined by randomized/relaxed controls [228[340], [75,
Section 2.1], [322] p. 254], [224] where one views the topology on control policies to be identified with the weak conver-
gence topology of a measure defined on a product space with a fixed marginal at an input/state space (typically the Lebesgue
measure in optimal deterministic control).

Let us consider an open-loop controller, where the control is only a function of the time variable. We let v(dt, du) be
a measure on [0, 7] x U where the first marginal A(dt) is the normalized Lebesge measure on time interval [0, 7] and
let v(dult) = 1{y(t)cdu} be the conditional measure induced by deterministic open loop control. So, any deterministic
open-loop control is embedded via:

I/(dt, du) = /\(dt) 1{7(t)€du}-

If allow for randomized policies, we obtain the set P ([0, 7] x U) of all probability measures with fixed marginal on
[0, T']. This set is weakly closed, whose extreme points are those induced by deterministic policies. Thus, any deterministic
optimal control problem, which can be written in an integral form and have lower semi-continuous cost functions in actions,
will have an optimal solution, which will then be deterministic as these form the extreme points of randomized controls.
It can also in fact be shown that such policies are dense in the space of randomized policies, in addition to these policies
forming the extreme points in the set of randomized policies (see e.g., [|32, Proposition 2.2] [210]], [238| 19, Theorem 3],
but also many texts in optimal stochastic control where denseness of deterministic controls have been established inside
the set of relaxed controls [54]]). We refer the reader to [224]) for further discussion.

The following example builds on these, with somewhat different arguments. Let X = R, U = [0, 1], and let f : X x U —
[0,1] and ¢ : X x U — [0, 1] be measurable functions continuous in the control action variable. Consider the following
optimal control problem:

1
inf / c(x, ug) N(dt) (11.31)
vX=U Jy
ut="(z¢)
subject to
dx
i fze, u) (11.32)

The natural space to consider is the set of all control functions which depends on the current state, where the only restriction
is measurability. However, allowing for measurability only does not facilitate continuity/compactness arguments since,
as noted above, imposing compactness on a space of functions is an unnecessarily restrictive condition. Accordingly,
one often cites appropriate but tedious measurable selection theorems building on optimality equations through dynamic
programming.

On the other hand, every deterministic function of state can be expressed as a deterministic function of time, and so, be
considered open-loop. Accordingly, we consider open loop controls and those which are relaxed. Let Py ([0, T'] x U) be the
set of relaxed open loop policies (known as Young measures). Now consider the space C([0, 1]; X) x P ([0, T] x U), where
C([0,1]; X) is the space of continuous functions from [0, 1] to X. We endow this space with the product topology with the
first component being under the supremum norm and the second under Prohorov metric (or any weak convergence inducing
metric). Note now that the cost is continuous on C([0,1];X) x P ([0, 7] x U). Note that since f is uniformly
bounded, we have that the set S of all admissible sample paths of the state « : [0, 1] — X is equicontinuous, and so, by the
Arzela-Ascoli theorem, S is relatively compact in C([0, 1]; X). Accordingly, our space of interest S x P, ([0, 7] x U) is a
relatively compact subset of C([0, 1]; X) x P ([0, T] x U).

Define now
H = {(J;,m) € C([0,1];X) x Px([0,T] x U) : ¢ —/0 f(zs,u) mg(du) N(ds) = O}, (11.33)

where m(du) = m(duls). This set is closed under the topology defined on C([0, 1]; X) x P ([0, 7] x U) and is a subset
of C([0,1]; X) x Px([0,T] x U). Hence, H is compact. Now, the problem then is to find an optimal (x, m) € H which
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minimizes (11.33)), reformulated as:
1
inf / c(xy, u) m(dt, du)
0

(x,m)eH
This is continuous in (x, m) by an application of the generalized weak convergence theorem under continuous convergence
[287, Theorem 3.5] or [212, Theorem 3.5]. Therefore, there exists an optimal solution to the problem.

11.5.2 Existence of Optimal Policies for Fully Observed Stochastic Models

We start the discussion with the fully observed model. We build on [203]], [[205]]) and [258]]

Consider a continuous-time process X; taking values in a Euclidean space R, controlled by a control process {U; } taking
values in a compact metric space U. In the context of a diffusion process,

dX, = b(X,, Uy)dt + o(X,)dW, (11.34)

driven by standard Brownian motion {W, }, under the control policy U and the initial condition x € R?. We also allow the
control policy to be randomized, that is P(U)-valued, where P(U) denotes the space of probability measures on U under
the weak convergence topology. An admissible control is a P(U) valued non-anticipative process {U; } .

To ensure existence and uniqueness of weak solutions of (11.34)), we impose the following assumptions on the drift b and
the diffusion matrix o .

(A1The function b is jointly continuous in (z, ) and o is locally Lipschitz continuous, i.e., for some constant C'r > 0
depending on R > 0, we have
I

|o(x1) — o(z2)||” < Crlzy — 22

for all z1, 25 € Bpg, where ||o|| := \/(00T) . Also, we assume that b, o are uniformly bounded, i.e.,

sup [b(z,u)| + [o(@)] < C VYo eRY,
uelU

for some constant C' > 0.

(A2kor some él > (0, it holds that

d
Z a(z)ziz; > Cy|2|? Vo eRY,

ij=1

and for all 2 = (21, ...,24) € RY, where a := 100.

1
2
In view of |(A2)| one sees that o ! exists and it is bounded . For similar existence/approximation results in the fully
observable setup, the authors in [203}[205,208]], assumed that b, o are bounded and uniformly Lipschitz.

In the following, first we will trace some of the ideas presented by Kushner (see e.g. [208]]), though with some presentational
differences and then present an alternative approach. Suppose that one wishes to minimize the cost

T
J(U) = E;f[/ c(Xs,Us)ds + cr(X7)|, (11.35)
0

over all admissible control policies. Here, ¢, cr are continuous and bounded functions. We define a relaxed wide-sense
admissible control policy in the following. We first place the Young topology on the control action space, by viewing the
progressively measurable random control process m(dt, du)(w) to be a random probability measure on [0, 7] x U with
its fixed marginal on [0, T to be the Lebesgue measure; here P ([0, 7] x U) (the space of such probability measures) is
endowed with the weak convergence topology. We require that 1 ;) be independent of B, — B, s > t forevery t € [0, T].
We let m € P(Px([0,T] x U)). We then consider the C ([0, T]; R )-valued (under sup-norm) X; process (solution to the
diffusion equation ) induced by m(dt, du)(w) and then consider the space of probability measures on these random
variables.
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From [|15, Theorem 2.2.11], it is easy to see that under any choice of control process m(dt, du)(w), (11.34)) admits a unique
weak solution .

Toward an existence and approximation analysis, we adopt the following two approaches.

Weak convergence approach without measure transformation

In one approach, presented extensively by several seminal studies by Kushner and collaborators [203,205[208]] as well as
others such as Borkar [55]], one considers the following. Given the above, we consider

H = {<n,m> € P(C(0.T):E)) x P(PA([0.T] x U)) -

E, [f(Xt) — f(Xo) - / t A”f<Xs>ms<du>A<ds>] —o,

mpo is independent of W, —W;, s > t, s5,t € [0,T] (11.36)

for all twice continuously differentiable function f with compact support and where m(du) = m(du|s) and

A f(z) = (a(x)V2f(2)) + blz,u) - Vf(z).

In the following theorem we show that the space H is closed, we follow Kushner’s weak convergence approach (see
e.g., [203,205},208]]) but under weaker conditions. For detailed proof see [258} Theorem 2.1].

Theorem 11.5.1 [258] Suppose that Assumptions|(Al)H(A2) hold. Then, if m™ — m, with (n,,, m,,) € H, the measure on
the state process )™ — 1 which is the measure on the state process under m (that is, (n,m) € H). Thus, H is closed.

Now, the problem is to find an optimal (n, m) € H which minimizes (11.35). From this, one can, as in the deterministic
case summarized in [271} Section 7.1], arrive at general conditions for the existence of an optimal solution. One can also
establish conditions (see e.g., [203, Theorem 4.4]) for compactness for this set under the weak topology. We can write the
cost as

T
J(m) :EK / / c(Xs,u)ms(w)(du)> +CT(XT)]. (11.37)
o Ju
Theorem 11.5.2 [258|] Suppose that Assumptions hold. Then,

J:P(P([0,T] x U)) — R

is a continuous map.
Next, using the above continuity result we want to prove the near optimality of piece-wise constant policies .

Theorem 11.5.3 [258] Suppose that Assumptions|(Al)H(A2)|hold. Then, for every € > 0, there exists a piece-wise constant
control policy in I'rc (thus also non-anticipative) which is e-optimal.

Proof. From [15, Theorem 2.3.1], we know that the set of non-anticipative measures with quantized support (in both time
and control) is dense in P ([0, 7] x U) . Thus, by the continuity of the cost as a function of policies (as we have established
in Theorem[T1.5.2), we obtain our result.
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An approach with measure transformation

In an alternative approach, we consider the state process to be exogenous and the control only impacting the cost function.
For the analysis of this subsection, we are assuming that the running cost ¢(z, u) is bounded measurable and continuous
in its second argument (i.e., only in u) and cr is bounded measurable. differently from the previous subsection, we define
relaxed wide-sense admissible control policy in the following. As in the above, we first place the Young topology on the
control action space, by viewing the control to be a probability measure on C'([0, T]; R™) x P ([0, 7] x U) with its fixed
marginal on C([0, T]; R™) to be the Wiener measure, moreover we require that, under the measure-transformed model,
myo,s] be independent of W; — W forany ¢ > s.

Let I'\wrc denote the space of all wide-sense admissible control policies. A typical element of I\yrc is denoted by m
(without loss of generality). To study this, we adopt Girsanov’s measure transformation. Define

dX; = o(X])dWs,
which, in fact, is policy independent (under new probability measure F), where

ar
dP,

T T
1
=: Zp =exp U o N X)b(X,, Ug)dW, — 5/ |a‘1(XS)b(XS,US)|2ds].
0 0

provided that b is integrable (uniform over control policies) and o~ (z) exists and is bounded (which is a consequence of
(A2)) . In this case, the marginal on the state process is fixed, but the cost function is now represented as:

v lapP ([T
J(m):=Ep | ——= c(Xs,Ug)ds + cp(X7)
O LdPo \ Jo
Here, one wishes to minimize (where the measure on the path process is fixed)

inf J(m). (11.38)

meEwrc

In the following, we adopt the latter approach, as it will be much simpler to be generalized to information structures beyond
the fully observed model, including decentralized information structures. This analysis is based on the supporting result in
Lemma [TT.5.2] Which shows that the Radon-Nikodym derivative is continuous as a function of policies (under a suitable
topology over the policy space) .

Lemma 11.5.1 The space I'\wrc under the weak convergence topology is compact.

Proof. Note that Iwrc C P (C([0, T]; RY) x Px([0,T] x U)). Since (in Iwrc) the marginal on C ([0, T]; RY) is fixed
and Py ([0,T] x U) is compact (via Prohorov’s theorem), it follows that Iyrc is tight. Thus relatively compact by Pro-
horov’s theorem. Since independence is preserved under weak convergence of probability measures (see e.g. the proof
of [132, Lemma 2.3] or [346| Theorem 5.6]), thus I'\yrc is also closed, hence compact .

The next lemma shows that the Radon-Nikodym derivative is continuous as a function of policies over I\yrc (under the
topology of weak convergence) .

Lemma 11.5.2 Suppose that Assumptions|(Al)H(A2)|hold. Then, on I'\yrc, the map

T
U exp[/ o N (X )b(X,, Uy)dW,
0

1

T
—7/ lo (X )b(X,, U,)|ds
2 0

is continuous in L* norm.
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Using this continuity property of the Radon-Nikodym derivative as a function of policy, we arrive at the following conti-
nuity result. The proof of the following lemma follows from [258, Lemma 2.6] .

Lemma 11.5.3 Suppose that Assumptions hold. Then, J is continuous in m € I'\wrc under the weak convergence
topology.

Next theorem proves the existence of an optimal policy in I\wgrc. Also, it shows that the piece-wise constant policies in
I\wrc are near optimal .

Theorem 11.5.4 [258|] Suppose that Assumptions hold. Then, we have
(i) There exists an optimal control policy in I'\wgrc.

(ii) For every € > 0, there exists a piece-wise constant control policy in I\yrc (thus also non-anticipative) which is
e-optimal.

11.5.3 Existence of Optimal Policies for Partially Observed Models

Consider now a partially observed continuous-time process {X;} on R¥, controlled by a control process {U;} taking
values in a compact action space U C RE, and with an associated observation process {Y;} taking values in RM, where
0 <t < T. The evolution of {X;, Y;} is given by the stochastic differential equations

dXt = b(Xt, Ut)dt + O'(Xt)th,
dY, = g(X,)dt + dB;, (11.39)

where, g : RV — RM is a continuous and bounded function and W and B are independent standard Wiener processes
with values in RV and RM, respectively (hence, o is a N x N-matrix). The objective is to minimize the following cost
function

T
E[/ o( Xy, Up)dt + er(X7) |, (11.40)
0

where ¢ : RY x U — [0,00) and ¢z : R — [0, 00) are bounded and continuous functions.

The idea is again to first apply Girsanov’s transformation so that the measurements Y; form an independent Wiener process
under new probability measure () . Following Fleming and Pardoux [132] p. 264], we define an admissible control as a
probability measure on C'([0, T x RM) x Py ([0, T] x U) with its fixed marginal on C([0, T] x R™) be the Wiener measure.
In addition, under the new measure @, Y;. — Y} is independent of { X, W., Yy, ms; s < t}, forany 0 <t < r < T .Let I'\ws
denote the space of such policies, where we endow this space with the weak convergence topology. As inc Lemma[T1.5.1]
we have I'\ys is compact under weak convergence topology . Without loss of generality, a typical element of Iys is denoted
by m.

As in Section[TT.4] suppose that g = 0, that is Y7 is just an independent process. Let us call this probability measure on the
processes as Q := Px X Qy.

Now, consider again our original process where g is non-zero. Let P be the joint probability measure on the state and the
measurement processes. Since P < Q, we have that

/f(X[o,t]7Y[mt])P(dX[o,t],dY[(Lt])

= /G(X[o,t], Yio.0) f(Xj0,4)> Y]0,9) Q(dX (0,4, dY]0,49)

for some Q-integrable function GG, which is the Radon-Nikodym derivative of P with respect to Q. Under mild conditions,
we have that
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dP
dQ( 0t]7Yv[Ot])

7ef 9(X,)dYo—1 ["g(X,)|2ds

Gy = G(X[o,t],y[o,t})

)

with fo s)dYs being a stochastic integral, this time with respect to the random measure/process Ys. This relation
allows us to view the partially observed problem as one with independent measurements, with the dependence pushed to
the Radon-Nikodym derivative. In particular, we get an equivalent model

dXt = b(Xt, Ut)dt + O'(Xt)th,
dY, = dB; . (11.41)

Theorem 11.5.5 [258)] Suppose that the drift term b and the diffusion matrix o satisfy Assumptions|(Al)H(A2)| uniformly
with respect to y € RM | Then,

(i)

dP r
J(m) =F E(X[O’T]’Y[QT])(‘/O C(Xt,Ut)dt-i-CT(XT)) , (11.42)

is continuous over the space of wide-sense admissible policies 'y g.
(ii) There exists an optimal control policy in I'y s.

(iii)For every € > 0, there exists a piece-wise constant control policy in I'yy s which is e-optimal.

Accordingly, we can again establish both existence and discrete approximation results. Once again, the above will allow
us to approximate a continuous-time process with a (sampled) discrete-time process and the machinery developed for
discrete-time optimal control will be applicable.

Remark 11.16. The utility of this approach was already observed in Section [T0.8] (see Remark [I0.17). In particular, if
one makes the measurements independent, so that the information structure is first static, and then makes the informa-
tion structure classical by considering the actions at time ¢ measurable on the filtration generated by the past noise pro-
cesses and actions up to time ¢; Theorem building on [346, Theorem 5.6], can be adapted to show that such a
set of measurement-action measures (with fixed marginal on the measurements) that satisfy conditional independence
U, < Yo, < Ys — Yt; (w0, W0, T 1) is weakly closed. Furthermore, the value is continuous in the joint measure on
{zs; (u,y)s, s € [0,T]} and this set of measures is tight. These lead to the compactness-continuity conditions and accord-
ingly an existence result for optimal policies follows. Furthermore, by showing that the set of {(u,y)s, s > 0} measures
which have quantized support in the measurement variable are dense, one can show also that piece-wise constant control
policies are nearly optimal. This allows one to approximate a continuous-time process with a (sampled) discrete-time pro-
cess and the machinery developed earlier in the lecture notes are applicable. This approach is the essence of Kushner’s
method [205] p. 278] [203]], though stated somewhat differently. This approximation result by discrete-time models also
applies for fully-observed models with a similar argument (see Exercise[I1.10.2(b)).

Remark 11.17. It may be important to note that Bismut [46] arrived at further existence results, through an approach which
avoids separation (and the construction of a belief-MDP), in discrete-time a similar approach is given in Section [10.8.1

Remark 11.18 (Revisiting the Discrete-time Case). Inspired by the work of Fleming and Pardoux [[132], Borkar introduced
wide-sense control policies to study discrete-time partially-observed finite state-observation Markov decision processes
with average cost criterion (see [58,60,(62,/63]]). We recognize also that Borkar achieves what is in essence equivalent to
Witsenhausen’s static reduction reviewed earlier in Section For simplicity, we only consider here the case where
state and observation spaces are finite. We consider a discrete-time Markov decision process {x,, } on a finite state space X,
controlled by a control process {u,, } taking values in a compact Borel action space U, and with an associated observation
process {ypn } taking values in a finite observation space Y, where n = 0, 1,2, .. .. The evolution of {x,,, y,, } is given by
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P($n+1,yn+1 S '|xm7xm;umam S TL) = P($7L+17y7z+1 S '|mnaun)a

where p : X x U — P(X) x P(Y) is some transition kernel. To ease the exposition, we assume that p is of the following
form:

p(xn+17 Yn+1 |$n7 un) = T(yn+1 |xn+1) & p($n+1 ‘xna un)7
where p is the state transition kernel and r is the observation kernel. The initial distribution of zq is p.

A control process {uy,} is admissible in classical sense if it is adapted to the filtration {o(y.,,m < n)} generated by
observations {y,, }. In this case, one can write

un:%(yo,---,yn)ﬂZO, (11.43)

for some 7, : [[;_, Y — U. Let us denote 7 = {m, }.

Note that one can always write the evolution of the state process {x,, } as a noise-driven dynamical system
Tnt1 = F(Tn; tn, wn), (11.44)

where F' : X x U x [0,1] — X is measurable and {w,, } are independently and identically distributed uniformly on [0, 1].
Using this dynamical system, we now reproduce the above process on a more convenient probability space. This will then
enable us to define wide-sense admissible policies.

We can thus reduce the problem to an independent static one via Witsenhausen/Girsanov/Borkar, see Borkar’s [|58(62]]
explicit analysis or Witsenhausen’s method presented in Section[10.4.2]

Under this reduction, we obtain a new probability space P under which:
(@) {yn} isi.i.d. uniform on Y and independent of z( and {w,},
(b) {woy .-, Un,Yo,---,Ynt is independent of {w, }, zo, and {y,,, m > n}, for all n.

Using these properties, Borkar defines Py to be wide sense admissible if P, satisfies (a) and (b). Such a notion allows for
closedness of conditional independence properties under weak convergence of joint probability measures, and thus leads
to very general existence results. See [271]] for a subtle clarification.

11.5.4 Existence for Models with Decentralized Information
Decentralized Model with Local Measurements

Consider now a continuous-time process {X;} on a Euclidean space R", controlled by a collection of control process

U, := {U},k = 1,--- , N} with each U} taking values in a compact Borel action space U* C R’, and with an asso-
ciated observation process {Y;*} taking values in R, where 0 < ¢t < T.Let Y = {Y! ... YN}, The evolution of
{ X4, Yt’“, k=1,---,N}is given by the stochastic differential equations

dXy = b( X, UL, - JUN)dt + o(Xy)dWr,
dY; = ¢'(X,)dt + dB!, i=1,---,N. (11.45)

Where, W and B?,i = 1,--- , N are independent standard Wiener processes with values in R™ and R, respectively and
g' : R® — R” is a continuous and bounded function. In this section, we assume that the drift term b and the diffusion
matrix o satisfies similar conditions as in[(AT) and[(A2)] In particular, they satisfy the following:

(D1The function b: R™ x (RM)N x ], UF — R™ is jointly continuous and 0 = [0%]: R" x (RM)N — Rrx»
is locally Lipschitz continuous in x (uniformly with respect to the y € (R)¥). In particular, for some constant
Cr > 0 depending on R > 0, we have
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lo(z1,y) — o(z2,y)||> < Crla1 — x2f?

for all x1, 29 € Bg,y € (RM)N, where ||o|| .= \/(c0T).

(D2The functions b and o are uniformly bounded, i.e., for some constant C' > 0,

sup  [b(x,y,u)| + [lo(z,y)|> < C Yz eRY ye (RM)N
uEHi\;lU’“

(D3kor some él > (), it holds that
d
Z (z,y)22; > Ch|z)? Ve eR", ye RM)V,
and forall z = (z1,...,24) € R, where a == LooT .

2

The objective here is to minimize the following cost function
T
E[/ (X, UL, -, UMYt + er(X7) |, (11.46)
0

where ¢ : R™ x H,ivzl U* — [0,00) and e : R™ — [0, 00) are bounded continuous functions. For similar existence
analysis the authors in [[76}|80-82] assumed that the b, o are uniformly Lipschitz continuous .

We define the following decoupled measurement model.

dX; = b(X,, Y, UL, -, UMYt + o( Xy, Y )dWy,
dY; = dBj, i=1,---,N. (11.47)

LetY ={Y',--- ,YN}and U = {U},... ,UN}

We let this decoupled measurement model have measure Q := Px X H,Icvzl Q. Let P be the joint probability measure on
the state and the measurement processes under a given policy. Since P < Q, we have that

/f(X[O,t] » Y0,9)P(dX0,4,dY[0,4))

= /G(X[O,t]a Yio.0)f (X0, Yi0,1) Q(dX[0,¢,dY[0,4]) »

for some Q-integrable function GG, which is the Radon-Nikodym derivative of P with respect to Q. Under mild conditions,
we have that

N

dP toicx. i1 [ty i DI2ds

Gy = dQ(X[Ot Y[ ]):Ilefog(xé)dys 2fo lg"(Xs)I"d
i=1

with fo +)dY ! being a stochastic integral, with respect to the random measure/process Y. This relation allows us to
view the decentrahzed stochastic control problem as one with independent measurements, with the dependence pushed to
the Radon-Nikodym derivative.

We define an admissible control as a probability measure on C'([0, 7] x RM) x PA([O T] x U?) with its fixed marginal on
C([0, T)xRM) be the Wiener measure. In addition, under the new measure, Y,! —Y}! is independent of { Xo, W., Y, mi;s <
t}, for any 0 < ¢ < r < T and independent from all (m k. Y,k) k # i. Let Ipws denote the space of such decentral—
ized wide sense admissible policies, where we endow this space with the weak convergence topology . Without loss of

generality, a typical element of Ipws is denoted by m = (m?!,--- ,m?).
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Theorem 11.5.6 [258] Let Assumptions|(D1)l-[(D3)|hold. Then,

(i) Over I'bws (wide-sense admissible policies) the function

N toy i t, - T
J(m) =E™ [H(efo g ()(s)ale;%fD lg*(Xs)|?ds) </ o( Xy, UL, - ,UtN)dt‘FCT(XT)):la (11.48)
0

i=1
is continuous.
(ii) There exists an optimal control policy in I pws.

(iii)For every € > 0, there exists a piece-wise constant control policy in I'pws which is e-optimal.

Decentralized Model with Coupled Dynamics and Local State

Instead of (11.45) we now consider a collection of N agents with coupled dynamics given as

dX} = b'(X}, UDdt + by (X4, Up)dt + o' (X])dBj, (11.49)
for i = 1,---,N. Here, b : R" x U' — R", b} : (R")N x [[r_, UF — R™ and o’ : R" — R™ ™ are given
functions and B® are independent standard Wiener processes with values in R, i = 1,--- , N . We assume that b, b, o
fori =1,---, N, satisfies the following:

(ﬁEori =1,---,N,wehave b’ : R" x U’ — R" and b} : (R")V x Hé\;l U* — R™ are jointly continuous and for

some constant C'r > 0 depending on R > 0, we have
i i 2 2
Ha (1) — 0o (1:2)” < Cgrlz1 — 22|
forall 1,29 € Bg.
(lﬁ?l)‘he functions b%, b} and 0%, i = 1,--- , N, are uniformly bounded, i.e., for some constant C' > 0

sup |bi(x,u)\—|—||ai(z)||2 <C VoeR",
uelU?

and SUP, T o b} (z,u)| < C forall z € (R*)N.
k=1

(DBor some C; > 0, it holds that

d
Z ak’ij(x)zizj > él|Z|2 VeeR", k=1,---,N,
ij=1
and for all 2 = (z1,..., 24) € R", where a* := 5% (o).
In view of |(D3)} it is easy to see that (¢*) ! exists and is bounded forall i = 1,--- , N.

The objective here is to minimize the following cost function
T
E[/ (X, UL, -, UMYt + er(X7)|, (11.50)
0

where ¢ : (R™) x ngl U* — [0,00) and c7 : (R™)Y — [0, 00) are bounded continuous functions . We assume that the

control policies are only locally measurable, that is U} is measurable with respect to o(X [io_ t]) forall ¢t € [0, 7).

We define the following decoupled (non-interacting) agent model.
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dX} =o' (XD)aW{,  i=1,--- N; (115D

Since o is invertible (follows from|(D3)), let us have the driving noise process (th +f0t ()X (b1(XL UL 4+ b(Xs, Uy)) ds,

fOt(UN)*l(va) (BN(XN,UN) + b)Y (X, Uy)) ds) have measure g and the independent process (W}, --- , W) have

measure /1. Let b'(Xs, Uy) = (01(X},UL) + b§(Xs, Us)). Then, by Girsanov, we know that the density for 1o with
respect to j is

N ) . ) ) .
d#o H fUT(O'l)_l(Xt)bl(xthf)dW;*%fOT(O'I)_l(Xt)bl(xf7Ut)2dS)'
k=1

As in Section[IT.5.2] we define a relaxed wide-sense admissible control policy by first placing the Young topology on the
control action space, by viewing the control process to be a probability measure on C([0, T]; R?) x Py ([0, T] x U?) with its
fixed marginal on C([0, T]; R%) to be the Wiener measure . We require also that mfo ;) be independent of Wi—Wi s>t
for every ¢ € [0, T and independent from m?, W7, j # i,s € [0,T]. We call again such policies decentralized locally
wide sense admissible policies, and denote with I pws. Without loss of generality, a typical element of I pws is denoted by

m = (m!,--- ,m¥"). Also, it is easy to see that in the trasformed model, the measure on the path space is fixed .

Now, following the analysis in Theorem [I1.5.4] [T1.5.6] we have the following theorem.

Theorem 11.5.7 [258] Suppose that Assumptions hold. Then,

(i) Over the space of wide-sense admissible policies I'pws the function

J(m) = E™ K/OT (X, UL, -, UN)dt + cT(xT))

i i T, i\— i
H f o)) "X )b (X, Uy )dW? —7f (0") 71X )b (X, Uy)2ds (11.52)

is continuous.
(ii) There exists an optimal control policy in I pws.

(iii)For every € > 0, there exists a piece-wise constant control policy in I'pws which is e-optimal.

11.6 Near Optimality of Control Policies Designed for Discrete-time Models via Sampling

In view of the results presented in the previous section, we have that piece-wise constant policies are near optimal. These
then lead to discrete-time models whose solutions will be near optimal, and applicable to the original problems. For each
of the information structures below, we will consider the following arguments: (i) We obtain a sequence of discrete-time
models 7, (here the subscript n denotes the index of the model sequence, and not the fixed dimension of the state space)
arrived from piece-wise constant control policies applied to the true model 7. (ii) We show that the solution to the optimal
discrete-time model J(7,,) leads to a solution which is near optimal. The direction, lim,, o J(75) < J(T) + € follows
from the analysis above and the direction lim,, o, J(7,) > J(T) follows from the fact that restricting to piece-wise
constant policies cannot lead to a better policy when compared with arbitrary admissible policies. (iii) We then show that
the policy obtained to solve J(7,,) can be applied to 7 (and thus the approach is constructive) and is near optimal for large
n.
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11.6.1 Fully Observed Setup

Consider the fully observed setup discussed in Section [IT.5.2] with model (IT.34) and cost criterion (IT.35). That is, with
dynamics
dXt = b(Xt, Ut) —|— 0'()(t)dB,57

and cost criterion J(U) = E[fOT (X5, Us)ds + er(Xr)).

Discrete-Time Model to be Solved for Near Optimal Solutions. Let X;,, U, be the solution of the sampled process
corresponding to (11.34) with piece-wise constant policies: Uy, s = Uy, for kh < s < (k + 1)h . We have that

(k+1) (k+1)
Xpann = X + / b(Xa, Uip)ds + / o (X.)dW, (11.53)
kh kh
The cost can be written as, with Nj, = %,

Np—1
E[ Z (Xin, Ugn) + cr(Xnpn)] (11.54)

k=0
where ¢(z,u) fo e(Xs,Up)ds|Xo = x,Up = u] . Withn = % the above define a discrete-time MDP with transition

kernel 7,,, cost functlon ¢, and total cost Jn( U).
Thus, one defines a discrete-time model in which X}, := Xy, and Uy, := Uy, for k € Z ..
The information structure at time ¢ contains the continuous-time measurements. However, since for such fully observed

model, Markov policies are optimal, it suffices to the controller to only use the discrete-time measurements.

Theorem 11.6.1 /258 Suppose that Assumptions|(Al)H(A2) hold. Then, the value of the discrete-time model convergences
to the value of the original continuous-time model. Moreover, for every € > 0, there exists h > 0 so that the solution of the
discrete-time approximation gives a policy which is near optimal for the original continuous-time model.

The above apply also to the partially observed and decentralized models.

Partially Observed Setup

Consider the setup in Section[T1.5.3| with dynamics (I1.39) and criterion[IT.40}

Discrete-Time Model to be Solved for Near Optimal Solutions. Let us have a piece-wise constant control policy with
Uph,s = Ugp, for kh < s < (k+ 1)h.Let X},,Y},, Uy, be the solution of the sampled process corresponding to (11.34) with
piece-wise constant policies. We have that

(k+1)h (k+1)h
Xk+1)n = Xkn +/ b(Xs, Ugn)ds +/ o(X,)dBs
kh kh
t t
Y, :Ykh+/ g(XS)ds—i—/ dB,, te€ [kh,(k+1)h) (11.55)
kh kh

Thus, one deﬁlles a discrete-time model in which X}, := Xy and Uy, := Uyy, for k € Z, and the path-valued discrete-time
measurement Yy, = Yjpp, (k41)n), for k € Z,.

The cost can be written as, with Ny, = %,

Nu—1
E[ Z E(Xkn, Ukn) + e (Xnn)] (11.56)
k=0



11.6 Near Optimality of Control Policies Designed for Discrete-time Models via Sampling 279

with é(z, u) fo (X5, Up)ds|Xo = 2,Uy = u] . Withn = 7, the above define a discrete-time POMDP with transition
kernel ’T and cost function ¢,. Following the proof technique as in Theorem|11.6.1|(and Theorem [11.5.4), we obtain the
following near- optimality result for partially observable model .

Theorem 11.6.2 [258] Suppose that the drift term b and the diffusion matrix o satisfy Assumptions[(AI)HAZ)] uniformly
with respect to y € RM . Then, the optimal value of the discrete-time model convergences to the optimal value of the
original continuous-time model. Moreover, for every € > 0, there exists h > 0 so that the solution of the discrete-time
approximation gives a policy which is near optimal for the original continuous-time model.

The result above, however, while involves discrete-time control and state, requires having access to the path-valued mea-
surements. It would be desirable to obtain a discrete-time model with discrete-time measurements Yy, in the original
measurement space. That is, at time kh, we would like to have Uy, = ~v(Yip,i € {0,1,--- ,k}) under an admissible
policy ~y. The following result (refinement to Theorem[I1.6.2), building on Lusin’s theorem, achieves this (for more details
see [258, Section 5.2]).

Theorem 11.6.3 [258] Suppose that the drift term b and the diffusion matrix o satisfy Assumptions[(AI)HAZ)| uniformly
with respect to y € RM . Then, the optimal value of the discrete-time model convergences to the optimal value of
the original continuous-time model. Moreover, for every € > 0, there exists h > 0 so that the solution of the discrete-time
approximation gives a policy (i.e., a policy Uy, = v*(Yin,1 € {0,1,--- ,k}) obtained in the deiscretized molde of
as in (I1.58))) which is near optimal for the original continuous-time model.

Decentralized Setup

Decentralized Model with Local Measurements. Consider Section [T1.5.4] with dynamics (IT.45) and cost criterion
(IT.46). In particular the model is

dXy = b(X;, UL, - UN)dt + o(Xy)dWr,
dy; = ¢'(X)dt +dBj,  i=1,--- N. (11.57)

Discrete-Time Model to be Solved for Near Optimal Solutions. Let us have a piece-wise constant control policy with
U;'L’S =U}, forkh <s < (k+1)h, i=1,---,N.Let X, Y}, U} be the solution of the sampled process corresponding
to (L1.57) with piece-wise constant policies. We have that

(k+1)h (k+1)h
X(kr1yn =Xpn + / WX, Uy, UNYds + / o(X,)dB,
kh kh
t t
Y, =Y, + / ' (Xs)ds+ | dB., te [kh,(k+1)h). (11.58)
kh kh

By the similar argument as in the partially observable case, applying Girsanov’s change of measure argument to the dis-
cretized model (TT.58), we can define a new probability measure space in which the measurements of the each individual
are independent of the state process. In particular, we obtain the following equivalent discretized model

(k+1) (k+1)
Xesim =X + / b(Xo Uby, - UN s + / o (X,)dW,
kh kh

t
Y} :Yg’h+/ dB:, te [kh,(k+1)h), (11.59)
kh

with policy U}, = ~*(YZ, s < kh), by Lusin’s theorem, for some continuous function 7’ we have 7' = ~7 on a set of
measure (1 —¢;) . Moreover, we have that the process Y[f) o] €N be approximated by its piece-wise constant interpolations.
Since both running/terminal costs are continuous, the cost (11.60) under a policy v = (7!, ...,~¥") (under continuous-time

measurements) and its continuous approximation 7. = (v}, ...,~vY) (with discrete-time measurements) are close to each
other . This enables us to obtain a discrete-time model with discrete-time measurements .
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Thus, one defines a discrete-time model in which X}, := X and U,i =U, zi i, for k € Z ., and the path-valued discrete-time

measurement ;' = Y[Zh (kr1)n)s fOT keZ,.
The cost can be written as, with N;, = %
Np—1
E[Y " e(Xpn, U+ Upp) + er(Xn,n)] (11.60)
k=0
with é(z,u) = E[foh o(Xs,Ug, -+, U )ds| Xg = 2, Uy = u]. With n = , the above define a discrete-time decentral-

ized POMDP with transition kernel 7,, and cost function é,. Again, for the decentralized model, similar proof technique
as in Theorem[11.6.1] gives us the following near- optimality result.

Theorem 11.6.4 [258)] Suppose that Assumptions hold. Then, the optimal value of the discrete-time model
[11.58) convergences to the optimal value of the original continuous-time model. Moreover, for every € > (0, there exists h >
0 so that the solution of the discrete-time approximation gives a policy (i.e., a policy Uy = ~*(Yp,r € {0,1,-++ ,k}),
i=1,---, N an optimal solution of (I1.59)) which is near optimal for the original continuous-time model.

Coupled Dynamics and Local State. An analogous result is applicable for the model in Section

11.6.2 An alternative discrete-time approximation: Euler-Maruyama discretization
In addition to the discrete-time model presented above, one can also consider the following (more standard and elementary)
Euler-Maruyama (EM) approximation for SDEs. For the given controlled SDE

dXt = b(Xt,Ut) dt+U(Xt) th, XO =z,

where U, is an admissible control and W; is a standard Brownian motion. Fix a time step A > 0 and set t; = kh. The
(explicit) Euler—Maruyama scheme under a piecewise-constant-in-time control Uh = Uy, fort € [tg,tr41) is given by the
recursion

Xt o= XL 4+b(X2, U, ) h+ o(X]) AWy, (11.61)
where AW, := Wy, . — W, and we denote by X"(-) the usual continuous-time interpolation (piecewise constant or

piecewise linear as required).

The discrete-time per-stage cost writes as: ¢;(x, () := ¢(x,{) x h. The associated discounted cost of the approximating
discrete-time model under the piece-wise constant control process U" is given by

o0
Jon(z) = BV (3" Bren(X], UM XS = a] (11.62)
k=0

for z € R%, where 8 = e~ "

Let v"* be optimal for the discrete-time model (11.61)) under cost (11.62).

Then following the arguments as in [257, Theorem 4.3], we then have near optimality of the discrete-time optimal policy
v"* obtained for the model (11.61)) under cost (11.62) for the continuous time model as the parameter of the discretization
approaches to zero .

Theorem 11.19. Suppose that Assumptions hold. Then we have

lim JU" () = J*(z) ae z€R% (11.63)

h—0
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hox . . . . . . .
where JU" () is the expected cost induced by v""* for the true diffusion under the discounted cost criterion, and J* is the
value function for the diffusion under the discounted cost criterion.

The same applies for the finite horizon criterion as well.

11.6.3 Borkar’s Control Topology and a Partial Differential Equations Approach

Another approach to arrive at near optimality of discretized time and space models is via showing that the cost is continuous
on the space of control policies (stationary or Markov, depending on the cost criterion) under an appropriate topology due
to Borkar [55]], and then to show that time and space quantized policies are dense in the space of all such policies [[256].

11.7 Stochastic Stability of Diffusions

Recall that an It6 diffusion is a stochastic process X;(w) satisfying a stochastic differential equation of the form:
dXt :b(Xt)dt+0'(Xt)dBt, t Z S,XS =T
where B; is m-dimensional Brownian motion. Often b, o satisfy regularity conditions of the form

[b(2) = b(y)| + |o(2) — o(y)| < D]z —yl,

for some finite D (if one wishes to impose the existence of strong solutions), though this is not a requirement for the
analysis to follow. Note that here b, o only depend on = and not on ¢. Thus, the process here is time-homogenous.

Continuous-time counterparts of Foster-Lyapunov criteria considered in Chapters 3 and 4 exist and are well-developed.
We refer the reader to [206], [223]], [236] [235] as well as [[194]]. Dynkin’s formula plays a key role in obtaining the
continuous-time counterparts of the Foster-Lyapunov criteria developed in Chapter 4.

For functions V' : X — R, that are properly defined, as in the Foster-Lyapunov criteria studied in Chapter 4, conditions of
the form
AV(Z‘) S b].a;e S

AV (z) < —e+ blyes
AV (z) < —f(z) + blses,

will lead to recurrence, positive Harris recurrence and finite expectations, respectively. However, the conditions needed on
both V' and the Markov process need to be carefully addressed. For example, one needs to ensure that the processes are
non-explosive, that is, they do not become unbounded in finite time; and one needs to establish conditions for the strong
Markov property. Furthermore, they must lead to a well-defined AV (z) (see Definition[11.2.7).

In the following, we review related results from Meyn and Tweedie [235,[236]. We consider processes taking values from
a locally compact Polish space X.

Let P!(x, B) := P,(X; € B) for B € B(X). Let for any Borel A,

na = /0 Lix,eardt,
denote the occupation time. We say that the process X is 1-irreducible if
Y(B) >0 = Eg[ng] >0, z € X,
and the process is Harris recurrent if

PY(B) >0 = Py(np =0o0) =1, x e X
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Definition 11.20. A probability measure 7 on B(X) is invariant if for every B € B(X)

W(B):/w(da:)Pt(x,B), Yt > 0.

A Harris recurrent chain which admits an invariant probability measure is called positive Harris recurrent.

Denote by D(.A) the set of all functions V' : X x R, — R for which there exists a measurable function U : X x Ry — R
such that foreach x € X, ¢t > 0,

B V(X0 t)] = V(2,0) + B / Ulzs, 5)ds]
and
¢
/ E.[|U(xs,s)|]ds < 0o (11.64)
0
In this case, we have AV (x) = U(x) and we call A the extended infinitesimal generator of the process X, and we say that

V is in the domain of A.

In general, it is not easy to know when a function is in the domain of .A. One method to enhance the set of functions that are
relevant is to consider truncated processes. Let {O,,,, m € N} be a sequence of open bounded sets (with compact closure)
for which for every m € N, O,, C Op1 C Oppy2 With USS_; O,,, = X Define:

T =710. :==inf{t >0: X; € Oy}
and let

(= lim T™.

m—r o0

We call X; non-explosive if P,({ = oco) = 1forall z € X.
Let for m € Z4, A, denote a fixed state in Of, and define with ™

x;" = xt]-{t<T"”} + Am]-{tZT"L}
Thus, for a non-explosive process, we can define zy" = Tmin (¢, 77}

For Itd processes, let A, denote the extended infinitesimal generator for z}". In this case, A,, contains C? (class of
functions on X x R with continuous first and second partial derivatives).

It is important to note that in general, the domain of .4 may be smaller than the domain of A,,,, in view of the integrability

condition stated in (11.64).

Theorem 11.7.1 /236, Theorem 4.5] Let X; be non-explosive weak Feller process: that is Ptg(x) = E[g(X¢)|zo = z] is
continuous in x for every continuous and bounded g, for all t > 0. Then,

(i) If
A Vi(z) < —e+blyges, € Op,meN (11.65)
holds for some compact S, then an invariant probability exists.
(it)
A V() < —f(z) +blyes, z € Opy,meN (11.66)

holds for compact S and [ : X — [1, 00), then under any invariant probability measure 7, E;[f(X)] < b.
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Proof. Building on [133]] [294] Theorem 2] (see Theorem for an argument in discrete-time), for a weak Feller process
there are two possibilities: either an invariant probability exists or

T—oo

1 T
lim sup — / vP*(C)ds =0,
T Jo
for all compact C, where the supremum is over all initial probability measures on zy. Condition (i) then implies that the
latter cannot take place. The second result follows from the discussion for Theorem together with (i). o

A useful technique in arriving at stochastic stability is to sample the process to obtain a discrete-time Markov chain, whose
stability will imply the stability of the original process through a careful construction of invariant probability measures,
similar to the discussion on sampled chains in Chapter 3: Any invariant measure for the continuous-time process is also
invariant for a sampled discrete-time process, and thus the uniqueness of an invariant measure for the sampled process
would imply the uniqueness of an invariant measure for the continuous-time process, provided one exists.

Let a be a probability measure on R . Define

Ko(z, B) = / P'(z, B)a(dt)

Thus, K, represents a sampled chain. A Borel set S is called v,-petite if v, is a non-trivial measure and « is a probability
measure on (0, co) that satisfies:
K,(x,B) > v.(B), z €S,

for all B € B(X). Furthermore, we have the following if S is a petite set. Meyn and Tweedie define a process to be a
T-process if for some distribution a, the kernel K, (x, A) > T'(x, A) where (-, A) is lower semi-continuous for each Borel
A and T'(z,X) # 0 for each z € X. Note that strong Feller processes are T-processes as 1" can be taken to be K, itself.
Recall from Theorem [3.2.8]that for an irreducible T-process, every compact set is petite [236].

Theorem 11.7.2 [236| Theorem 4.2] Let {x;} be an irreducible non-explosive process and (|11.65)) hold for S closed and
petite, and with V' bounded on S. Then, the process is positive Harris recurrent.

We also refer the reader to [90, Theorem 4.1] and emphasize that, as in Chapter 4, irreducibility is not required for the
existence of an invariant probability measure. Theorem then implies the importance of the petiteness condition on
S. As we observed earlier in Chapter 3, such sets allow for regeneration and hence lead to Harris recurrence and uniqueness
of an invariant probability measure.

Let the notation {lim;_,~ |z:| = oo} denote the event that for any compact C, for all ¢ sufficiently large z; ¢ C. If
Pp(lim |z;] = o0) =0,
x4 is said to be non-evanescent.
Theorem 11.7.3 [236| Theorem 3.1] Let {x} satisfy
A Vi(z) <blyes, € Op,meN
Jor a compact S, b < 0o and where V' is a norm-like function (i.e., lim,_,o, V(x) = 00). Then,
Pm(tl'ggo |zt| = 00) =0
foreachr € X.

Further stochastic stability results, beyond the existence of invariant probability measures, have found applications; for
these, we refer the reader to [200] and [312]. We state one next.
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Theorem 11.7.4 [206] [312, Prop. 5.5.1] Suppose that there exists a function V : R™ — R, which is in the domain of
A for every m, and satisfies

AV (z) < —aV(z) + b, z€0,,,meN (11.67)

for some o, b > 0. Then,
b
E[V(X;)] < em™E[V(Xo)] + o

provided that E[V (Xy)] < oo.

Exercise 11.7.1 Prove Theorem[11.7.4] Hint. Apply Dynkin’s formula to V (x;)e®'; note A(V (z;)e®t) = oV (xy)e® +
e AV (x1) and use (|11.67).

11.8 The Wong-Zakai Theorem and Robustness of the Stratonovich Integral

The Brownian noise is an idealization and is not practically achievable. However, it is approximated arbitrarily well by
signals which are sufficiently regular, so that with these regular approximations one can define a Riemann integration.
This then raises a question of robustness and convergence of approximate integrations. The following establishes such an
approximation result.

Let {w,(t),n € N} be a sequence of continuous and piece-wise differentiable in ¢ with bounded variation approximations
which converge almost surely to a Brownian process, such that there exist random variables ng, k so that w,, (t,w) < k(w)
almost surely and all ¢ € [a, b] when n > ng(w), and that w,, (t) converges to B; almost surely. In particular, we ask that
{wn(t),n € N} be a sequence of continuous and piece-wise differentiable in ¢ approximations which converges uniformly
almost surely to a Brownian process.

Theorem 11.8.1 [333)] Let o(t, x) be continuously differentiable in x,t, and let {w, (t),n € N} be a sequence of approx-
imations as discussed above of a Brownian process. Then, we have that, almost surely

b b
lim [ ot w(t))dwn (t) = % / %a(t,Bt)dt—i— / o(t, B))dB,

n—oo a

where the first two integrations are in the Riemann sense.

Theorem 11.8.2 (Wong-Zakai Theorem) [333|] Let u(t,x),o(t,x) be continuously differentiable in x,t and p, o, %O’
be Lipschitz continuous with constant k > 0, and |o(z,t)| > 5 > 0 with %a(x, t) < ko?(z,t). Let {w,(t),n € N} be a
sequence of approximations as discussed above of a Brownian process.

If for eachn € N, x,, is the solution to the ODE:

dw,

drn _ p(t, ) — %a(t, xn)ﬁa(t,xn) +oltan) 2t wala) = .,

dt Ox
almost everywhere on [a, b], then x,,(t) converges almost surely uniformly in t € [a,b] to a stochastic process X, solving

the equation

dXt :/,L(t,Xt)dt-FO'(t,Xt)dBt, Xa = Xgq,

as n — oQ.

Note that here, unlike the discrete-time approximations, we are approximating the noise as well. One way to approximate
the noise is via a piece-wise linear interpolation of discrete updates:

wy ((k + 1)h) = w,(kh) + VhZy,
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where Zj, is an independent Gaussian with mean zero and variance 1. In this case, notice that % = % in between the

h
sampling instants.
Note also that in the above, we have the correction term —%a(t, :cn)%U(t, %y ), which disappears when one considers
instead of Itd, the Stratonovich integral [[I75, Theorem 1.2] (see Exercise[I1.10.14). With the above, we have the following.
Consider

da" = f(x")dw,

where the integration is in the Riemann sense. If w,,(t) — B(¢) as above, then the solution converges to
dx = f(x) odB,

where the integration is in the Stratonovich sense.

This last observation is yet another motivation for using the Stratonovich integral for certain applications. For related results
with control, see [204]] and [255]].

11.9 Bibliographic Notes

For discounted and average cost problems, analysis based on the theory of partial differential equations can be utilized
to obtain more general results 15, Chapter 3]. The regularity conditions on the value function can also be relaxed. For
stochastic integration, one can also relax conditions on the functions via Krylov’s generalization [[198].

For filtering theory, the reader is referred to [204] as well as [25,239].

11.10 Exercises

Exercise 11.10.1 a) Solve
dXt = /,LXt + O'dBt

Hint: Multiply both sides with the integrating factor e ™"t and work with d(e ** X}).

b) Solve
dXt = ,Ltdt + O'XtdBt

Hint: Multiply both sides with the integrating factor e~oBi+3o7t, Finally, verify by direct computation (via Itd’s formula)
that

X, = X(o)ethr‘r(M—é)t

is the solution. The equation in b) above is often used as a model for mathematical finance where i is called the drift and
o is called the volatility (of the financial environment).

Exercise 11.10.2 (Girsanov’s measure transformation / static reduction) a) Consider
n
Sn=>_ X
k=1

where Xj, ~ N(0,1) is i.i.d. Since a sum of Gaussians is Gaussian, (S1,--- ,Sy) is a Gaussian random vector with
measure, say with measure @, and density

-1 <s§+(5281)2+---+(snsn1)2)
Cpe
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for some constant C,,. Now, instead, assume that S|, = 22:1 (X + ux) where py is a sequence of constants. In this case,
(S1,--+,S)) is a Gaussian random vector with measure () and density, for some constant C),

-3 ((81—u1)2+(32—81 —u2)2+~'+(3n—8n1—/Ln)2>
Cle

_ C;LG_%(S%JF(SZ_51)2+"'+(3n_3n7l)z)e(zk p(Sk—=Sk—1)=3 Y, 1)
Thus, the Radon-Nikodym derivative is obtained as

4Q (O, (S-S Y, ud) (11.68)
dQO

This is the same derivation we studied in Section|10.4.2]

With this interpretation, consider the measurement process given in (??-??) with dy; = h(x;)dt + dB; and let P be the
measure on this process. Let Py denote the measure on an independent Brownian motion dy; = dBy. Now, by viewing pui,

as the drift term h(x;)dt, compare (11.68) with

Zr = exp [/OT h(s)dys — ;/OT |h(xs)2ds].

where

P

Rl
dp, 7T

b) Repeat the above with
Sn = On—1+t U(Sn)Xn ~ QO

where o(-) is invertible and S!, = S,_1 + ux + o(S5,) X, ~ Q and show that in this case, we have

jg _ (e Sk (X5 3, (0 (Sem1)?ud) (11.69)
0

In the context of a diffusion process, dxy = h(x;)dt + o(x)dB; ~ P and dx}, = o(z})dBy ~ Py compare the above with

ar
dPy

1

=: Zr = exp UOT o (ws)h(ws)dBs — 5 /OT o™ (o) h(ws) P ds |-

¢) In part a) if x4 is a controlled process and in part b) if h takes in control as an input, the above measure transformations
then lead to stochastic analysis where one can study the problem in a new probability space where the control does not
impact the flow of the process x}, or By, as in static reduction, but it is dependent on them. This approach facilitates various
continuity, compactness and approximation results, leading to very general optimality results.

Exercise 11.10.3 (Feynman-Kac Formula: Expected hitting time to a boundary) Let S C R"™ be a bounded open set
with smooth boundary 0S. The following partial differential equation for the notation of the Laplacian of a function f

2
given with Af =75, %f(:r))
1
——Au=1, wuweSs
2
u=0 ueads
is known to admit a solution u(z). Now, for any initial point x € S, consider the Brownian motion By with By = x. Define

76 =inf{t > 0: B, € 95}
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Show that
u(z) = E[735]

Hint. For the equation X; = By, the generator satisfies the relation A(f) = 2 Af. Then, with min(N, %) = 7V via

-2
Dynkin’s formula
N

Elu(X)] = Elu(Xo) + B[ 3Au(x.)a

Since —%Au = 1 until the stopping time and u is bounded, we have that limy o, E[T™] is bounded and T& has finite
expectation. As a result,

N

1
(@) = Blu(Xo)|Xo = o] = —E| / S Au(X)ds] + Eolu(X,)] S n o Belrd]
0
Finally, conclude with observing that for x € 35 u(x) = 0 (and by the above for x inside S, Au(z) = —1).

Exercise 11.10.4 (White Noise Property of the Brownian Noise) Ler us view/define the Fourier transform of dBy to b
defined sample path wise:

1
ak(w):/ dB;(w)e~ 2™k qt,
0

Show that ay,, k € 7 is Gaussian, and i.i.d.
Exercise 11.10.5 Prove the It6 isometry property.
Exercise 11.10.6 Complete the details for the solution to the optimal portfolio selection problem given in Example(l1.13

Exercise 11.10.7 Solve an average-cost version of the linear quadratic regulator problem and identify conditions on the
cost function that leads to a cost that is independent of the initial condition.

Exercise 11.10.8 Consider a Brownian process in R%. Show that this process is recurrent for d = 1,2 but transient for
d>3.

Exercise 11.10.9 Construct an example of a control-free stochastic differential equation with additive Brownian noise
such that, while in the absence of the noise term the (deterministic) process is unstable, the presence of the noise makes the
system stochastically stable.

Exercise 11.10.10 (Finite state continuous-time Markov processes and discrete-time representation via uniformization)
Let Xy be a time-homogenous continuous-time Markov process with a finite state space X. Let for any a,b € X andt > 0:

P(X; =b| Xy =z) =: Py(x,b),
denote the continuous-time transition kernel. Define

P, — P,
lim———2 = A
t10 h

to be a transition rate intensity matrix. Define P(X; € -) = p(-) = (noPs)(+). Then, it follows (show this as an exercise)
that

3This integral is a well-defined Riemann-Stieltjes integral via the Young integral [339]. Note that this is not a contradiction with
Theorem since what Theorem implies is that the Riemann-Stieltjes integral may not be well-defined for an arbitrary
function, but if the function is sufficiently regular one can still define a Riemann-Stieltjes integration with respect to the Brownian for a
given sample path, as is the case here. See [339].
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ey, Prsn = Pi_
dt h10 h

and thus
e = /~L0€At
Now, define
A = max )\i,j
1€X
JEX,#i
and define
A
R=1+—
+ A

It can be shown that R is a (discrete-time) stochastic matrix since the row-sum of A is zero.

Show that, if Zy is a discrete-time time-homogenous Markov chain with (discrete-time) transition kernel R, then
P(Zy =)= P(Xn, =),
where Ny is an independent Poisson process with rate \.

Hint. Show that

At ARt —At RAF ) ph
e = poe”t = poe e :Z € :Z 7€ R

k>0 : k>0

Then, observe that P(Ny = k) = ()‘ka e‘“) and that Ny is independent from X, to conclude that u; = P(Xp, € -).

Exercise 11.10.11 For a system with ({I1.9), arrive at (I1.10) for the case where p is invariant. This relation is important
for the study of stochastic learning/simulated annealing problems [|84)].

Exercise 11.10.12 Read [218, Chapters 4 and 5] to study the maximum principle and viscosity solutions for the deterministic-
setup.

Exercise 11.10.13 Consider the diffusion process
dX, = Vf(X,)dt + V2dB,.

Show, via the Fokker-Planck equation, that p(z) = Ke/ (*) is an invariant probability measure where K is a normalizing
constant.

Exercise 11.10.14 [It6 vs. Stratonovich Equivalence] Consider
dXt = b(Xt, Ut)dt + O'(Xt) o dBt
By considering the construction of the Stratonovich integral, study that [|I75, Theorem 1.2]

O'(Xt) o dBt = O'(X(t))dBt + %dO'(X(t))dBt

= (X (t))dB; + %(%U(X(t)))dX(t)dBt = (X (t))dB; + %(%U(X(t)))a(Xt)dt (11.70)

Thus, arrive at an equivalence relation between the two integrals, so that we have
dX; = b(Xy,Up)dt + o(X,)dB,

where the integral is now in the It6 sense with
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BX0, U) = (X0 U3) + 5 (o (X(0)o(X)
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Robustness to Incorrect Models and Learning

In many applications, typically only an ideal model (controlled transition kernel) is assumed and the control design is
based on the given model, raising the problem of performance loss due to the mismatch between the assumed model and
the actual model. In this chapter, we study continuity properties of discrete-time stochastic control problems with respect to
system models (i.e., controlled transition kernels) and robustness of optimal control policies designed for incorrect models
applied to the true system.

The chapter studies both fully observed and partially observed setups under an infinite horizon discounted expected cost
criterion as well as the average cost criterion. The results for the discounted cost criterion will also imply the identical
results for finite horizon criteria.

We will show that continuity can be established under total variation convergence of the transition kernels under mild
assumptions and with further restrictions on the dynamics and observation model under weak and setwise convergence of
the transition kernels. Using these continuity properties, we establish convergence results and error bounds due to mismatch
that occurs by the application of a control policy which is designed for an incorrectly estimated system model to a true
model, thus establishing positive and negative results on robustness. These findings entail positive implications on empirical
learning in (data-driven) stochastic control since often system models are learned through empirical training data where
typically a weak convergence criterion applies but stronger convergence criteria do not.

The chapter can also be viewed as a generalization of the approximations framework presented in Section This con-
nection will be made explicit later in the chapter.

12.1 Introduction

We will discuss both the partially and fully observed setups. Let X C R™ denote a Borel set which is the state space of a
partially observed controlled Markov process. Let Y C R"™ be a Borel set denoting the observation space of the model, and
let the state be observed through an observation channel (). As before in the notes, the observation channel, (), is defined as
a stochastic kernel (regular conditional probability) from X to Y, such that Q( - |) is a probability measure on the (Borel)
o-algebra B(Y) of Y for every z € X, and Q(4|-) : X — [0,1] is a Borel measurable function for every A € B(Y).
A decision maker (DM) is located at the output of the channel @, and hence it only sees the observations {Y;, t € Z}
and chooses its actions from U, the action space which is a Borel subset of some Euclidean space. As discussed earlier, an
admissible policy -y is a sequence of control functions {7;, t € Z, } such that -y, is measurable with respect to the o-algebra
generated by the information variables

I, = {}/[O,t]7 U[O,t—l]}7 te Na Iy = {YO}a

where
Uy =v(lt), teZy, (12.1)

are the U-valued control actions and
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Yo ={Ys, 0<s<t}, U1 ={Us; 0<s <t~ 1}

We define I” to be the set of all such admissible policies. The update rules of the system are determined by (I2.1]) and the
following:

Pr((Xo,}/o) S B) = /Bp(dlﬂo)Q(dyo|Io), B e B(X X Y)7

where P is the (prior) distribution of the initial state X, and
Pr((XnYt) €B ‘ (X, Y, U)p,e-1) = (zayvu)[O,t—1]>
= / T(dwt|xt,1,ut,l)Q(dyﬂxt), B e B(X X Y),t S N,
B

where 7 is the transition kernel of the model. The objective of the agent (decision maker) is the minimization of the infinite
horizon discounted cost,

> Ble(Xe, Ur)

t=0

Js(e, T,y)=EL"

for some discount factor § € (0, 1), over the set of admissible policies v € I, where ¢ : X x U — R is a Borel-measurable
stage-wise cost function and E;”Y denotes the expectation with initial state probability measure P and transition kernel
T under policy . Note that we write the infinite horizon discounted cost as a function of the transition kernels and the
stage-wise cost function since we will analyze the cost under the changes on those variables.

We define the optimal cost for the discounted infinite horizon setup as a function of the stage-wise cost function and the
transition kernels as

J5(e.T) = inf Js(e,T. 7).

Problem P1: Continuity of J;(c, 7) under the Convergence of the Models. Let {7,,, n € N} be a sequence of transition
kernels which converges in some sense to another transition kernel 7 and {c,,n € N} be a sequence of stage-wise cost
functions corresponding to 7,, which converge in some sense to another cost function c. Does that imply that

Jp(en, Tn) = J5(c, T)?

Problem P2: Robustness to Incorrect Models. A problem of major practical importance is robustness of an optimal
controller to modeling errors. Suppose that an optimal policy is constructed according to a model which is incorrect: how
does the application of the control to the true model affect the system performance and does the error decrease to zero as
the models become closer to each other? In particular, suppose that +;: is an optimal policy designed for 7,, and ¢, an
incorrect model for a true model 7 and c. Is it the case that if 7, — 7 and ¢,, — ¢, then

Jp(e, Tom) = J5(e, T)?

Problem P3: Empirical Consistency of Learned Probabilistic Models and Data-Driven Stochastic Control. Let
T (-|x,u) be a transition kernel given previous state and action variables © € X u € U, which is unknown to the de-
cision maker (DM). Suppose the DM builds a model for the transition kernels, 7,,(-|x, u), for all possible z € X, u € U by
collecting training data (e.g. from the evolving system). Do we have that the cost calculated under 7,, converges to the true
cost (i.e., do we have that the cost obtained from applying the optimal policy for the empirical model converges to the true
cost as the training length increases)?

Problem P4: Approximation by Finite MDPs as an Instance of Robustness to Incorrect Models. Can we view the
approximation problem of a continuous space MDP model with a finite model, as studied in Section[8.2] as an instance of
the robustness problem?
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We will study the above for the average cost criterion as well. For the average cost criterion, we have

. g
Joo (e, T,7y) = limsup NEQEO’“Y

N—o00

N-1
Z C(Xt, Ut)
t=0

To denote the explicit dependence of the optimal cost in the transition kernel, we use the notation

Tale.T) = int (e, T.)

12.1.1 Some Examples and Convergence Criteria for Transition Kernels
Convergence Criteria for Transition Kernels.

Before introducing the convergence criteria to be presented in the chapter, we refer the reader to Appendix

Definition 12.1.1 For a sequence of transition kernels {T,,n € N}, we say that
Tn — T weakly if Tp,(-|x,u) — T (-|z,u) weakly, for all x € X andu € U,
- Tn = T setwise if Tn(-|z,u) — T (-], u) setwise, forall x € X and u € U,

T, — T under the total variation distance if T, (-|z, ) — T (-|z, w) under total variation for all x € X and u € U.

Examples [187].

Let a controlled model be given as z;y; = F(x¢, us, wy), where {w;} is an i.i.d. noise process. The uncertainty on the
transition kernel for such a system may arise from lack of information on F’ or the i.i.d. noise process w; or both:

(i) Let {F,} denote an approximating sequence for F', so that F,(z,u,w) — F(x,u,w) pointwise. Assume that the
probability measure of the noise is known. Then, corresponding kernels 7,, converge weakly to 7: If we denote the
probability measure of w with y, for any g € C(X) and for any (x, ug) € X x U using the dominated convergence
theorem we have

n—oo

lim [ g(z1)Tn(dz1]|20,u0) = nli_)ngo/g(Fn(xo,uo,w))u(dw)

- / 9(F (o, o, w))u(dw) = / o) T (dz1 o, o).

(i1) Much of the robust control literature deals with deterministic systems where the nominal model is a determinis-
tic perturbation of the actual model (see e.g. [281]). The considered model is in the following form: F(azt, up) =
F (l’t, ut)
+AF (x4, us), where F represents the nominal model and AF is the model uncertainty satisfying some norm
bounds. For such deterministic systems, pointwise convergence of F to the nominal model F Jie. AF (zy,u) — 0,
can be viewed as weak convergence for deterministic systems by the discussion in (i). It is evident, however, that to-
tal variation convergence would be too strong for such a convergence criterion, since 6., ,,,) = 0F(z,,u,) Weakly
but (|05, w,) = OF(we,un)llTv = 2 for all AF(z¢,u;) 7 O where § denotes the Dirac measure.

(iii)Let F'(x¢, ug, wy) = f(x, us) + wy be such that the function f is known and w; ~ p is not known correctly and an
incorrect model i, is assumed. If u,, — © weakly, setwise, or in total variation, then the corresponding transition
kernels 7,, converge in the same sense to 7. Observe the following:

/g(xl)ﬂ(dxﬂxo,uo) —/g(:vl)T(dx1|x0,u0)
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=/Mw+fWMMMMMm—/Mw+fWMmmww) (12.2)

(a) Suppose u, — p weakly. If g is a continuous and bounded function, then g(- + f(x,uo)) is a continuous and
bounded function for all (29, uo) € X x U. Thus, goes to 0. Note that f does not need to be continuous.
(b) Suppose p, — p setwise. If g is a measurable and bounded function, then g(- 4+ f(zo, o)) measurable and
bounded for all (zg,ug) € X x U. Thus, goes to 0. (c) Finally, assume p,, — g in total variation. If g is
bounded, @]) converges to 0, as in item (b). As a special case, assume that x,, and p admit densities h,, and h,
respectively; then the pointwise convergence of h,, to h implies the convergence of 1, to u in total variation by
Scheffé’s theorem.

(iv) Suppose now neither F' nor the probability model of w; is known perfectly. It is assumed that w, admits a measure
n and g, — p weakly. For the function F' we again have an approximating sequence {F}, }. If F,,(x, u, wy,) —
F(z,u,w) for all (z,u) € X x U and for any w,, — w, then the transition kernel 7, corresponding to the model
F,, converges weakly to the one of F', T: For any g € C(X),

n—oo

=/ammewmww=/mmﬂMmew

lim [ g(z1)Tn(dz1|z0, 00) = hm/ (2o, U, W)) o (dw)

(v) Let again {F},} denote an approximating sequence for F' and suppose now Fy, y,.n(-) == Fp(zo,u0,) : W —
X is invertible for all zg,up € X x U and F(JE0 u )n( ) denotes the inverse for fixed (xg,up). It is assumed
that F(mo o), L(x1) = Fpob, (1) pointwise for all (xo,uo). Suppose further that the noise process w; admits a
continuous density fy (w). The Jacobian matrix, %, is the matrix whose components are the partial derivatives
of x1,1.e. withz; € X C R™and w € W C R™, it is an m X m matrix with components %, 1<4,5<m

J

. If the Jacobian matrix of derivatives % (w) is continuous in w and nonsingular for all w, then we have that the
density of the state variables can be written as

7 _
P anan ) @1) = 0 (Fr g n @) G (B )|

8:1:1 1 -1

le,(zo,uo (Il) fW( o, uo( )) %(F$0,UO(Z‘1))|

With the above, fx, n.(zo.u0)(Z1) = [x1,(x0,u0)(¥1) pointwise for all fixed (o, uo). Therefore, by Scheffé’s
theorem, the corresponding kernels 7, (+|zo, uo) — T (-|z0, uo) in total variation for all (zg, uo).

(vi) These examples will be utilized in Section[I2.5.1] where data-driven stochastic control problems will be considered
where estimated models are obtained through empirical measurements of the state action variables.

12.1.2 Summary

We now introduce the main assumptions that will be occasionally used for the technical results in the chapter.

Assumption 12.1.1 The following hold.

(a) The sequence of transition kernels T, satisfies the following: {Tp(+|€n, un), n € N} converges weakly to T (|, u)
Sfor any sequence {xy,un} C X x Uand x,u € X x U such that (z,,u,) — (z,u).

(b) The stochastic kernel T (-|x, u) is weakly continuous in (x, w).

(¢c) The  sequence  of  stage-wise  cost  functions ¢,  satisfies the  following:  cp(Ty,un)
— c(z,u) for any sequence {x,, un} C X x Uand x,u € X x U such that (zy, un) — (z,u).

(d) The stage-wise cost function c(z, ) is non-negative, bounded, and continuous on X x U.
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(e) U is compact.
The following is Assumption [6.3.1fii).

Assumption 12.1.2 The observation channel Q(-|x) is continuous in total variation i.e., if x,, — x, then Q(-|x,) —
Q( - |x) in total variation (only for partially observed models).

Assumption 12.1.3 The following hold.

(a) The sequence of transition kernels Ty, satisfies the following: {T,(-|z,u,),n € N} converges setwise to T (-|x, u)
for any sequence {u,,} C Uand z,u € X x U such that u,, — u.

(b) The stochastic kernel T (-|x, w) is setwise continuous in u.

(c) The  sequence  of  stage-wise  cost  functions ¢, satisfies  the  following: cn(z,up)
— ¢z, u) for any sequence {u,} C Uand z,u € X x U such that u,, — .

(d) The stage-wise cost function c(x,w) is non-negative, bounded, and continuous on U.

(e) U is compact.

Assumption 12.1.4 The following hold.

(a) The sequence of transition kernels T,, satisfies the following: || T, (:|z,u,) — T (:|z,w)||rv — 0O for any sequence
{un} C Uand z,u € X x U such that u,, — u.

(b) The stochastic kernel T (-|x,w) is continuous in total variation in u.

(c) The  sequence  of  stage-wise  cost  functions ¢, satisfies  the  following: en (T, up)
— c(x,u) for any sequence {u,} C Uand x,u € X x U such that u, — u.

(d) The stage-wise cost function c(x,w) is non-negative, bounded, and continuous on U.

(e) U is compact.
In Sections[12.2.T|and[12:2:2] we study continuity (Problem P1) and robustness (Problem P2) for partially observed models.
In particular we show the following:

(a) Continuity and robustness do not hold in general under weak convergence of kernels (Theorem [I2.2.T).

(b) Under Assumptions[12.1.T]and [I2.1.2} continuity and robustness hold (Theorem[12.2.4] Theorem [T2.2:8).

(c) Continuity and robustness do not hold in general under setwise convergence of the kernels (Theorem [12.2.3).

(d) Continuity and robustness do not hold in general under total variation convergence of the kernels (Example [T2.1).

(e) Under Assumption[I2.1.4] continuity and robustness hold (Theorem [12.2.6] Theorem [12.2.7).

In Section@ we study continuity (Problem P1) and robustness (Problem P2) for fully observed models. In particular we
show the following

(a) Continuity and robustness do not hold in general under weak convergence of kernels (Theorem [12.3.1] Example

(b) Under Assumption [T2.T.T} continuity holds (Theorem [T2.3.2)), under Assumption [T2.T.T} robustness holds if the
optimal policies for every initial point are identical (Theorem[12.3.3).

(c) Continuity and robustness do not hold in general under setwise convergence of the kernels (Theorem [12.3.4] Theo-
rem[[2.3.6).

(d) Under Assumption [T2.1.3] continuity holds (Theorem [I2.3.5), and under Assumption [I2.1.3] robustness holds if
the optimal policies for every initial point are identical (Theorem [I2.377).
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(e) Continuity and robustness do not hold in general under total variation convergence of the kernels (Example [12.1).
(f) Under Assumption[I2.1.4] continuity and robustness hold (subsection [12.3.3).

In Section [I2.5] we study applications to empirical learning (in Section [I2.5.1)) where we establish the positive relevance
of Theorem [12.3.7] and then applications to finite model approximations under the perspective of robustness in in Section
[12.5.2] Here, we restrict the analysis to the case with weakly continuous kernels.

12.2 Continuity and Robustness of Optimal Cost in Convergence of Models (POMDP Case)

12.2.1 Continuity of Optimal Cost in Convergence of Models (POMDP Case)

We now study continuity of the optimal discounted cost under the convergence of transition kernels and cost functions.

Weak Convergence

Absence of Continuity under Weak Convergence. The following shows that the optimal cost may not be continuous under
weak convergence of transition kernels.

Theorem 12.2.1 [187]]. Let T, — T weakly, then it is not necessarily true that J5(c,Tn) — J5(c,T) even when the
prior distributions are the same, the measurement channel () is continuous in total variation, and c(x,u) is continuous and
bounded on X x U.

We prove the result with a counterexample [[187]. Letting X = U = Y = [~1, 1] and ¢(z,u) = (z — u)?, the observation
channel is chosen to be uniformly distributed over [-1,1], @ ~ U([—1, 1]), the initial distributions of the state variable are
chosen to be same as P ~ 01, where ,(A) := 1{zc 4} for Borel A, and the transition kernels are:

(e, u) = 52 (@) 50 0) + 5101+ 8@ [550) + 5510)]

+ (1= 6-1(2)) (1 = d1(2))do(:)
TaCle,u) = 51(2) 5001w () + 501/m O]+ 81 561/ ()
50 im O]+ (L= 54 @)1 = 61(@)()

It can be seen that 7,, — 7 weakly according to Definition [12.1.1{i). Note that the cost function is continuous, and the
measurement channel is continuous in total variation. The optimal discounted costs can be found as

J5eT) =3 EREExE =3 5 = 2
k=1 k=1 1-p

* - Tr ky2 1 1 2 1 1 2
(e, To) = D ER (83 = Bl5 (1= —)* + 5 (=14 -)%)

n n
k=1

Then we have Jj;(c, T,) — 8 # %

A Sufficient Condition for Continuity under Weak Convergence

In the following, we will establish and utilize some regularity properties for the optimal cost with respect to the convergence
of transition kernels.
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Assumption 12.2.1 (a) The stochastic kernel T (-|x,u) is weakly continuous in (x,w), i.e. if (zn,u,) — (x,u), then
T('|xn7 Un) — T(|I, U) weakly.

(b) The observation channel Q(-|x) is continuous in total variation, i.e., if x,, — x, then Q( - |x,,) — Q(-|x) in total
variation.

(c) The stage-wise cost function c(x, ) is non-negative, bounded and continuous on X x U

(d) U is compact.
As we have see in Chapter[6] any POMDP can be reduced to a (completely observable) MDP, whose states are the pos-
terior state distributions or beliefs of the observer; that is, the state at time ¢ is Z;(-) := Pr{X; € -|Yp,...,Y:, U, ...,
Ui—1} € P(X). We call this equivalent MDP the belief-MDP . The belief-MDP has state space £ = P(X) and action
space U. Under the topology of weak convergence, since X is a Borel space, Z is metrizable with the Prokhorov metric

which makes Z a Borel space [249]). The transition probability 1 (6.3) of the belief-MDP was earlier constructed through
non-linear filtering equations.

The one-stage cost function c of the belief-MDP is given by é(z,u)
:= [y ¢(x,u)z(dx). Under the regularity of the belief-MDP, we have shown that the discounted cost optimality opera-
torT : Cb(Z) — Cb(Z)

(T(f))(2) = min(&(z, ) + BE[f(21)]20 = 2,u0 = u]) (12.3)
is a contraction from C}(Z) to itself under the supremum norm. As a result, there exists a fixed point, the value function,
and an optimal control policy exists. In view of this existence result, in the following we will consider optimal policies.
The following result is key to proving the main result of this section whose detailed analysis can be found in [[187]].
Theorem 12.2.2 Suppose we have a uniformly bounded family of functions {f; : X — R,y € I',n > 0} such that
1f7loo < C forall v € I" and for all n. > 0 for some C < oc.

Further suppose we have another uniformly bounded family of functions {f7 : X — R,y € I'} such that || {7 ||« < C for
all v € I for some C' < oco. Under the following assumptions,

(i) Forany x, — x

sup | £/ (zn) = f7(2)| =0, sup [f7(zn) — f7(2)] = O,
yerl yel’
(ii) sup,, o), u?) — 0 where p is some metric for the weak convergence topology,

we have

sup — 0.

yel’

[ @)~ [ rwn @)

Theorem 12.2.3 Under Assumptions|i2.1.1|and|[2.1.2
sup [Jg(cn, Tn, ) — Jp(c, T,7)| = 0.

yer
Proof sketch.
sup [T (cn; Tny ) — Ja(c, T, )
=sup i Bt (E; [Cn (X4, W(Y[o,t]))} ~-Ef {C(Xta V(Y[Oﬂ))D ’

t=0
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o0
<38 sup

t=0 &€l

El [Cn (Xt V(Y[o,t]))} - E} [C(Xu V(Y[O,t]))} ‘

Recall that an admissible policy v is a sequence of control functions {v;, ¢ € Z }. In the last step above, we make a slight
abuse of notation; the sup at the first step is over all sequence of control functions {~;, t € Z } whereas the sup at the last
step is over all sequence of control functions {7/, t’ < t}, but we will use the same notation, -, in the rest of the proof.

For any € > 0, we choose a K < oo such that }_,° . .| 372||c[|oc < €/2. For the chosen K, we choose an N < oo such
that

sup
yel’

B [en(X1¥00)] ~ BF[eXe V)] < 28

for all t < K and for all n > N. We note that in [[187] a fixed ¢ function was considered, but by considering the additional
term

sup [ B e (%02 (000)] = B [en (%0200 |

yer

and noting that sup., | [ Q(dy|zn)cn (2, 7(y)) — [ Q(dylz)c(z,~(y))| — 0, for every x,, — , by a generalized domi-
nated convergence theorem as () is continuous in total variation, a triangle inequality argument shows that the same result
applies. This follows from a generalized dominated convergence theorem as stated in Theorem whose detailed
analysis can be found in [[187]. Thus, sup. ¢ | J5(ns Tnsy) — Ja(e, T,7) — 0 asn — oo. ©

Theorem 12.2.4 [[183(187] Suppose the conditions of Theorem[I2.2.3| hold. Then
lim |J5(cn, Tn) — J5(c, T)| = 0.

n—roo

Proof sketch. We start with the following bound:
[ J5(cns Tn) = J5(c, T)| (12.4)

< max (Jg(cn,ﬂm*) — J3(e, T, "), Jale, Tvp) — Jﬁ(cn,ﬁl,vé)),

where v* and ;; are the optimal policies, respectively, for 7 and 7,,. Both terms go to 0 by Theorem [[2.2.3 o

Absence of Continuity under Setwise Convergence

We now show that continuity of optimal costs may fail under the setwise convergence of transition kernels. Theorem|[12.3.4
in the next section establishes this result for fully observed models, which serves as a proof for this setup also.

Theorem 12.2.5 [183l|187] Let T,, — T setwise. Then, it is not true in general that

J5(e, Tn)
— Ji(c, T), even when X, Y, and U are compact and c(x, u) is continuous and bounded in X x U.

Continuity under Total Variation

Theorem 12.2.6 [|/83, 187 Under Assumption|12.1.4) J5(cn, Tn) — J5(c, T).

Proof sketch. We start with the following bound:
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5 o) = T3 T < ma (e To™) = Jafe Tor ) Jo(ens T )
- Jﬁ (C7 Ta ’}/:L)) )

where ~v* and ~;; are the optimal policies, respectively, for 7 and 7.

We now study the following:

sup |Jb’(cn77:u7) - ‘]ﬂ(cv Ta7)|

yerl

= sup | = 5 (EF [en (X2 (Vo) = B [(X10a))] )|
yel’ =0

< Zﬁt sup EZ" |:Cn (Xtﬁ(y[o,t]))} - E; [C(Xtﬁ(y[o,t]))} ‘
t=0 &L

It can be shown that ( [187]))

sup Ez:" [cn (Xt7 'y(Y[O’t]))} - EZ: [C(Xt, ’y(Y[O’t]))} ‘ — 0. (12.5)
yel’

This was shown in [[187]] for fixed c. The extension to varying c,, follows from a triangle inequality step with the assumption
that 7, (-|x, un) — T (-], u) setwise, and ¢, (z, u,) — c¢(x, u) for any u,, — u. Therefore, using identical steps as in the
proof of Theorem |12.2.3| we have sup., ¢ ‘Jg(cm Tn,v) — Ja(e, T, 7)’ — 0. o

12.2.2 Robustness to Incorrect Models (POMDP Case)

Here, we consider the robustness problem P2: Suppose we design an optimal policy, ~;;, for a transition kernel, 7,, and a
cost function ¢, assuming they are the correct model and apply the policy to the true model whose transition kernel is 7
and whose cost function is c¢. We study the robustness of the sub-optimal policy ;.

Total Variation

The next theorem gives an asymptotic robustness result.
Theorem 12.2.7 Under Assumption

|J5(Cn7 T, ’7;) - JE(Ca T)' -0,
where 7y} is the optimal policy designed for the kernel T,,.

Proof sketch. We write the following:
[Js(e Tom) = Ja(e, T < [s(e, Tovn) = J(en, Ta)l + |5 (en, Tn) = (e, Tl

Both terms can be shown to go to 0 using (12.5). o
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Setwise Convergence

Theorem[I2.3.6]in the next section establishes the lack of robustness under the setwise convergence of kernels. As we note
later, a fully observed system can be viewed as a partially observed system with the measurement being the state itself,

(see (12.6)).

Weak Convergence

Theorem 12.2.8 [183|187|] Under Assumptions|i2.1.1\and|12.1.2} | Jg(c, T, ;) — J5(c, T)| — O, where y,, is the optimal
policy designed for the transition kernel Ty,.

Proof sketch. We write

| Js(c, T, vn) — J5(e, T <|Ja(e; Ty ) — Ja(en, Ty vi)l + 1T (¢, Tns i)
— (T, 7).

The first term goes to 0 by Theorem[12.2.3] For the second term we use Theorem [12.2.4] o

12.3 Continuity and Robustness in the Fully Observed Case

In this section, we consider the fully observed case where the controller has direct access to the state variables. We present
the results for this case separately, since here we cannot utilize the regularity properties of measurement channels which
allows for stronger continuity and robustness results. Under measurable selection conditions due to weak or strong (setwise)
continuity of transition kernels [165] Section 3.3], for infinite horizon discounted cost problems optimal policies can be
selected from those which are stationary and deterministic. Therefore we will restrict the policies to be stationary and
deterministic so that U; = v(X;) for some measurable function ~. Notice also that fully observed models can be viewed
as partially observed with the measurement channel thought to be

Q(|z) = 6.(-), (12.6)

which is only weakly continuous, thus it does not satisfy Assumption[I2.1.2]

12.3.1 Weak Convergence
Absence of Continuity under Weak Convergence.

We start with a negative result.

Theorem 12.3.1 [|/83}/187] For T, — T weakly, it is not necessarily true that J} (¢, Tn) = J5 (¢, T) even when the prior
distributions are the same and c¢(x,u) is continuous and bounded in X x U.

Proof. We prove the result with a counterexample, similar to the model used in the proof of Theorem [I2.2.T] Letting
X =[-1,1,U = {-1,1} and ¢(x,u) = (z — u)?, the initial distributions are given by P ~ 1, that is, Xo = 1, and the
transition kernels are

1

Tl u) =51(@) [5610) + 561()] + 61(@) 50 () + 5610

+ (1= 6-1(2))(1 = 61(2))do("),
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TalCh ) =81 (@) 5801/m0) + 50 14m O + 810 550 -1/m()

+ 5011y ()] + (1 = 0-1(2))(1 = 61 (x))do ().

1
2
It can be seen that 7,, — 7 weakly according to Definition [I2.1.1{i). Under this setup we can calculate the optimal costs
as follows:

2
Ti(eTo) = — +Zﬁk = 55,

and J, g(c, T) = 0. Thus, continuity does not hold. o

We now present another counter example emphasizing the importance of continuous convergence in the actions. The
following counter example shows that without the continuous convergence and regularity assumptions on the kernel 7T,
continuity fails even when 7, (-|z,u) — 7 (:|z,u) pointwise (for x,w) in total variation (also setwise and weakly) and
even when the cost function ¢(z, u) is continuous and bounded. Notice that this example also holds for both setwise and
weak convergence.

Example 12.1. Assume that the kernels are given by
Tl u) ~ U([u", 1+ u"),

U(lo,1]) ifu#1,
Tl u) ~ {U([l,?]) ifu=1,

where U = [0, 1] and X = R. We note first that 7, (-], u) — T (-|x, u) in total variation for every fixed x and u.

The cost function is in the following form:

2 ife <1

2-I%  iflogp<0l4d,
c(r,u) =41 if0.l1+1<z<1+1-01,

2Lt p 4 loglcp<i4l

2 if1+1<a

Notice that ¢(x, u) is a continuous function.

With this setup, v*(x) = 0 is an optimal policy for 7 since on the [0, 1] interval the induced cost is less than the cost
induced on the [1, 2] interval. The cost under this policy is

tlox 1493 g9 L L L
T5(e, T) = ZB(ZX + = +09 e) 1—5(105+>

Xn

For Tp, vii(x) = e~ w isan optimal policy for every n as emwxN = and thus the state is distributed between <z <

1+ % in which interval the cost is the least. Hence, we can write

= 1.1 1 1
. kY t _ -
nlgn Ja(e, Tnsv) = tgoﬁ <0.3 +1 0.2) T3 ;é (1.05 + e)

= J5(c, T).
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A Sufficient Condition for Continuity under Weak Convergence.

We will now establish that if the kernels and the model components have some further regularity, continuity does hold.
The assumptions of the following result are the same as the assumptions for the partially observed case (Theorem [12.2.4)
except for the assumption on the measurement channel Q).

Theorem 12.3.2 [|/83|/187] Under Assumption|12.1.1} Jz(cy, Tn, Vi) — Jg(c, T,~*) for any initial state xq, as n — oo.

Proof. We will use the successive approximations for an inductive argument.

Recall the discounted cost optimality operator 1" : Cy,(Z) — Cy,(Z) from (12.3)

(T)(@) = iuf (e(or0) + BBl )iza = .00 =] ).

which is a contraction from C3(X) to itself under the supremum norm and has a fixed point, the value function. For the
kernel 7', we will denote the approximation functions by

v (2) = T )(@),

and for the kernel 7,, we will use v¥ (z) to denote the approximation functions, notice that the operator 7" also depends on
n for the model 7,,, but we will continue using it as 7" in what follows.

We wish to show that the approximation functions for 7,, continuously converge to the ones for 7. Then, for the first step
of the induction we have

Ul(m) = c(:mu*), U}L(xn) = Cn(xnau;kl)7
and thus we can write,

|o! (z) — v} (z,)] < sup |c(33,u) - cn(xn,u)|
uclU

since ¢, (2, un) — c(z,u) for all (z,,u,) — (x,u) and the action space, U, is compact, the first step of the induction
holds, i.e. lim,, o [0 (2) — v} (2,,)] = 0.

For the k" step we have
v*(z) = T(v* 1) (z) = inf [e(@,u) + ﬁ/ Ukil(xl)’T(dxlh:,u)],
“ X
Uf(xn) = T(vf;l)(zn) = inf [cn(xn,u) + ﬁ/ Uﬁfl(zl)%(daswxn,u)]
“ X

Note that the assumptions of the theorem satisfy the measurable selection criteria and hence we can choose minimizing
selectors ( [|[165} Section 3.3]). If we denote the selectors by v* and v}, we can write

0" () = vy ()]

< max (|:|C(:L‘7u*) — Cn(xn,u*”
Uk71 xl dl’l I,U* — U§71 551 n dxl znaU* :|a
481 [ V@ Tl o) = [ o @ Tl o)
[c(x, uy) — (T, ur)|

# ] [ T o)~ [ o Tt ).
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Hence, we can write
0" (@) = vy (2n)) (12.7)

<sup |:|C(l‘, u) — Cp(Tp,u)|
uel

+5|/Xvk_1(xl)7'(da:1\x,u)—/Xvs_l(xl)ﬂ(dml\xn,uﬂ ,

above, the first term goes to 0 as ¢, (¢, uyn) — ¢(z,u) for all (z,,, u,) — (z,u) and the action space, U, is compact. For
the second term we write,

sup | vk_l(xl)T(dx1|x,u)—/vﬁ_l(ajl)ﬁb(dx”xn,uﬂ
X

uel JX
<sup| [ (0" Nz') — ol (@h)) Ta(da [z, u)
uelU X
+sup| [ " @) T (dat |z, u) — / VP @) T (datzp, u)|
uel JX X

k—1

above, for the first term, by the induction argument for any x. — 2!, ’vk’ bt —ok

convergence).

(z1,)| = 0 (i.e., we have continuous

We also have that T, (-|zp,u) — T(-|z,u) weakly uniformly over v € U as U is compact. Therefore, using Theorem
[12.2.2]the first term goes to 0. For the second term we again use that 7;, (|, u) converges weakly to 7 (|, u) uniformly
over u € U. With an almost identical induction argument it can also be shown that v*~!(z!) is continuous in !, thus the
second term also goes to 0.

So far, we have showed that for any £ € N, lim,,_, ‘vﬁ (xn) — vk(x)’ = 0 for any z,, — z, in particular it is also true
that limy, 0 [0% (2) — v¥(z)| = 0 for any .

As we have stated earlier, it can be shown that the approximation operator, 7' is a contractive operator under supremum
norm with modulus S and it converges to a fixed point which is the value function. Thus, we have

* 6k * * Bk
| Ja(c, T, 7v*) = v*(2)] < IIC\\oom, | T5(en, Tos 1) — vk ()] < IICIImm- (12.8)
Combining the results,
1T (Cns T 1) — |3 (c, T, 7)< (cns Tos i) — on ()| + [vf (@) — v ()]
+ | Ja(e, T, 7") — oF ()]

Note that the first and the last term can be made arbitrarily small since (12.8)) holds for all £ € N; the second term goes to
0 with an inductive argument for all £ € N. o

A Sufficient Condition for Robustness under Weak Convergence.

We now present a result that establishes robustness if the optimal policies for every initial point are identical. That is, for
every n, 7, is optimal for every xp € X (under the model 7). A sufficient condition for this property is that 7,; solves the
discounted cost optimality equation (DCOE) for every initial point.

A policy v* € I" solves the discounted cost optimality equation and is optimal if it satisfies

T5(e. Toz) = (e, (2) + B / (e, T ) T(das 2,y (2)).
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Thus, a policy is optimal for every initial point if it satisfies the DCOE for all initial points x € X. The following generalizes
[187].

Theorem 12.3.3 Under Assumption(12.1.1} Jg(cy, T, 7)) — Jg(c, T,~*) for any initial point x¢ if v}, is optimal for any
initial point for the kernel T,, and for the stage-wise cost function cy,.

Remark 12.2. For the partially observed case, the proof approach we use makes use of policy exchange (e.g. (12.4)) and
for this approach the total variation continuity of channel Q(:|z) is a key step to deal with the uniform convergence over
policies. As we stated before, the channel for fully observed models can be considered in the form of (I2.6) which is only
weakly continuous and not continuous in total variation. Thus, obtaining a result uniformly over all policies may not be
possible. However, for the fully observed models we can reach continuity and robustness (Theorem([12.3.2] Theorem[12.3.3)
using a value iteration approach. With this approach, instead of exchanging policies and analyzing uniform convergence
over all policies, we can exchange control actions (e.g. (I2.7)) and analyze uniform convergence over the action space U
by using the discounted optimality operator (I2.3). Hence, we are only able to show convergence over optimal policies for
the fully observed case, i.e. Jg(cp, Tn, V) — Ja(c, T,v*) or Jg(e, T, 7)) — Ja(c, T,~*) where +; and v* are optimal
policies, whereas, for partially observed models, regularity of the channel allows us to show convergence over any sequence
of policies, i.e. sup., ¢ | Jg(cn, Tnsv) — Jp(c, T,7)| — 0.

Remark 12.3. As we have discussed in subsection a partially observed model can be reduced to a fully observed
process where the state process (beliefs) becomes probability measure valued. Consider the partially observed models with
transition kernels 7,, and 7 (with a channel Q) and their corresponding fully observed transition kernels 7,, and 7: following
the discussions and techniques in [[128]] and [[184]], one can show that n,, and 7 satisfy the conditions of Theorem @]
and Theorem [12.3.2]that is 7y, (|2, un) — 1(-|2, ) for any (2, u,) — (z,u) under the following set of assumptions

- To(lzn,un) = T(|x,u) for any (z,, un) — (z,u),
—  Q(:|z) is continuous on total variation in .

We remark that these conditions also agree with the conditions presented for continuity and robustness of the partially
observed models (Theorem [12.2.4] and Theorem [12.23).

12.3.2 Setwise Convergence
Absence of Continuity under Setwise Convergence.

We give a negative result similar to Theorem [12.2.5] via Example [I2.1}

Theorem 12.3.4 Letting T, — T setwise, then it is not necessarily true that J3(c, T,) — J5(c,T) even when c(x,u) is
continuous and bounded in X x U.

A Sufficient Condition for Continuity under Setwise Convergence.
Theorem 12.3.5 Under Assumption|12.1.3|Jg(cn, Tn, V) — Ja(e, T, ), for any initial state o, as n — oo.

Proof. We use the same value iteration technique that we used to prove Theorem [12.3.2} See [187]. o

Absence of Robustness under Setwise Convergence.

Now, we give a result showing that even if the continuity holds under the setwise convergence of the kernels, the robustness
may not be satisfied (see 187, Theorem 4.7]).
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Theorem 12.3.6 Supposing T, (-|Tn, un) — T (-|z, u) setwise for every x € X and v € U and (x,, up,) — (x,u), then it
is not true in general that Jz(c,T,~%) — Jg(c, T,7*), even when X and U are compact and c(x,u) is continuous and

bounded in X x U.

A Sufficient Condition for Robustness under Setwise Convergence.

We now present a similar result to Theorem [12.3.3] that is we show that under the conditions of Theorem [I2.3.3] if further
for every n, v} is optimal for every xo € X (under the model 7,,) then robustness holds under setwise convergence.

Theorem 12.3.7 Supposing Assumption|([2.1.3| holds, if further we have that for every n, v, is optimal for every o € X
(under the model T,,) then Jg(c, T,7)) — Ja(e, T,v*).

12.3.3 Total Variation

The continuity result in Theorem [12.2.6] and the robustness result in Theorem [12.2.7] apply to this case since the fully
observed model may be viewed as a partially observed model with the measurement channel ) given in (12.6).

12.4 The Average Cost Case

The results above also apply to the average cost setup by adding an ergodicity condition, as we have seen in Chapter[7}

In the following we will denote the set of all stationary policies by I's . For the transitions under some stationary policy 7,
we will use the following notation: 7 (-|z, ) := T (+|x, v(z)).

We also define the ¢-step transition kernel 7¢(+|x, ) in an iterative fashion as follows:
Tl i= [ TClomi )T doiale ),

where T (-|z,v) = T(:|z, 7).

We will use the following ergodicity condition for some of the results.

Assumption 12.4.1 For every stationary policy =, the transition kernels T and T, lead to positive Harris recurrent chains
and in particular admit invariant measures ., and 77, and for these invariant measures uniformly for every initial point
x € X we have:

tlim sup || 7|z, ) — Ty ()lrv =0
—00 e,

lim sup sup ||7; (-, ~) = 75 ()[l7v = 0.
t=00 n ~el,

We have seen the following earlier in Chapter([7} repeated in a concise form for reader’s convenience:

For our continuity and robustness results, it will be instrumental to work with stationary policies. This will be without any
loss under mild conditions to be presented in this subsection. An approach for average cost problems is to make use of
average cost optimality equation (ACOE). To work with ACOE one usually needs contraction properties of the transition
kernel. The following result provides further alternative sufficient conditions on existence of optimal policies (which turn
out to be stationary) for infinite horizon average cost problems.

Assumption 12.4.2 The following hold.
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(A) Assumption holds,

(B) The action space U is compact,

(C) c(x, w) is bounded and continuous in (x,w),

(C’k(z,w) is bounded and continuous in u for every fixed z,
(D) T (-|z,u) is weakly continuous in (x,u),

(D’JT (+|x, u) is setwise continuous in u for every .

Proposition 12.4. Suppose Assumption|12.4.2|A, B, and, either C and D, or C’ and D’, hold. Then J (T ,~) admits an
optimal stationary policy. o

12.4.1 Approximation by finite horizon cost

We denote the ¢-step finite horizon cost function under a stationary policy + and a transition model 7 by J;(7,~) and the
corresponding optimal cost is denoted by J;(T):

t—1
Ji(T,v) = ZEI[C(X% Uil
i=0
Ji(T) = Vlfelfﬂ Ji(T,7)-

The following result shows that the infinite horizon average cost induced by a stationary policy can be approximated by a
finite cost under the same stationary policies with proper ergodicity conditions.

Lemma 12.5. [[82|]] Under Assumption|l2.4.1} if the cost function c is bounded then for every initial state we have

sup JT) Joo (T, 7)‘ -0,
yerl 3

sup sup 7&(7;“7) — Joo(ﬁﬁ)’ -0
~yel' n t

Proof. We have that J(T,7) = [ ¢(z,v(z))n"(dz). Thus, we can write

_ HZET X U] = [ el )
<3 2| [ etrnten T e ) - [ ete @i
t—1
<+ S lellel T C,7) = v
=0

We now fix an € > 0 and choose a t. < oo such that ||7(:|xg,y) — 77||7v < € forall i > t.. We also choose another T,

with 2le < ¢ for all ¢ > T.. With this setup, we have

t—1

1 .

I (o, ) — 77l
=0
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te—1

t
1 ) 1 )
<37 > I3 Clwo) = 7y + 7 Y T Clxo) = w7y
=0

1=t

2t
§T+6§26, vt > T..

We have shown that for any fixed ¢ > 0, we can choose a T, < oo, independent of ~, such that

(T,
‘m - JOO(T,V)‘ <e VEST.
Hence the result is complete for 7.

For T, the result follows from the same steps since we can again choose such ¢, and T, due to the uniformity over n and -y

in Assumption|(12.4.1 o

The next result from [160} Corollary 4.11] shows that the optimal infinite horizon cost can be approximated by an optimal
finite horizon cost induced by the same transition kernel.

Lemma 12.6. Suppose the cost function c is bounded and either Assumption|12.4.2|A, B, C, D or Assumption|l2.4.2|A, B,
C’, D’ hold (for T and T,). Then, we have

lim |J%(T) — Ji(T) -0,
t—o00 t

S Ji (Tn)
tlg& Sl,ip I (Tn) — ; 0.

12.4.2 Continuity under the convergence of transition kernels

Theorem 12.7. [182]] We have that |J% (T,) — J% (T)| — O, under
cl. Assumption|12.4.2| A, B, C and D if Tp,(-|xn, un) — T (:|z,w) weakly for any (z,, un) — (z,u).
c2. Assumption|12.4.2| A, B, C'" and D' if T, (-|z,u,) — T (-|z, u) setwise for any u,, — u for every fixed x.

Proof. We use the following bound:

oo (Tn) = IS (T)]

< |sm - 22

Ji(Ta) J?(T)‘
t t

_|_

|

—J(T)|-

The first and the last terms above can be made arbitrarily small by choosing ¢ large enough uniformly over n using Lemma
[12.6] under suitable assumptions. For the second term, we can use continuity results for finite time problems for the fixed
t as the assumptions cover the requirements studied earlier: see the proofs of Theorem[12.3.2] (for weak convergence) and
Theorem (for setwise convergence). o

12.4.3 Robustness to Incorrect Controlled Transition Kernel Models

In this section, we investigate robustness for infinite horizon average cost problems. We first restate the problem: Consider
an MDP with transition kernel 7, and assume that an optimal control policy for this MDP under the average cost criterion
is 7y}, that is



308 12 Robustness to Incorrect Models and Learning

] f = * .
»;Iell“Joo(ﬂ“’Y) JOO(,Y;H’Yn)

Now, consider another MDP with transition kernel 7~ whose optimal cost is denoted by J (7). If the controller does not
know the true transition kernel 7 and calculates an optimal policy assuming the transition kernel is 7,,, then the incurred
cost by this policy is Joo (T, 7). The focus of this section is to find sufficient conditions such that as 7, — T,

JOO(T7 V) = Joo(T, '7*)-

Suppose that the MDP with kernel 7,, admits two different optimal policies v, and 2. Although, the cost incurred by these
policies under the kernel 7, are the same, under the kernel 7 they may have different cost values. That is, even though we
have that

we may have Joo (T,7L) # Joo(T,72). An example is as follows: Consider a system with state space X = [—1, 1], control

action space U = {—1,0, 1}, the cost function ¢(z,u) = (z — u)? and the transition models are given as
1 1
T (|, u) = 551(') + 5571(‘)
T (|, u) = do(-)-

Notice that two optimal policies for 7,, are

1 ifxz >0,

1 ifx=1,
1 . 2
=1 ifz=-1 -
v (x) if x . i (x) {_1 0.

0 else.
However, if the initial point is 2o = 0, we have that Joo (7,7}) =0 # 1 = Jo(T,72).

In what follows, we show that under total variation convergence of 7,, — T, this issue does not cause a problem so that we
have Joo (T, 7)) — Joo(T,~*) for any stationary optimal policy ;. However, under weak or setwise convergence of the
transition models, we establish the same result under some particularly constructed optimal polices +;:, namely we focus
on the policies that solve the average cost optimality equation (ACOE) (in analogy with the corresponding results under
the discounted cost criterion: Theorem [I2.3.3|under weak continuity, Theorem [12.3.7] for setwise continuity).

The following summarize some of the relevant findings in Section[7.2]

Proposition 12.8. [/60|] Suppose the cost function c is bounded. Under Assumption|12.4.1| there exists a B < 1 such that
the following holds:

(i) sp (Tv - Tw) < Bsp(u— w), forany v,w € B(X) where T is the operator defined in (m

(ii) Since T is a contraction under the span norm, it admits a fixed point v* € B(X) such that

j*+v*(z) = inf (c(x,u) +/Xv*(y)7'(dy|:v,u))7

uelU
for some constant j*.

(iii)For any initial point ©o € X, the constant j* defined in (ii) is the optimal infinite horizon average cost for the
kernel T, that is

j* = J;O(T7 xO) = inf JOO(T7’77:I;O)
yel

for every g € X.
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(iv)If there exists a policy v* € I satisfying the ACOE, then this stationary policy is an optimal policy for the average
infinite horizon cost problem; that is, if v* satisfies

§* 40" (@) = el (@) + / o () T(dyle, 1 ().
X
then Joo (T, 7v*, x0) = J3 (T, z0).

Theorem 12.9. [182|]] We have that
Joo(T ) = IS (T )

for any x € X, where v is the optimal policy for the transition kernel T, that satisfies the ACOE, under Assumption
12.4.2/A, B, C and D if Tp(-|%n, un) — T (-|x, u) weakly for any (z,, u,) — (,u).

Proof. Consider the following two ACOEs for the kernels 7,, and 7 with their fixed points v} and v*:

ji (o) = inf el + [ o) Tutdylon)| (129)
J*+v" (@) = inf, [d%) + / v (y) T (dylz, u>} (12.10)

‘We now show that, for all z,, — =,
v (xy) — 0¥ (x) = ¢ (12.11)
for some constant ¢ with |¢| < oo. To show this, we first write
v (@) — 0" (x)
= (vn(2n) — vy (zn)) + (vn(@n) — v (2)) + (v'(2) — v"(2))

where v! and v! are the results of operator applied to the O-function, ¢ times for kernels the 7,, and 7. Notice
that v!, and v® are the value functions for ¢-step cost problem and by the assumptions ( [187, Theorem 4.4]) we have
that |v! (z,) — v¥(x)| — 0 for every fixed ¢. For the first and the last terms, we use the fact that the operator is
a contraction under Assumption for the span semi-norm and hence both terms go to some constants as t — oo
uniformly for all n, that is v} (z,,) — v!,(z,) — ¢1 and v*(z) — v*(x) — ¢ for some |c1], |ca| < oo. Thus, we have that

(I2:T1) holds for some ¢ < co.

Since U is compact, for every =,, — x, v, (x,) has a convergent subsequence which converges to say some u* € U. If we
take the limit along this subsequence for (12.9), using the assumptions that 7, (|2, u,) — T (:|z, u) weakly, the fact that
limy, o0 (v} (2n) — v*(2)) = ¢, and that j; — j* (continuity results from Theorem (12.7) we get

lillcn (j;k + v, (xnk))
— lime(z, 7y, (2n,)) + / U ) T (@l 17, ()
=40 (@) e =) + [ o) Tyl ) +c

Therefore, u* satisfies the ACOE for the kernel 7 and thus, any convergent subsequence of v (x,,) is an optimal action
for z for the kernel 7.

Now consider the following operator T, for the kernel 7" and the policy v, which is optimal for 7,

i) = el 72 (0) + [ 600)T (e, 73 ). (12.12)
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One can show that this operator is also a contraction under span semi-norm and admits a fixed point 0};, such that
o+ 05(0) = clari@) + [ 0Tyl ;@)

where jn = Joo(T, 7%, ) for all 2. Hence, we need to show that jn — 7% to complete the proof. To show this, in [|182], it
has been proven that

lim o) (z,) —v"(z) = ¢, (12.13)

n—oo
for any x,, — x for some constant ¢ < oo.

Now, assume that lim,, j,, # 4* and that there exists a subsequence In . and an € > 0 such that |jnk — j*| > e for every k.
We will show that this cannot hold, by establishing the existence of a further subsequence jn,, which converges to j* in
the following.

We first note that lim,, o 0%(x,) — v*(z) = ¢ Hence, Theorem yields that f@;ﬁkl ()T (dylz,;, () —
Jv*(y)T (dy|z,u*) + ¢ where ¢ also satisfies (@;kl (z) —v*(z)) — &

Therefore, taking the limit along this subsequence,
e I
= Jim clz,, @) + [ 85, )T @yl (@) - 07, (o)
—cle,u’) + [0 @)Tole,w’) ~ () =
This contradicts to |j,, — j*| > €, hence we conclude that j,, — j*. o

We now obtain the same under setwise convergence, without proof.

Theorem 12.10. [/82] We have that Joo (T, 7, x) — J25 (T, x) for any x € X, where ~y]: is the optimal policy for the
transition kernel T, that satisfies the ACOE, under Assumption|12.4.2| A, B, C and D if T,,(-|x,un) — T (-|z,u) setwise

for any u, — u.
For total variation, a more direct result follows.

Theorem 12.11. [I82|] We have that |Joo (T, 7)) — J5(T)| — 0 for any stationary optimal policy ~;; for Ty, under
Assumption|12.4.2| A, B, C" and D' if T,,(-|x, up,) — T (+|x, u) in total variation for any w,, — u for every fixed x.

Proof. We write:

[Joo (T 7m) = JS (T
SN2 (Tn) = (T + oo (T 1) — J20 (T

the first term goes to by Theorem [12.7] For the second term we write

oo (T 75) = J2o (T

< ‘JOO(T,VZ) - M
+ Jt(ﬁtw’)/n) _ Jt(:’ fyn) + Jt(Ca fyn) - JOO(T’ ’y’;kl)
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The first and the last terms above again can be made arbitrarily small by choosing ¢ large enough uniformly over n
using Lemma [I2.5] For the second term we use [[187, Section A.2] where it is shown that under the stated assumptions
sup.cp |Je(Tn,v) — Ji(T,7)| — 0. Hence the proof is complete. o

12.5 Applications to Data-Driven Learning and Finite Model Approximations

12.5.1 Application of Robustness Results to Data-Driven Learning

In practice, one may estimate the kernel of a controlled Markov chain using empirical data.

Let us briefly review the basic case where an i.i.d. sequence of random variables is repeatedly observed, but its probability
measure is not known apriori. Let {(X;), ¢ € N} be an X-valued i.i.d. random variable sequence generated according to
some distribution y. Defining for every (fixed) Borel B C X, and n € N, the empirical occupation measures p,,(B) =
LS 1{x.ep). one has 11, (B) — p(B) almost surely by the strong law of large numbers. It then follows that 11, — p
weakly with probability one ( [[111]], Theorem 11.4.1). However, u,, does not converge to y in total variation or setwise, in
general. On the other hand, if we know that 1 admits a density, we can find estimators to estimate x under total variation
[104, Chapter 3]. In the previous sections, we established robustness results under the convergence of transition kernels in
the topology of weak convergence and total variation. We build on these observations.

Corollary 12.12 (to Theorem [12.2.6|and Theorem ). Suppose we are given the following dynamics for finite state
space, X, and finite action space, U,

Ti41 = f($t,ut7wt)7 Y = g(xtavt)

where {w;} and {v;} are i.i.d.noise processes and the noise models are unknown. Suppose that there is an initial training
period so that under some policy, every x,u pair is visited infinitely often if training were to continue indefinitely, but that
the training ends at some finite time. Let us assume that, through this training, we empirically learn the transition dynamics
such that for every (fixed) Borel B C X, for every x € X, u € U andn € N, the empirical occupation measures are

"ol
Zi:l {X:€B,X;_1=2,U;_1=u}

TolBlo = st =) = S lix U }
i=1 i-1=z,Uj—1=u

Then we have that J5(T,) — J5(T) and Js(T,~y,) — J5(T), where 7}, is the optimal policy designed for T,. Since the
channel model g has no restrictions, this result also applies to the fully observed model setup by taking g(xy, ve) = xy.

Proof. We have that T, (-|z,u) — 7T (-], u) weakly for every z € X, u € U almost surely by law of large numbers. Since
the spaces are finite, we also have 7, (:|x,u) — T (-|z, u) under total variation. By Theorem[12.2.6|and Theorem[12.2.7}
the results follow. ©

The following holds for more general spaces.

Corollary 12.13 (to Theorems[12.2.8}[12.2.4} [12.3.2)and [12.3.3). Suppose we are given the following dynamics with state
space X and action space U,

Tep1 = f(@r, up, wy), Y = g(z¢,vt),
where {wi} and {v:} are i.i.d.noise processes and the noise models are unknown. Suppose that f(z,u,-) : W — Xis
invertible for all fixed (x,u) and f(x,u,w) is continuous and bounded on X x U x W. We construct the empirical measures

Sfor the noise process w, such that for every (fixed) Borel B C W, and for every n € N, the empirical occupation measures
are

1 n
un(B) == 1ot ey (12.14)

=1
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where f, 1 . (x;) denotes the inverse of f(x;_1,ui—1,w) : W — X for given (x;_1,u;_1). Using the noise measure-

ments, we construct the empirical transition kernel estimates for any (xo, uo) and Borel B as

Tn(Blzo,u0) = pin(frg'uo (B))-

(i) If the measurement channel (represented by the function g) is continuous in total variation then J (Tn) — J i (T)
and J3(T,7%) — J i (T), where ~% is the optimal policy designed for T, for all initial points.

(ii) If the measurement channel is in the form g(x+, vi) = w (i.e. fully observed) then J5(T,) — J5(T) and if further
for every n, ~y;, is optimal for every xo € X (under the model Ty,) then Jg(T,~;,) — J5(T).

Proof. We have p,, — p weakly with probability one where p is the model. We claim that the transition kernels are such
that 7,,(-|n, un) — T (-]x,u) weakly for any (z,,, u,) — (,u). To see that observe the following for h € Cj,(X)

/ h(@)) T (ds [, ) — / h(z) T (dz1 |z, u)
— [ 1 s tens ) an )~ [ 15 o w)l) 0,

where i, is the empirical measure for w; and  is the true measure again. For the last step, we used that p,, — p weakly
and A(f(xy, un,w)) continuously converge to h(f(z,u,w)) i.e. h(f(Zn,tn,ws)) = h(f(z,u,w) for some w, — w
since f and g are continuous functions. Similarly, it can be also shown that T, (-|z, «) and T (:|z, u) are weakly continuous
on (z, u). Thus, for the case where the channel is continuous in total variation by Theorem [12.2.8|and Theorem if
¢(x, u) is bounded and U is compact the result follows.

For the fully observed case, J5(7,) — J5(T) by Theorem|12.3.2|and J5(T, ;) — J5(T) by Theorem|12.3.3 o

Remark 12.14. We note here that the moment estimation method can also lead to consistency. Suppose that the distribution
of W is determined by its moments, such that estimate models W,, have moments of all orders and lim,, = E[W] =
E[WT] for all » € Z.. Then, we have that [43, Thm 30.2] W,, — W weakly and thus T, (:|zn, u,) — T (-|z, u) weakly
for any (z,,, u,) — (x,u) under the assumptions of above corollary. Hence, we reach continuity and robustness using the
same arguments as in the previous result (Corollary [12.13).

Now, we give a similar result with the assumption that the noise process of the dynamics admits a continuous probability
density function.

Corollary 12.15 (to Theorem [12.2.6|and Theorem [12.2.7). Suppose we are given the following dynamics for real vector
state space X and action space U

Tep1 = f(@e,up, wy), ye = g(x¢, 1),

where {w;} and {v,} are i.i.d.noise processes and the noise models are unknown but it is known that the noise w; admits
a continuous probability density function. Suppose that f(x,u,-) : W — X is invertible for all (xz,u). We collect i.i.d.
samples of {w;} as in and use them to construct an estimator, [i,, , as described in [104] which consistently
estimates [ in total variation. Using these empirical estimates, we construct the empirical transition kernel estimates for
any (xg, ug) and Borel B as

Tn(Blzo,1u0) = fin(frg uo (B))-

Then independent of the channel, J5(T,) — J5(T) and Jg(T, ;) — J5(T), where 7, is the optimal policy designed
for T,. Since the channel model g has no restrictions, this result also applies to the fully observed model setup by taking
g(xs,vr) = x4

Proof. By [[104] we can estimate 7 in total variation S0 that almost surely
lim,, o0 || i, — p]|7v = 0. We claim that the convergence of fi,, to x under total variation metric implies the convergence
of 7, to T in total variation uniformly over all z € X and u € U i.e. lim,, oo sup, , || 7n(-|2, u) — T (-|z,u)||[7v = 0.
Observe the following:
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bup||72( |z, u) = T(|z,w)|rv

—sup sup | / o) T das |, ) — / h(a1)T (da |z, )|

U |[h|]oe <1

—sup sup | [ b7 w)iin () ~ [ (G w)a(dw)]

U |[h]oe <1

<|fin — pllrv — 0.

Thus, by Theorem|12.2.6|and Theorem|[12.2.7] the result follows. o
The following example presents some system and channel models which satisfy the requirements of the above corollaries.

Example 12.16. Let X, Y, U be real vector spaces with

Ty = f(@, ue) + w, Yy = h(ze,vt)
for unknown i.i.d. noise processes {w;} and {v; }.

1. Suppose the channel is in the following form; y; = h(z:,v:) = x¢ + v; where v; admits a density (e.g. Gaussian
density). It can be shown by an application of Scheffé’s theorem that the channels in this form are continuous in
total variation. If further f(z,u;) is continuous and bounded then the requirements of Corollary hold for
partially observed models.

2. If the channel is in the following form; x; = h(x¢,v;) then the system is fully observed. If further f(xz;,u;) is
continuous and bounded then the requirements of Corollary [12.13]holds for fully observed models.

3. Suppose the function f (¢, u) is known, if the noise process w; admits a continuous density, then one can estimate
the noise model in total variation in a consistent way (see [[104]). Hence, the conditions of Corollary holds
independent of the channel model.

12.5.2 Application to Approximations of MDPs and POMDPs with Weakly Continuous Kernels

We now discuss Problem P4, that is whether approximation of an MDP model with a standard Borel space with a finite
MDPs can be viewed an instance of robustness problem to incorrect models and whether our results can be applied.

In Section[8.2] we presented conditions under which finite state/action models are asymptotically optimal. Here, we view
those approximation results as an instance of robustness. We will focus on the weakly continuous model setup.

By Section we know that finite quantization policies are nearly optimal under mild weak continuity conditions (see
Assumption @ Thus, to make the presentation shorter, we will either assume that the action set is finite, or it has
been approximated by a finite action space through the construction above. Assuming finite action sets will help us avoid
measurability issues ( [275] p. 6-7]) as well as issues with existence of optimal policies.

One can write the following fixed point equation for the finite MDP

HOE ggg{cmm 53 ngm(xﬂm}

z1€X,

where 7, is the transition model for the finite MDP and ¢, is the cost function defined on the finite model. Since the acton
space is finite, we can find an optimal policy, say f; for this fixed point equation. One can also simply extend J and f;,
which are defined on X, to the entire state space X by taking them constant over the quantization bins S,, ;. If we call the

extended versions jg and fn, the following result holds, which is a re-statement of Theorem ??:
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Theorem 12.5.1 [275| Theorem 2.2 and 4.1] Suppose Assumption holds. Then, for any 8 € (0, 1) the discounted
cost of the deterministic stationary policy f,, obtained by extending the discounted optimal policy f;; of f-MDP,, to X
(i.e., fn = f o Qn), converges to the discounted value function J* of the compact-state MDP:
] n . — (. — ] £ . — oy —
nh—>12c IJ5(-) = J5()I =0 and lim || Js(fn, -) — J5] = 0. (12.15)

n—oo

Theorem [12.5.1] shows that under Assumption [8.2.1] an optimal solution can be approximated via the solutions of finite
models. We now show that the above approximation scheme can be viewed in relation to our robustness results.

Proof sketch of Theorem |12.5.1| via results from Section With the introduced setup, one can see that the extended
value function and optimal policy for the finite model satisfy the following:

J§ () = min {én(x,u) - ﬁ/jg(xlm(dx1|x,u)}

where ¢, is the extended version of ¢,, to the state space X by making it constant over the quantization bins {S,, ; }, and 7A;L
is such that for any function f

[ ranTudna = [ / L Tl (d2)

where S, ; is the quantization bin that = belongs to.

With this setup, one can see that for any x,, — x we have ¢, (x,,u) — ¢(x, u) and for any continuous and bounded f
[ e Tudnlenw= [ [ )Tz u()
z1€X Jz€S, ;

R / F (@) T (dan |, ).

Hence, Assumption [I2.1.1] holds under Assumption [8.2.1] and we can conclude the proof using Theorem [12.3.3] and
Theorem[12.3.2] o

12.6 Bibliographic Notes

In this chapter, we studied regularity properties of optimal stochastic control on the space of transition kernels, and ap-
plications to robustness of optimal control policies designed for an incorrect model applied to an actual system. We also
presented applications to data-driven learning and related the robustness problem to finite MDP approximation techniques.
For the problems presented in this chapter, our focus was on infinite horizon discounted cost setup. However, we note that
the results can be extended to the infinite horizon average cost setup under various forms of ergodicity properties on the
state process.

Robustness is a desired property for the optimal control of stochastic or deterministic systems when a given model does
not reflect the actual system perfectly, as is usually the case in practice. This is a classical problem, and there is a very
large literature on robust stochastic control and its application to learning-theoretic methods; see e.g. [24L[31}|52,/118}
148,1170,337]], [6,/18L(115,/119179,[186,|187,[211,240L[250,254,1298.,|311]]. Studies on robustness via minimax methods
include [[177,245]]. A comprehensive literature review is presented in [[183}[187]]. For empirical learning methods and their
stability properties, see [|113}/149]

This chapter primarily builds on [[182}|183}[187,/192].
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12.7 Exercises

Exercise 12.7.1






A

Basics of Function Spaces

A.1 Normed Linear (Vector) Spaces and Metric Spaces

Definition A.1.1 A linear (vector) space X is a space which is closed under addition and scalar multiplication: In partic-
ular, we define an addition operation, + and a scalar multiplication operation - such that

+:XxX-=>X

S CxX—>X

with the following properties (we note that we may take the scalars to be either real or complex numbers). The following
are satisfied for x,y € X and «, 8 scalars:

(r+ty=y+uz

(i) (x+y)+z=x+ (y+ 2).

(iii)a-(r4+y) =a-x4+a-y.

(v) (a+8) z=a-z+ -

(v) There is a null vector 0 such that x + 0 = x.

vi)a-(B-z)=(af) - x

(vii) Foreveryx € X, 1 -z ==

(viii) For every x € X, there exists an element, called the (additive) inverse of x and denoted with —x with the property

x4+ (—x) =0

Example A.1. (i) The space R™ is a linear space. The null vector is 0 = (0,0,---,0) € R™.

(i) Consider the interval [a, b]. The collection of real-valued continuous functions on [a, ] is a linear space. The null
element 0 is the function which is identically 0. This space is called the space of real-valued continuous functions on [a, b]
(iii) The set of all infinite sequences of real numbers having only a finite number of terms not equal to zero is a vector
space. If one adds two such sequences, the sum also belongs to this space. This space is called the space of finitely many
non-zero sequences.

(iv) The collection of all polynomial functions defined on an interval [a, b] with complex coefficients forms a complex
linear space. Note that the sum of polynomials is another polynomial.

Definition A.1.2 A non-empty subset M of a (real) linear vector space X is called a subspace of X if

ar+pye M, Ve,ye M and o, €R.
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In particular, the null element O is an element of every subspace. For M, N two subspaces of a vector space X, M N N is
also a subspace of X.

Definition A.1.3 A normed linear space X is a linear vector space on which a map from X to R, that is a member of
I'(X;R)) called norm is defined such that:

— lz|| >0 Ve X, |lz||=0ifand onlyif x is the null element (under addition and multiplication) of X.

= e+ yll <l +[lyl|

- Nlaz|| = |a|||z||, VaeR, VreX

Definition A.1.4 In a normed linear space X, an infinite sequence of elements {x,} converges to an element x if the
sequence {||z,, — x||} converges to zero.

Example A.2. a) The normed linear space C'([a, b]) consists of continuous functions on [a, b] together with the norm ||z|| =
maxyq<i<p} [2(t)].

b) [,(Z4;R) = {z € I'(Z4;R) : [[z]l, = | Xz, [z(0)[P ] < oo} is a normed linear space for all 1 < p < occ. ¢)

Recall that if S is a set of real numbers bounded above, then there is a smallest real number y such that x < y forall x € S.
The number y is called the least upper bound or supremum of S. If S is not bounded from above, then the supremum is co.
In view of this, for p = co, we define

loo(Z4;R) :={z € I'(Z4;R) : [|z[|oc = sup |z(i)] < oo}

1€Zy

d) Ly([a,b];R) = {{z € I'([a,b];R) : ||z]|, = (f | (2 |p> < oo} is a normed linear space. For p = oo, we typically

write: Loo([a, b;R) == {z € I'([a,b;R) : [|z[|loc = supcqy |2(t)| < 0o}. However, for 1 < p < oo, to satisfy the
condition that ||z||, = 0 implies that z(t) = 0, we need to assume that functions which are equal to zero almost everywhere
are equivalent; for p = oo the definition is often revised with essential supremum instead of supremum so that

Tl = inf sup t
lelloo y()=z(Da-e. tea) )

To show that [,, defined above is a normed linear space, we need to show that ||z + y||, < [|z|[, + [|y]]p-

Theorem A.1.1 (Minkowski’s Inequality) For 1 < p < oo

llz +yllp < [lzllp + lyllp
The proof of this result uses a very important inequality, known as Holder’s inequality.

Theorem A.1.2 (Holder’s Inequality)
> a(k)y(k) < [l2llpllyllg,

with1/p+1/q=1and1 < p,q < cc.

Definition A.1.5 A metric defined on a set X, is a function d : X x X — R such that:
- d(z,y) >0, Va,y€ X andd(z,y) =0ifandonlyif x = y.
- d(z,y) =d(y,x), Vz,ye X.
- d(z,y) <d(z,z)+d(z,y), Vz,y,z€ X.
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Definition A.1.6 A metric space (X, d) is a set equipped with a metric d.

A normed linear space is also a metric space, with metric

d(z,y) = [l = yl|.

An important class of normed spaces that are widely used in optimization and engineering problems are Banach spaces:

A.1.1 Banach Spaces

Definition A.1.7 A sequence {x,,} in a normed space X is Cauchy if for every €, there exists an N such that ||z, — || < €
foralln,m > N.

The important observation on Cauchy sequences is that, every converging sequence is Cauchy, however, not all Cauchy
sequences are convergent: This is because the limit might not live in the original space where the sequence elements take
values in. This brings the issue of completeness:

Definition A.1.8 A normed linear space X is complete, if every Cauchy sequence in X has a limit in X. A complete normed
linear space is called Banach.

Banach spaces are important for many reasons including the following one: In optimization problems, sometimes we
would like to see if a sequence converges, for example if a solution to a minimization problem exists, without knowing
what the limit of the sequence could be. Banach spaces allow us to use Cauchy sequence arguments to claim the existence
of optimal solutions. If time allows, we will discuss how this is used by using contraction and fixed point arguments for
transformations.

In applications, we will also discuss completeness of a subset. A subset of a Banach space X is complete if and only if it is
closed. If it is not closed, one can provide a counterexample sequence which does not converge. If the set is closed, every
Cauchy sequence in this set has a limit in X and this limit should be a member of this set, hence the set is complete.

Exercise A.1.1 The space of bounded functions {x : [0, 1] — R, sup,e[o,1)|z(t)| < oo} is a Banach space.

The above space is also denoted by L ([0, 1]; R) or Lo ([0, 1]).

v
Theorem A.1.3 [,(Z;R) := {z € f(Z4+;R) : ||z]|, = (EieNJr a:(z)p) < oo} is a Banach space forall 1 < p < oo.

Sketch of Proof: The proof is completed in three steps.

(i) Let {x,,} be Cauchy. This implies that for every ¢ > 0, N such that for all n,m > N ||z, — x,,|| < e. This also
implies that for all n > N, ||z,|| < ||zn]|| + €. Now let us denote x,, by the vector {z7, 2%, 2% ..., }. It follows that for
every k the sequence {a:ﬁ} is also Cauchy. Since 27 € R, and R is complete, 27} — x;, for some x. Thus, the sequence
T, pointwise converges to some vector x,.

(i) Is z € [,(Z1;R)? Define x, x = {af,25,...,2%_;,2%,0,0,...}, that is vector which truncates after the K'th
coordinate. Now, it follows that
lzn || < llznll + €,

for every n > N and K and
K

K
lim [z, rcl[” = lim D fapP = fail,
n— o0 n— 00 ] ]
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since there are only finitely many elements in the summation. The question now is whether ||z || € p(Z4;R). Now,
lzn. k[l < [lznll +€

and thus
m |Jzn k|| = |lxl] < |l + €
n—oo

Let us take another limit, by the monotone convergence theorem (Recall that this theorem says that a monotonically
increasing sequence which is bounded has a limit).

K
ANl = Jim 3l = Nl < el +

(iii) The final question is: Does ||x,, — .|| — 0? Since the sequence is Cauchy, it follows that for n, m > N
|lzn —zm|[ <€

Thus,
||xn,K - xm,KH S €

and since K is finite

lim ||2n x — T i || = [[T0,x — T k|| <€
m—00

Now, we take another limit

A [z — k| <€

By the monotone convergence theorem again,

li

K;I}loonn’K _x*,KH =||zn —z|| <€

Hence,

Tn —z|| = 0. o
The above spaces are also denoted [,,(Z..), when the range space is clear from context.

The following is a useful result.

Theorem A.1.4 (Holder’s Inequality)
> a()y(t) < llllpllyllg,
withl/p+1/g=1and1 <p,q < cc.

Remark: A brief remark for notations: When the range space is IR, the notation /,,({2) denotes l,,(£2; R) for a discrete-time
index set {2 and likewise for a continuous-time index set {2, L,,({2) denotes L, ({2; R). o

A.1.2 Hilbert Spaces
We first define pre-Hilbert spaces.

Definition A.1.9 A pre-Hilbert space X is a linear vector space where an inner product is defined on X x X. Corresponding
to each pair x,y € X the inner product (x,y) is a scalar (that is real-valued or complex-valued). The inner product satisfies
the following axioms:

1. (z,y) = (y,x)* (the superscript denotes the complex conjugate) (we will also use (y,x) to denote the complex
conjugate)

2. (x+y,2) =(z,2) + (y,2)
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3. {ax,y) = afz,y)
4. (z,x) > 0, equals 0 iff x is the null element.

The following is a crucial result in such a space, known as the Cauchy-Schwarz inequality, the proof of which was presented
in class:

Theorem A.1.5 For x,y € X,

(z,y) < V{z,2) (Y, y),

where equality occurs if and only if v = oy for some scalar a.

Exercise A.1.2 In a pre-Hilbert space (x, x) defines a norm: ||z|| = /(z, x)

The proof for the result requires one to show that /(x, ;) satisfies the triangle inequality, that is
llz +yll < [zl + [lyll;

which can be proven by an application of the Cauchy-Schwarz inequality.

Not all spaces admit an inner product. In particular, however, [3 (N ; R) admits an inner product with (z, y) = >y, z(n)y(n)
z|| = v/{x, z) defines a norm in lo(N1; R).

The inner product, in the special case of RY, is the usual inner vector product; hence R* is a pre-Hilbert space with the
usual inner-product.

for z,y € l2(N4; R). Furthermore,

Definition A.1.10 A complete pre-Hilbert space, is called a Hilbert space.
Hence, a Hilbert space is a Banach space, endowed with an inner product, which induces its norm.

Proposition A.1.1 The inner product is continuous: if t,, — x, and yp, — y, then (Xp, Yn) — (T, y) for Tn, yn in a Hilbert
space.

Proposition A.1.2 In a Hilbert space X, two vectors x,y € X are orthogonal if (x,y) = 0. A vector x is orthogonal to a
set S C X if (x,y) =0 VYyeS.

Theorem A.1.6 (Projection Theorem:) Let H be a Hilbert space and B a closed subspace of H. For any vector x € H,
there is a unique vector m € B such that

llz = ml| < [lz —yll,Vy € B.
A necessary and sufficient condition for m € B to be the minimizing element in B is that, x — m is orthogonal to B.

A.1.3 Separability

Definition A.1.11 Given a normed linear space X, a subset D C X is dense in X, if for every x € X, and each ¢ > (,
there exists a member d € D such that ||x — d|| < e.

Definition A.1.12 A set is countable if every element of the set can be associated with an integer via an ordered mapping.

Examples of countables spaces are finite sets and the set Q of rational numbers. An example of uncountable sets is the set
R of real numbers.
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Theorem A.1.7 a) A countable union of countable sets is countable. b) Finite Cartesian products of countable sets is
countable. c¢) Infinite Cartesian products of countable sets may not be countable. d) [0, 1] is not countable.

Cantor’s diagonal argument and the triangular enumeration are important steps in proving the theorem above.

Since rational numbers are the ratios of two integers, one may view rational numbers as a subset of the product space of
countable spaces; thus, rational numbers are countable.

Definition A.1.13 A space X is separable, if it contains a countable dense set.

Separability informs us that for approximation purposes it suffices to work with a countable set, when the set is uncountable.
Examples of separable sets are R, and the set of continuous and bounded functions on a compact set metrized with the
maximum distance between the functions.

Complete, separable and metrizable spaces form a very broad class of signal spaces. Such spaces are called Polish metric
spaces when a metric is defined apriori. Borel subsets of such spaces are called standard Borel spaces.



B

On the Convergence of Random Variables

B.1 Limit Events and Continuity of Probability Measures

Given Ay, A, ..., Ay, -+ € F, define:
limsup A, =Ny2; UpZ,, Ag
n

liminf A,, = U2, NP2, Ak
n

For the superior limit, an element is in this set, if it is in infinitely many A, s. For the inferior case, an element is in the
limit, if it is in almost except for a finite number of A,;s. The limit of a sequence of sets exists if the above limits are equal.
We have the following result:

Theorem B.1.1 For a sequence of events A,,:

P(liminf A,,) < liminf P(A,) < limsup P(4,) < P(limsup A4,,)

We have the following regarding continuity of probability measures:

Theorem B.1.2 (i)For a sequence of events A,, with A,, C A,41 for all n,

lim P(A,L) = P(UzozlAn)

n—oo

(ii) For a sequence of events A, with A1 C A, for all n,

lim P(A,) = P(N2,A,)

n—o0

B.2 Borel-Cantelli Lemma

Theorem B.2.1 (i) If " | P(A,) < oo, then P(limsup,, A,,) = 0. (ii) If {A,,} are independent and if Y, P(A,,) = oo,
then P(limsup,, 4,) = 1.

Proof sketch. (i) For every M € N: P(limsup,, A,) = P(N52, U2, Ar) < P(US2 , Ak) < Y peas P(Ayg). Therefore,
as M — oo, the sum on the right is less than any € > 0. Since this € is arbitrary, the result follows. (ii) Note that for every
M e N, P((U2 3, Ar)¢) = P(MP2 0, A%) = Tleens P(AS) = TThe 3 (1 — P(Ag)), where we use independence of the
events. Thus, by Exercise [3.5.7] we have that P((Up2, Ax)¢) = 0. Since for every M, P(Up2,,;Ax) = 1, and the sets
URZ 5y Ay are non-expanding, the result follows from Theorem [B.1.2} o
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Exercise B.2.1 Let {A,,} be a sequence of independent events where A, is the event that the nth coin flip is head. What is
the probability that there are infinitely many heads if P(A,) = 1/n??

An important application of the above is the following:

Theorem B.2.2 Let 7Z,,,n € N and Z be random variables and for every € > 0,
> P(Zn—Z] > €) < .
Then,
PHw: Z,(w) =Z(w)}) = 1.
That is Z,, converges to Z with probability 1.

B.3 Convergence of Random Variables

B.3.1 Convergence almost surely (with probability 1)

Definition B.3.1 A sequence of random variables X,, converges almost surely to a random variable X if P({w :
lim,, 00 Xp(w) = X(w)}) = 1.

B.3.2 Convergence in Probability

Definition B.3.2 A sequence of random variables X, converges in probability to a random variable X iflim,,_, o, P(| X, —
X| > €}) = 0foreverye > 0.

B.3.3 Convergence in Mean-square

Definition B.3.3 A sequence of random variables X,, converges in the mean-square sense to a random variable X if
lim,, 00 B[/ X, — X|?] = 0.

B.3.4 Convergence in Distribution

Definition B.3.4 Let X, be a random variable with cumulative distribution function F,,, and X be a random variable with
cumulative distribution function F. A sequence of random variables X,, converges in distribution (or weakly) to a random
variable X iflim, o Fy,(x) = F(x) for all points of continuity of F.

Theorem B.3.1 a) Convergence in almost sure sense implies in probability. b) Convergence in mean-square sense implies
convergence in probability. c) If X,, — X in probability, then X,, — X in distribution.

We also have partial converses for the above results:

Theorem B.3.2 a) If P(|X,,| < Y) = 1 for some random variable Y with E[Y?] < oo, and if X,, — X in probability,
then X,, — X in mean-square. b) If X;, — X in probability, there exists a subsequence X,,, which converges to X almost
surely. ¢) If X,, — X and X,, — Y in probability, mean-square, or almost surely; then P(X =Y) = 1.
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A sequence of random variables is uniformly integrable if:

lim sup E[|Xn|1|x,|>x] = 0.
K—oo p

A sufficient condition for a sequence of random variables to be uniformly integrable is that there exists a function g : R —
R with the property as ¢ — oo, 20 1 0o, so that sup,, E[g(X,)] < oo: (to see this, note that g(| X,,|) = Xnlg(Xal) >

t [ X
%LX;Z" for ‘Xn| > K. Thus,

IN

Elg(Xn)lix,|>K] 9
. < L3 ni| 3
i sup B[ Xnllx,2x] < Jim sup =727z A sup T
Note also that, if { X}, } is uniformly integrable, then, sup,, F[|X,|] < cc.

Theorem B.3.3 Under uniform integrability, convergence in almost sure sense implies convergence in mean-square.
Theorem B.3.4 If X,, — X in probability, there exists some subsequence X, which converges to X almost surely.

A further useful result is the following.

Theorem B.3.5 [Skorohod’s representation theorem] Let X, — X in distribution. Then, there exists a sequence of random
variables Y, and Y such that, X, and Y, have the same cumulative distribution functions; X and Y have the same
cumulative distribution functions and Y,, — Y almost surely.

With the above, we can prove the following result.

Theorem B.3.6 The following are equivalent: i) X,, converges to X in distribution. ii) E[f(X,,)] — E[f(X)] for all
continuous and bounded functions f. iii) The characteristic functions ®,,(u) := E[e'“*»] converge pointwise for every
u € R
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Some Remarks on Measurable Selections

As we observe in Chapter 5, in stochastic control measurability issues arise extensively both for the measurability of control
policies as well as that of value functions/optimal costs. Theorem [5.1.1] and [5.2.1] and Lemma [5.2.4] are some examples
where these were crucially utilized. In addition, we observed that the theory of martingales and filtration, the measurability
properties are essential.

One particular aspect is to ensure that maps of the form:

J(x) = irelgj c(x,u) (C.1)

are measurable or at least Lebesgue-integrable.

Theorem C.0.1 [Kuratowski Ryll-Nardzewski Measurable Selection Theorem] [202|] [283] and [ 169, Theorem 2] Let X, U
be Polish spaces and I' = {(z,¢¥(z)),x € X} where y)(x) C U be such that, ¥ (z) is closed for each x € X and I" be a
Borel measurable set in X x U. Then, there exists at least one measurable function f : X — U such that {(x, f(x)),z €
X} cr.

A proof sketch is as follows for the case with U = R and (x) is compact valued. With n € N, consider the infinite
sequence of rationals {k/n; k € Z, }. Consider ¢~ ([£, ££1)) Define the Borel set

k k+1 k k+1
X — -1k k=1 -1, .
ey = V71 (2 TN\ U (2, )
Then, define a multi-function:
" _ k k+1
V(@) = @) Nl ),

whenever x € X (1, ). Now, each " is a multi-function. Take n — oo, in this case, since ¥ (x) is closed, each converging
subsequence u,, € X ) is so that lim,, o un, € () (by the closed property). Therefore, for each =, the limit
lim,, o ¥"™ () is well-defined and single-valued, and is placed in ¢)(x). This approach can be generalized.

This result was utilized in Chapter 5 (see Lemma[5.2.4). Recall also the relationship of the argument with that in the proof
of Theorem 5.1.11

In the following, we assume that the spaces considered are Polish. A function f is y-measurable if there exists a Borel
measurable function g which agrees with f p-a.e. A function that is y-measurable for every probability measure is called
universally measurable.

A measurable image of a Borel set is called an analytic set [117]).

Fact C.0.1 The image of a Borel set under a measurable function, and hence an analytic set, is universally measurable.
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Remark C.1. We note that in some texts, an analytic set is defined as the continuous image of a Borel set. However, as [117]
notes, one could always express the image of a Borel set A under a measurable function f : X — Y as a projection (which
is a continuous map) of (A, f(A)) onto Y.

The integral of a universally measurable function is well-defined and is equal to the integral of a Borel measurable function
which is p-almost equal to that function. While applying dynamic programming, we often seek to establish the existence
of measurable functions through the operation:

Ji(xy) = inf )<c(x,u)+/Jt+1(xt+1)Q(d;ﬂt+1xt,u)>

uw€U(zy

However, we need a stronger condition that universal measurability for the recursions to be well-defined. A function f is
called lower semi-analytic if {x : f(x) < ¢} is analytic for each scalar c.

Theorem C.0.2 [117] Leti : X — 25 (that is, i maps X to subsets of S) be such that i~" is Borel measurable, and
f S — R be measurable. Then:

v(z) = inf f(z)

z:z€i(x)

is lower semi-analytic.

Observe that (see p. 85 of [117]))
{z:v(@)<cl=i'({z: f(2) <e})

The set {z : f(z) < c} is Borel, and thus if i ~! is also Borel, it follows that v is lower semi-analytic. We require then that
i~1:S — X to be Borel. Consider now the following application.

Theorem C.0.3 Consider G = {(x,u) : u € U(x)} which is a Borel measurable set. The map,

= 1 f
v(z) (m}gecv(xw),

is lower semi-analytic.

Proof. The graph G is measurable. It follows that{z : v(z) < ¢} = i~ *({(z, 2) : v(z, 2) < c}), where i ~! is the projection
of G onto X, which is a continuous operation; the image may not be measurable but as a measurable mapping of a Borel
set, it is analytic. As a result v is lower semi-analytic. o

Theorem C.0.4 Lower semi-analytic functions are universally measurable.

Implication: Dynamic programming can be carried out for such expressions. In particular, the following is due to Bertsekas
and Shreve [37, Chapter 7]:

Theorem C.0.5 The following hold:
(i) Let £y, Es be Borel and g : E1 X E5 — R be lower semi-analytic. Then,
h = inf
(e1) 621161E2 gler, e2)
is lower semi-analytic.

(ii) Let By, E5 be Borel and g : F1 X Ey — R be lower semi-analytic. Let QQ(dez|e1) be a stochastic kernel. Then,

fler) = / 9(e2)Q(dealer)

is lower semi-analytic.
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We note that the second result would not be correct if g is only taken to be universally measurable. The result above ensures
that we can follow the dynamic programming arguments in an inductive manner under conditions that are less restrictive
than the conditions stated in the measurable selection conditions. These then imply the existence of e-optimal solutions
(possibly universally measurable) [288].

Building on this discussion, and the material in Chapter 5, we summarize three useful results in the following.

Fact C.0.2 Consider (C.I).
(i) If c is continuous on X x U and U is compact, then J is continuous and there exists an optimal measurable policy.

(ii) If the measurable c is continuous on U for every x, and U is compact, then J is measurable (Prop D.5 in [|165]] and
Himmelberg and Schil [283)]); see Theorem[5.2.4] Furthermore, there exists an optimal measurable policy.

(iii) [37, Prop. 7.47 and 7.50] If c is measurable on X x U and U is Borel, then J is lower semi-analytic. Furthermore,
there exists a near optimal universally measurable function.

Compactness of U is a crucial component for some of these results. However, as discussed in Section U(z) may be
allowed to depend on z, for item (ii) under the assumption that the graph G = {(z,u) : u € U(z)} defined above is
Borel, and U(x) is compact for every x; see p. 182 in [165] (and also [[169], [283], [125] and [202], among others). For (i),
this relaxation also requires that the set valued map U(x) is upper semi-continuous: let z,, — x, then for every sequence
un € U(x,), there exists a subsequence which converges to some u where every such limit u satisfies u € U(x).
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On Spaces of Probability Measures

In this section we present various topologies, and when applicable, several metrics on the sets of probability measures.

D.1 Convergence of Sequences of Probability Measures

Let X be a Polish space and let P(X) denote the family of all probability measures on (X, B(X)). Let {y,, n € N} be a
sequence in P (X).

The sequence { i, } is said to converge to u € P(X) weakly if

[ i)~ [ clantiz) D.1)

for every continuous and bounded ¢ : X — R.

On the other hand, {,, } is said to converge to u € P(X) setwise if

[ ) = [ clantiz)

for every measurable and bounded ¢ : X — R. Setwise convergence can also be defined through pointwise convergence on
Borel subsets of X (see, e.g., [168])), that is

tn(A) = u(A), forall A € B(X)

since the space of simple functions are dense in the space of bounded and measurable functions under the supremum norm.

For two probability measures i, v € P(X), the fotal variation metric is given by

lw=vlirv =2 sup |u(B) - v(B)|
BeB(X)

= su x)p(dz) — x)v(dz)|,

FlFls /f( Ju(de) /f( Jv(dw)

(D.2)

where the supremum is over all measurable real f such that || f||c = sup,ex |f(z)] < 1. A sequence {p,,} is said to
converge to ¢ € P(X) in total variation if ||z, — p||7v — 0.

'Tt is important to emphasize that what is typically studied in probability as weak convergence is not the exact weak convergence
notion used in functional analysis: The topological dual space of the set of probability measures does not only consist of expectations of
continuous and bounded functions. However, the dual space of the space of continuous and bounded functions with the supremum norm
does admit a representation in terms of expectations [220]; hence, the weak convergence here is in actuality the weak™ convergence in
analysis and distribution theory.
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Setwise convergence is equivalent to pointwise convergence on Borel sets whereas total variation requires uniform conver-
gence on Borel sets. Thus these three convergence notions are in increasing order of strength: convergence in total variation
implies setwise convergence, which in turn implies weak convergence.

On the other hand, total variation is a stringent notion for convergence. For example a sequence of discrete probability
measures never converges in total variation to a probability measure which admits a density function with respect to
the Lebesgue measure and such a space is not separable. Setwise convergence also induces a topology on the space of
probability measures and channels which is not easy to work with since the space under this convergence is not metrizable
[143] p. 59].

However, the space of probability measures on a complete, separable, metric (Polish) space endowed with the topology of
weak convergence is itself a complete, separable, metric space [42].

There are various ways to metrize weak convergence. One immediate metric builds on the following reasoning: One can
construct (since the space of continuous functions on a compact set is separable under the supremum norm) a countable
collection of continuous functions {cy, k € N} such that it suffices to only consider these functions in (D.I) to establish
weak-convergence. We can thus use these weak-convergence determining functions (see e.g. [[120, Theorem 3.4.5]) to
define a countable collection of semi-norms d,(p1, v) := | [ cx(z)p(dz) — [ cx(x)v(dz|, and from these we can construct
a locally convex space which is metrizable. Thus, we have the following metric which metrizes the weak topology:

; (D.3)

/S fon (@) pu(d) — /S fon@)(da)

plu,v) =y 27 (m+y
m=1

where { f,, }m>1 is an appropriate sequence of continuous and bounded functions such that || f,|lcc < 1 forallm > 1
(see [249, Theorem 6.6, p. 47]).

The Prohorov metric [42]] also can be used to metrize this convergence topology.

As a more practical metric, the Wasserstein metric can also be used (for compact X) to metrize the weak convergence space
topology.

Definition D.1.1 (Wasserstein metric) The Wasserstein metric of order p, 1 < p < oo, for two distributions u,v € P(X)
with finite pth moments (thus defined only on such a subset of P(X)) is defined as

nEH(p,v)

!
W= it ([ aasanle o)’
XxX

where H(u, v) denotes the set of probability measures on X x X with first marginal p and second marginal v, and || - - - ||
is a norm.

For compact X, the Wasserstein distance of order p metrizes the weak topology on the set of probability measures on X (see
[320, Theorem 6.9]; one can also see the connection via Theorem@]). For non-compact X, weak convergence combined
with convergence of moments up to order p (that is of [, (dz)||z||? — [ p(dz)||z||P) is equivalent to convergence in W,.
Finally, the bounded-Lipschitz metric ppy, [320] p.109] can also be used to metrize weak convergence:

pos(ny) = sup / F(e)(de) - / f(e)u(de)|, (D.4)
IfllpL<11JX X
where
_ L fle) = fle)
Il = 1l + s HE =TS

and dx is the metric on X.

We note that W7 can equivalently be written as [|320, Remark 6.5]:
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Wi(u,v) Hf”Lqu / fle)u(de) — /Xf(e)z/(de
where
fe) — f(€)
1fllLip = WP (e e)
Comparing this with (D.4), it follows that
pBr < Wi. (D.5)

Another important distance measure (though not a metric) that is commonly used is relative entropy:

Definition D.1.2  For two probability measures P and Q, relative entropy is defined as D(P||Q) = [ log aPgp =
J dg log dQ where P < Q) and jg denotes the Radon-Nikodym derivative of P with respect to Q.

Total variation is related to relative entropy via Pinsker’s inequality [94]: | P —Q|lrv < D(P||Q). This also shows

log(e
that convergence in relative entropy implies that under total variation.

Weak convergence is very important in applications of stochastic control and probability in general. Prohorov’s theorem
[111] provides a way to characterize compactness properties under weak convergence.

D.2 Some Measurability Results on Spaces of Probability Measures

Weak convergence topology leads to important measurability properties, as we discuss in the following two theorems. The
first one appears in [4] (see Theorem 15.13 in [4]] or p. 215 in [53])).

Theorem D.2.1 Let S be a Polish space and M be the set of all measurable and bounded functions f : S — R. Then, for
any f € M, the integral

[ wtaz)s o)
defines a measurable function on P(S) under the topology of weak convergence.

This is a useful result since it allows us to define measurable functions in integral forms on the space of probability measures
when we work with the topology of weak convergence. The second useful result follows from Theorem [110}
Theorem 2.1] and [37}, Proposition 7.25].

Theorem D.2.2 Let S be a Polish space. A function F : P(S) — P(S) is measurable on B(P(S)) (under weak conver-
gence), if for all B € B(S) (F(-))(B) : P(S) — R is measurable under weak convergence on P(S), that is for every
B € B(S), (F(m))(B) is a measurable function when viewed as a function from P(S) to R.

D.3 A Generalized Dominated Convergence Theorem

Under weak and setwise convergences, we can arrive at generalized forms of the dominated convergence theorem. In
particular, from [212, Theorem 3.5] and [287, Theorem 3.5], we have the following:

Theorem D.3.1 The following hold:
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(i) Suppose that {{in}n C P(X) converges weakly to some p. For a bounded real valued sequence of functions { fp, }n
such that || fnlleo < C foralln > 0 with C' < oo, iflimy,—e0 frn(zn) = f(z) for all x,, — z, i.e. f, continuously
converges to f, then

n—roo

i [ fu()un(de) = [ fahn(da)

(ii) Suppose that { i }n, C P(X) converges setwise to some pi. For a bounded real valued sequence of functions { f, }n,
such that || fr]leo < C forallm > 0 with C < oo, iflim,— o fn(z) = f(z) for all z, i.e. f, pointwise converges
to f, then

im [ fu@ynlde) = | fap(da).

n—oo

D.4 The w-s Topology

Let, as before, X and Y be Polish spaces.

Definition D.4.1 The w-s topology on the set of probability measures P(X x Y) is the coarsest topology under which
[ fz,y)u(dz, dy) : P(X x Y) — R is continuous for every measurable and bounded f(x,y) which is continuous in y
for every x (but unlike the weak topology, f does not need to be continuous in x).

Theorem D.4.1 [284, Theorem 3.10] [27, Theorem 2.5] Let p,, € P(X x Y). If p, — p weakly where the marginals
tn(de X Y) —=u(de x Y) setwise, then the convergence (., — p is also in the w-s sense.

D.5 Lusin’s Theorem

Lusin’s theorem is a very consequential result in mathematical analysis.

Theorem D.5.1 [|111, Theorem 7.5.2] Let (X, T') be any topological space and p a finite, closed regular Borel measure
on X. Let (S, d) be a separable metric space and let f be a Borel-measurable function from X into S. Then for any € > 0
there is a closed set F' C X such that (X \ F') < € and the restriction of f to F is continuous.

We also recall Tietze’s extension theorem, which is often used in conjunction with Lusin’s theorem to construct a continu-
ous extension of the continuous function defined on F' in Theorem [D.3.1]to X.

Theorem D.5.2 [1]4, Theorem 4.1][Tietze’s extension theorem] Let X be an arbitrary metric space, A a closed subset of
X, L a locally convex linear space, and f : A — L a continuous map. Then there exists a continuous function fc : X — L
such that fo(a) = f(a) Va € A. Furthermore, the image of fc satisfies fo(X) C [convex hull of f(A)].
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Relaxed Control Topologies

In deterministic as well as stochastic control theory, relaxed or randomized control policies allow for versatility in mathe-
matical analysis, leading to continuity, compactness, convexity and approximation properties, in a variety of system models,
cost criteria, and information structures.

Within the relaxed/randomized control framework, with X a state space, U a control space and with an X-valued random
variable X ~ p, instead of considering the set of deterministic admissible policies:

I = {fy : 7 is a measurable function from X to U}, (E.1D)

one considers

I'r = {’y : 7y is a measurable function from X to P(U) }, (E.2)

where P(U) is endowed with the Borel o-algebra generated by the weak convergence topology.

On ['g, two commonly studied topologies are the following.

E.1 Young Topology on Control Policies

A prominent approach since Young’s seminal paper [|340] has been via the study of topologies on Young measures defined
by randomized/relaxed controls, where one views policies to be identified with probability measures defined on a product
space with a fixed marginal at an input/state space (typically taken to be the Lebesgue measure in optimal determinis-
tic control) 2281340, [[75} Section 2.1], [322] p. 254], [224], [28, Theorem 2.2]. Thus, under the Young topology, one
associates with I'r in the probability measure induced on the product space X x U with a fixed marginal y on X.

The generalization to stochastic control problems by considering more general input measures has been commonplace,
with applications also to partially observed stochastic control and decentralized stochastic control.

To appreciate the Young topology on control policies, we first present a relevant representation result (see Borkar [56]).
Let X, M be Borel spaces. Let P(X) denote the set of probability measures on X. Consider the set of probability measures

0= {geP(XxM);

on X x M with fixed input marginal P on X and with the stochastic kernel from X to M realized by any measurable function
[+ X — M. We equip this set with the weak convergence topology. This set is the (Borel measurable) set of the extreme
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points of the set of probability measures on X x M with a fixed marginal P on X. For compact M, the Borel measurability
of © follows [251]] since the set of probability measures on X x M with a fixed marginal P on X is a convex and compact
set in a complete separable metric space, and therefore, the set of its extreme points is Borel measurable; measurability for
the non-compact case follows from [56, Lemma 2.3]. Furthermore, given a fixed marginal P on X, any stochastic kernel )
from X to M can almost surely be identified by a probability measure = € P(©) such that

Qi) = [ 2(QN Q! (). (E4)
e
In particular, a randomized policy can thus be viewed as a mixture of deterministic policies.

Definition E.1.1 Convergence of Policies in I's under Young topology at reference (input) measure p. Let 1 be a o-
finite measure. A sequence of stationary policies v, — v € I's at input p if the joint measure (uy,) — (u7y) weakly at
input P, i.e., for every continuous and bounded g : X x U — R with

/ u(dz) sup gz, u)| < oo,
uwel

[ it (u(aukeigte o)) - [ ntan)(v(audorgte) (E5)

With the above, we observe that the Young topology allows for a convex and compact formulation.

We also note that in the above, the reference measure does not need to be a probability measure (and we view weak
convergence to be one on signed measures that defines a locally convex space with (E.5) defining the semi-norms).

We finally note that since the marginal of the joint measure (p,,) on X is fixed, the convergence in (E.5) is also in the
setwise-weak sense (with g(z, u) bounded but only continuous in u for every fixed z € X, see Section [D.4), following

Lemma[D.4.1]

E.2 Borkar (Weak*) Topology on Control Policies

In the stochastic setup, another topology is the one introduced by Borkar on relaxed controls [S5] (see also |15} Section 2.4],
and [45]] which [55] notes to be building on), formulated as a weak™ topology on randomized policies viewed as maps from
states/measurements to the space of signed measures with bounded variation M (U) of which probability measures P (U)
is a subset. We also refer the reader to [[105}/122]] for further references on such a weak* formulation on relaxed controls,
in particular when instead of countably additive signed measures, finitely additive such measures are also considered.

Under the Borkar topology one studies I’z in (E.2), with a weak* topology formulation, as a bounded subset of the set of
maps from X to the space of signed measures with finite variation viewed as the topological dual of continuous functions
vanishing at infinity, leading to a compact metric space by the Banach-Alaoglu theorem [134, Theorem 5.18] (and thus, as
the unit ball of L, (X, M(U)) = (L1 (X, Cy(U)))* is compact under the weak* topology, this leads to a compact metric
topology on relaxed control policies). We note that the presentations in |55, Section 3] and [[15, Section 2.4] are slightly
different, though the induced topologies are identical. An equivalent representation of this topology is given in [[15, Lemma
2.4.1] (see also [55, Lemma 3.1]).

See [12,55,1256] for a detailed analysis on some implications in stochastic control theory in continuous time (such as
continuity of expected cost in control policies [[55]], approximation results [256] under various cost criteria, and continuity
of invariant measures of diffusions in control policies [[12]).

Definition E.2.1 /55| /15| Lemma 2.4.1] Convergence of Policies in I's under Borkar topology. With X = R% a
sequence of stationary policies v, — v € I's in the Borkar topology if for every continuous and bounded g : X x U — R
and every f € L1(X) N L2 (X)
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[ 1@ [tz e [ 1@ [uduier@ulogie uds (E6)

Building on Lemma|D.4.1] the functions g in Definition may be relaxed to be continuous only in u for every x € X.

While X was taken to be R™ in [55], Saldi [268]] generalized this to setups where X is a general standard Borel space with
a fixed input (probability) measure. The generalization by Saldi [268)] is the following, where the input space X is arbitrary
standard Borel, though with a fixed input measure u: Let Cy(U) be the Banach space of all continuous real functions on U
vanishing at infinity, endowed with the norm ||g||o = sup,cy |g(u)|. [268] formulated this topology via noting that with
L1 (1, Co(U)) denoting the set of all Bochner-integrable functions from X to Co(U) endowed with the norm

T / 1 (@)oo pde),

using the fact that Co(U)* = M(U), and that the topological dual of (L1 (u,Co(U), | - [|1) can be identified with
(Loo (11, M(U)), || - llso) [77, Theorem 1.5.5, p. 27] (see also [105,/122] for further context on such duality results, in
particular when instead of countably additive signed measures, finitely additive such measures are considered); that is,

L1 (1, Co(U))" = Log (11, M(U)).

E.3 Some Properties of Young and Borkar topologies

Lemma E.3.1 [347] Let n < K, where k is a o-finite and 1 is a finite measure. Then, ~y,, — ~ under Young topology at
input k implies v, — -y (under Young topology) at input 1.

Theorem E.3.1 [347)] Let X = R™ and \ be the Lebesgue measure. Consider convergence in Young topology at some
input probability measure 1.

(i) If v < Awith h(z) = % (z) is positive everywhere, then convergence in Young topology at input measure 1 implies
convergence in Borkar topology.

(ii) If \b < A, then convergence in Borkar topology implies convergence in Young topology at input ).

In [347]], several results on the significance of these topologies on existence of optimal policies and approximations (on
near optimality of continuous policies or quantized policies in both measurement and action) have been presented.
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