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Abstract—1In the classical lossy source coding problem, one
encodes long blocks of source symbols that enables the distortion
to approach the ultimate Shannon limit. Such a block-coding
approach introduces large delays, which is undesirable in many
delay-sensitive applications. We consider the zero-delay case,
where the goal is to encode and decode a finite-alphabet Markov
source without any delay. It has been shown that this problem
lends itself to stochastic control techniques, which lead to exis-
tence, structural, and general structural approximation results.
However, these techniques so far have only resulted in computa-
tionally prohibitive algorithmic implementations for code design.
To address this problem, we present a practically implementable
reinforcement learning design algorithm and rigorously prove its
asymptotic optimality. In particular, we show that a quantized
Q-learning algorithm can be used to obtain a near-optimal
coding policy for this problem. The proof builds on recent
results on quantized Q-learning for weakly Feller controlled
Markov chains whose application necessitates the development of
supporting technical results on regularity and stability properties,
and relating the optimal solutions for discounted and average cost
infinite horizon criteria problems. These theoretical results are
supported by simulations.

Index Terms— Source coding, network control systems, quan-
tization.

I. INTRODUCTION
A. Zero-Delay Lossy Coding

E CONSIDER the problem of encoding an infor-

mation source without delay, sending the encoded
source over a discrete noiseless channel, and reconstructing
the source, also without delay, at the decoder. Hence, the
classical block-coding approach is not allowed. Zero-delay
coding schemes have many practical applications in emerg-
ing fields such as networked control systems (see [1] and
references therein for an extensive review and discussion of
applications), real-time mobile audio-video systems (as in
streaming systems [2]), and real-time sensor networks [3],
among other areas.
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1) Notation:

We will use the subscript ¢ to denote a time-dependent
object (as the samples X; of an information source); any
other subscript denotes some other dependency. In partic-
ular, the subscript n will be used to denote an underlying
quantization parameter, and should not be confused with
time. Probabilities and expectations will be denoted by
P and E, respectively. When the relevant distributions
depend on some parameters, we include these in the
superscript and/or subscript.

Random variables will in general be denoted by upper-
case letters. We make a few exceptions in order to
conform with the corresponding literature on zero-delay
coding; in particular, the (random) sequence of quantizers
and channel symbols will be denoted by @; and ¢
respectively. However, they can be distinguished from
their realizations by the time subscript. For example,
we write P(Q; = Q) and P(¢; = q). When discussing
(time-homogeneous) Markov processes, we will often
use the shorthand P(2'|x) = P(Xi41 = 2'| X = x).
In the case of multiple Markov chains, which transition
probability we mean will be clear from the variable
names. For example, if we have two Markov chains
{X:}+>0 and {Y;};>0, then P(2'|x) and P(y'|y) are the
respective transition probabilities.

We use superscripts to denote the product sets, (e.g. X!
denotes the ¢-fold product of the source alphabet X), and
for random vectors taking values in these sets we use the
notation Xg ;1) := (Xo,...,X;_1). Also, we use P(X)
to denote the space of probability measures over the set
X (and we endow this space with the topology of weak
convergence).

The source {X;}¢>0 is a time-homogeneous, discrete-time
Markov process taking values in a finite set X and has
transition matrix P(a'|x). We assume that the source is
irreducible and aperiodic, and thus admits a unique invariant
measure, which we will denote by (. We also assume that
the distribution of X, which we denote by 7y (this can be
different from (), is available at the encoder and decoder.

At time ¢t > 0, the encoded (compressed) information,
denoted by ¢, is sent over a discrete noiseless channel with
common input and output alphabet M := {1,..., M}. The
encoder is defined by an encoder policy v° = {7y }+>0, where
Vi MEX X — M, and ¢ = 7§ (qjo,t—1], X[0,4))- Note that
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given qpo,,—1) and X(o ;_1}, the map v (qpo,c—1] X[o,e—1]> *) is
a quantizer (i.e. a map from X to M), which we denote by
;. We will denote the set of all quantizers from X to M by
Q. Thus we can view an encoder policy at time ¢ as selecting
a quantizer Q; € Q and then encoding (quantizing) X; as
gt = Q¢(X¢). We call such encoder policies admissible, and
denote the set of all admissible encoder policies (sometimes
called quantization policies) by I'°. Upon receiving ¢, the
decoder generates the reconstruction X, without delay, using
decoder policy 74 = {7};50, where 7¢ : M1 — X
and where X is a finite reproduction alphabet. Thus we have
X, = v(qjo,7)- The set of these admissible decoder policies
is denoted by I'“.

In general for the zero-delay coding problem, the goal is to
minimize the average distortion (cost), given by

1 T-1 R
[T > d(Xt,Xo] Q)

t=0

d NERT . e’ d
J(mo,v%,7“) := limsup E7 -7

T—o00

where d : X x X — [0,00) is a given distortion measure
and E;frzﬁd is the expectation with initial distribution X ~
7o under encoder policy v¢ and decoder policy .

It is straightforward to show that, for a fixed encoder policy
~¢, the optimal decoder policy for all ¢ > 0 is given by

Y (q0,47) = argmin BY, [d(Xy, 2)|go,1] -

zeX

2

Thus we identify a coding policy with the corresponding
encoder policy by assuming that an optimal decoding policy
is used for any given encoding policy and will denote v := ¢
and I" := I"®. We can then restrict our search to finding optimal
encoding policies. With an abuse of notation, we denote

J = inf J 9.
(T(Oa’}/) ’y‘%IéFd (7707’777)

The objective is then to minimize J(mg,y) over all I'. We will
denote the optimal cost by

J*(ﬂ'o) = ;Ielfl; J(’]T(),’}/>.

We will also consider the discounted cost problem, which
is the minimization of

T—-1
Jp(m0,7°, ") == lim B [Z ﬁtd<Xt,Xt)] NG

t=0

for some 8 € (0,1). As above, we assume an optimal
decoder policy and minimize only over the encoder policies,
yielding Js(mo, ) and J3(mo) := infyer J(mo,v). We note
that, as opposed to the optimal average distortion J*(7g), the
quantity J;(ﬂo) has little importance from a source coding
point of view and we only use it as a tool toward designing
codes that are near-optimal in the average distortion sense.

We say that a set of policies {7} depending on some
parameter set is near-optimal if for any € > 0, there is some
choice of parameters (to be identified explicitly later) such that
the resulting policy ~ satisfies J(mp,v) < J*(mo) + €.
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Fig. 1. Block diagram for our zero-delay coding system: X is the source
samplp, q¢ is the encoded symbol transmitted through the noiseless channel,
and X is the reconstructed source sample.
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B. Literature Review

A number of important results have been obtained in the
literature concerning the structure of optimal zero-delay codes,
starting with the foundational papers by Witsenhausen [4] and
Walrand and Varaiya [5]. In particular, for the finite horizon
problem, [4] showed that any encoder policy can be replaced,
without performance loss, by one using only g1} and
X, to generate ¢;. Furthermore, [5] proved a similar result
for an encoder policy using only the conditional probability
P(X; € -|qpo,+—1)) and X; to generate q;. These results have
been further generalized, see e.g., [6], [7], [8], [9], and [10].
In particular, [10] showed the existence of optimal policies in
the infinite-horizon case, which we now review.

Recall that P(X) denotes the space of probability measures
over X, and define the conditional probability m; € P(X) as
the “belief” on X; given qo;_q), i-e.

m(A) := P} (X; € Algio,i—1)) 4)

for all measurable A C X. Define 7r; similarly, but conditioned
on qo.¢, i-e.

mi(A) == P (Xt € Alqo4)- )

Note that m; and 7; are often called the predictor and the
filter, respectively.

Definition 1: We say an encoder policy v = {7 }1>0 is of
the Walrand-Varaiya type if, at time ¢, the policy uses only
m; and X; to generate ¢;. That is, v selects a quantizer Q; =
~v¢(m¢) and ¢; is generated as ¢z = Q¢(X¢). Such a policy is
called stationary if it does not depend on ¢t. We denote the set
of stationary Walrand-Varaiya type policies by ['ws.

Note that m; and 7; can be obtained recursively from 7;_1,
q:—1, and Q;_1 (see the update equation (6), see also [51],
[52]). Since the initial distribution my is known to both the
encoder and decoder, the decoder can track m;, 7; and Q)
for all ¢ > 0. The overall coding scheme for a stationary
Walrand-Varaiya encoder is summarized in Figure 1. Recall
that the optimal decoder is given by (2), and note that the
expectation in (2) is simply an expectation with respect to 7.

An important fact regarding the Walrand-Varaiya type for-
mulation of zero-delay coding of Markov sources is that the
belief process {m;};>o can be considered as a P(X)-valued
Markov Decision Process (MDP) with Q-valued control
{Q¢}1>0, see, e.g., [8] or [10] for a proof. This observation
was fundamental in deriving the following results.
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Proposition 1 [10, Theorem 3]: There exists an optimal
policy v* € I'ws for the average cost problem (1). That is,
there exists v* € I'ws such that

J(m0,7*) = J*(mp) for all .

Proposition 2 [10, Proposition 2]: For any 8 € (0,1),
there exists an optimal policy v € I'ws for the discounted
cost problem (3). That is, there exists 75 € I'ws such that

Jg(ﬂ'o,’y;) = JE(TF()) for all 0.

Despite the key structural results reviewed above, finding an
optimal policy for either finite or infinite horizons is difficult.
For some very special cases, the optimal solution is known. For
example, [S] showed memoryless encoding is optimal when
X = M and the channel is noisy and symmetric. However,
for a general source and channel (or for a noiseless channel,
as in this paper), finding an optimal encoding policy is an open
problem.

Stochastic control! based approaches play an important role
in the above structural results. Under a stochastic control
framework, [4], [5] used dynamic programming, [10], [14],
[15] made use of the value iteration algorithm and the van-
ishing discount method, whereas [9] used the convex analytic
method to obtain structural results for optimal codes. A key
component in these results, and one that we will use in show-
ing the near-optimality of our algorithm, is that the zero-delay
coding problem can be restated as a Markov Decision Pro-
cess (MDP) with {m};>o as the state process. However,
there are limitations when using these methods to obtain an
optimal solution. In particular, dynamic programming relies
on backwards induction from a finite time horizon, which
is not applicable for the infinite horizon case. Furthermore,
the implementation of the value iteration algorithm requires
the computation of certain value functions and conditional
expectations, which is practically very challenging due to the
probability measure-valued state dynamics.

These challenges, which will be made more explicit in
Section III-A, motivate the use of a reinforcement learning
approach that we present in this paper. A popular reinforce-
ment learning algorithm, Q-learning [13], [16], [17], [18],
[19], [20] is primarily used for fully observed finite space
MDPs. This algorithm does not require the knowledge of the
transition kernel, or even the cost (or reward) function, for its
implementation. In this algorithm, the incurred per-stage cost
variable is observed through the simulation of a single sample
path. When the state and action spaces are finite, under mild
conditions that require that all state-action pairs are visited
infinitely often, this algorithm is known to converge to the
optimal cost. Recently, this algorithm has been generalized to
be applicable for continuous space MDPs (see [21] and the
references therein).

In the broader literature related to zero-delay coding, often
information theoretic relaxation techniques are used to convex-
ify the non-convex zero-delay optimal quantization problem,

I'We refer the reader, e.g., to the texts [11], [12], and [13] for an introduction
into the theory of stochastic control.
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which lead to lower bounds on optimal performance, as well
as to upper bounds. These include replacing the number of
bins constraint with a mutual information constraint, applying
the Shannon lower bounding technique, or entropy coding
(see, e.g., [22], [23] [24]). Using ergodicity and invariance
properties, [25] has constructed time-invariant coding schemes
using dithering. A further line of work for linear systems
follow the sequential rate-distortion theoretic approach [24],
[26], [27], [28], [29], [30]. For coding of Gaussian sources
over additive Gaussian channels, some of these results become
operational for zero-delay coding [26]; see also [28], [31], and
[32].

We note that applying learning theoretic methods in the
theory of optimal (lossy) source coding has prior history.
A well established line of study of this problem focuses on
empirical learning methods for data compression [33], [34],
[35], though often limited to i.i.d source models. Our approach
here is complementary, since we consider a highly structured
coding problem instead of (unstructured) vector quantization
and we consider sources with memory. Our analysis leads to
near-optimal solutions directly (without learning the source
distribution). We also refer to recent research activity in
machine learning methods in communications theory (see
e.g. [36]); however, our analysis seems to be the first con-
tribution to source coding in the context of reinforcement
learning.

Recently, the approach we introduce and analyze in this
paper has been extended to noisy channels with feedback
in [37]. In [38] an alternative sliding finite window code
has been introduced. Compared with the sliding finite win-
dow approach of that work, the approach in this paper has
the following advantages: (i) quantizing probability measures
allows for more relaxed filter stability conditions (e.g., with
no geometric filter stability conditions); (ii) it avoids the use
of a transient period until the initial memory data is collected.
Thus, our approach is complementary and is applicable for
a wider class of models. This comes at the cost of higher
computational load due to the Bayesian updates at the encoder
during the implementation prior to the quantization of proba-
bility measures.

Finally, stochastic control and reinforcement learning tech-
niques have also been applied to the “dual” problem of channel
coding. For example, [14], [39], and [40] all use an MDP
formulation along with dynamic programming to obtain results
on channel capacity and capacity-achieving codes. Learning-
theoretic results to this end include [41], [42].

C. Contributions

We formulate the zero-delay coding problem so that it is
amenable to a reinforcement learning approach. In particular,
the MDP associated with our zero-delay lossy coding prob-
lem has an uncountable state space (the set of beliefs) and
thus has to be discretized (quantized) to apply Q-learning.
After posing the problem as an MDP, we build on recent
results from [21] to rigorously justify the convergence of a
reinforcement learning algorithm to a near-optimal solution
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(depending on the discretization on the state space), first for
the discounted cost problem, and then for the average cost
problem. In particular, [21] showed that, under mild assump-
tions, a Q-learning algorithm in which the state is quantized
converges to the optimal solution as the maximum diameter of
the quantization bins for the state space goes to zero. However,
the results of [21] cannot be straightforwardly applied to our
zero-delay coding problem and there are several additional
ingredients needed for our analysis: (a) The convergence and
near-optimality was shown in [21] only for the discounted
cost criterion problem. Our focus is the average cost setup;
this will be addressed via relating discounted cost optimal
coding policies to ones that are near-optimal for the average
cost. (b) We also need to prove several technical results that
are necessary for applying the algorithm in [21], such as the
unique ergodicity under an exploration policy which has not
been studied for our setup. Specifically, our main contributions
are the following:

e We present a reinforcement learning algorithm for
the near-optimal design of stationary zero-delay codes
(Algorithm 1). As an auxiliary result, we state the
near-optimality of the algorithm for the discounted cost
problem when the source starts from the invariant distri-
bution (Theorem 1). Then we show that an optimal policy
for the discounted cost problem (for sufficiently large
discount parameter) can be used to obtain a near-optimal
policy for the average cost problem (Theorem 2). This
gives, to our knowledge, the first concrete implementation
of a provably near-optimal algorithm for the zero-delay
coding problem.

o To show the convergence of our algorithm, we prove
additional regularity properties of the MDP formulation
of the zero-delay coding problem. In particular, we show
that the process {m;};>o is stable under the uniform
exploration policy, and then deduce unique invariance
under this same policy, which is necessary for the appli-
cation of [21]. Furthermore, unlike in [21], due to the lack
of strong recurrence conditions of the predictor process
in our setup, additional analysis of the initialization is
necessary, which we also provide.

o Finally, Section VI provides simulations comparing
Algorithm 1 with the so called omniscent finite-state
scalar quantization (O-FSSQ) design algorithm [43,
Chapter 14], a heuristic, but effective technique for
designing zero-delay lossy codes, to demonstrate the
superior performance of Algorithm 1.

The rest of the paper is organized as follows: In Section II
we present our reinforcement learning algorithm and in The-
orem 1 and Theorem 2 state the near-optimality of the
resulting stationary policies for the discounted and average
cost problems, respectively, when the source starts from its
invariant distribution. Although proofs of the main results
are given in Section V, we first have to introduce necessary
concepts and auxiliary results that will be needed in these
proofs. In particular, in Section III-A we review how the zero-
delay coding problem can be turned into a problem involving
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an MDP, and in Section III-B we present the quantized Q-
learning algorithm in [21] in the context of a general MDP.
In Section IV we prove that the zero-delay coding MDP meets
the necessary assumptions to apply the quantized Q-learning
algorithm, in particular the unique ergodicity of our MDP
under the uniform exploration policy. Section V contains the
proofs of the main results and Section VI presents simulation
results. Conclusions are drawn in Section VII, where future
research directions are also discussed. Some technical results
relating discounted cost optimal and average cost optimal
policies are relegated to Appendix A.

II. NEAR-OPTIMAL DESIGN OF ZERO-DELAY CODES

In order to make the algorithm self-contained, we first
introduce some definitions and update equations. The rationale
for these will be formalized during the proof of convergence
to near-optimality, but we give a high-level justification in
this section. Note that the implementation of our algorithm
does not require the technical knowledge of MDPs used
in the proofs, so we first present our algorithm in its
entirely and then prove its near-optimality in the following
sections.

Recall the definition of the belief 7; in (4). Under a
Walrand-Varaiya type policy, m;11 can be obtained from m,
q:» and @Q; via the update equation [9]

P 7Tt 6
eI eg() e)m(e),  ©

where Q; ' (q;) = {z € X: Qi(z) = ¢;} and 7:(Q; *(q1)) =
Do Q)T 7¢(z). Note that the encoder and decoder can both
track m; and thus @), so these quantities are known at time .
This update essentially performs a Bayesian update on m; to
compute 7, then computes w1 (2') = > P(a|2)7 ().
Recall that Q is the set of all quantizers from X — M.
We wish to compute the “cost” of using a given quantizer
@ when the predictor is 7. The natural choice is the expected
distortion, given @ and r, using v** (recall (2)) as the decoder.
This yields the following cost function ¢ : P(X) x Q — R,

= ¥

i—1 mGXzEQ 1(3)

We approximate P(X) with the following finite set. Let
m := |X|. Given a fixed parameter n € Z, we define

Po(X) := {freP(X) = (klkm) ®)

n n

7Tt+1(x/)

m(@)d(z, 7). (7

k¢6Z+,i:1,...,m}.

Given any 7 € P(X), let @ denote the nearest neighbour
of 7 (in Euclidean distance) in P, (X). We note that 7 can
be effectively calculated using [44, Algorithm 1], which we
include as Algorithm 2 in Appendix B for convenience. This
algorithm “quantizes” m € P(X) to its nearest neighbor 7 €
P (X).

Finally, consider a P(X) x Q-valued sequence {7, Q; }+>0
and the resulting P,,(X) x Q-valued sequence {7, Q¢ }i>0,
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where 7; is the nearest neighbor of 7; in P,(X). The
following updates are based on the Q-learning equations
in [21]. We define Q; and «;, which are both functions from
P (X) x Q to [0,00), by

Qo(fT7 Q) = 0
Qi41(7e, Qt) = (1 — g (7s, Q1)) Qe (s, Q1) )
+ oy (7, Q) [e(my, Q) + géllgl Q¢ (41, v)]

Qi+1(7, Q) = Qu(7, Q) for all (7,Q) # (74, Q¢)

R 1

o (T,Q) =

) S (G0 = (7.Q)
where 1((7;, Qr) = (#,Q)) is the indicator function of the
pair (7, Q).

With these definitions, we are now ready to introduce our
Q-learning algorithm to find a near-optimal encoding policy
S I'ws.

(10)

Algorithm 1 Q-learning for Near-Optimal Zero-Delay Quan-
tization
Require: source alphabet X, channel alphabet M, transition
kernel P(x'|z), initial distribution 7y, quantization param-
eter n, discount factor 3 € (0,1)
1:  Sample X according to
2: Quantize 7y using Algorithm 3 with parameter n to obtain
7o
Randomly select quantizer ()¢ uniformly from Q
q0 = Qo(Xo)
for t > 0 do
Compute c¢(m, Q) using (7)
Sample X;; according to P(x'|z)
Compute 7441 using (6)
Quantize 71 using Algorithm 3 with parameter n to
obtain 711
10: Update Qi1 and a7 using (9) and (10)
11: Randomly select quantizer ;41 uniformly from Q
120 g1 = Qi1 (Xiq1)
13: end for

R e A

In the above algorithm, the initial distribution 7y can be
arbitrary. Note that the stopping criterion in this algorithm can
be any measure of the convergence of Q;. In our implemen-
tation, we stop the algorithm when the pointwise difference
between Q11 and Q; is below some small threshold, i.e.
maxz o |Qu1(7, Q) — Qu(7, Q)| < e For results on con-
vergence time for Q-learning algorithms see e.g. [60]. When
choosing ;41 uniformly from Q, one could exhaustively
compute the set of all quantizers (this can be done offline) and
choose uniformly from them. An alternative (and equivalent)
method is to randomly choose ¢ = Q(x) from M, according
to the uniform distribution, for each x € X.

The following two theorems are our main results. Both are
proved in Section V, but these proofs rely on concepts and
auxiliary results from Sections III and IV.

The first result shows convergence of Algorithm 1 to a near-
optimal policy for the discounted cost (distortion) problem if
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the source starts from the the unique invariant distribution (.
Note that in this case {X;};>0 is a stationary and ergodic
source. Recall that n determines the fineness of the quantiza-
tion from P(X) to P, (X).

Theorem 1 (Discounted Distortion): For any n > 1 and
B € (0,1), the sequence {Q; }+>0 converges almost surely to a
limit Q*. For any 7 € P(X), let 7 denote the nearest neighbor
of m in P, (X) and define the encoding policy vs,(7w) by
setting

v8,n(m) = argmin Q* (7, Q). (1D

QeQ
Then, for any € > 0 and € (0, 1), there exists N > 1 such
that

J5(C,v8,m) < J5(C) + €

for all n > N.
Remarks:

(a) We note that Q*(m, Q) is the expected value of the
discounted cost obtained by a policy that takes “action”
Q@ (i.e., uses the quantizer ()) at an initial state 7, and
then follows the optimal policy for the rest of the time.
Due to the step where the minimum of Q*(7,Q) is
considered instead of that of Q*(w, @), the encoding
policy g (7) is a piecewise constant function of the
actual belief 7 € P(X).

(b) In the theorem we have used the limiting Q-value Q*
to derive the desired policy 7g,,. Similar (probabilistic
and in-expectation) bounds can be given if we use Q; for
finite (large) ¢, at the expense of a more involved analysis.
See [49] and [50] for details on finite-time analysis for
Q-learning.

In the preceding theorem the discounted cost (distortion)
is considered, a quantity which has limited significance in
source coding. The next theorem, which is the main result
of this paper, shows that the policy obtained in Theorem 1,
for (3 close enough to 1 and n large enough is also a near-
optimal policy for the average cost (distortion) problem. As in
Theorem 1, we assume that {X;};>o starts from the unique
invariant distribution (.

Theorem 2 (Average Distortion): Let ¢ > 0. Then for all
sufficiently large 3 € (0, 1), there exists N(3) > 1 such that

J(Cv8n) S J7(CQ) + €

for all n > N(f), where 73, is the policy obtained in (11)
of Theorem 1.

III. QUANTIZED Q-LEARNING

In this section, we first introduce an MDP formulation
of the zero-delay coding problem, which has been studied
in depth in [9] and [10], and describe our motivation for
a reinforcement learning approach to solve this MDP. Then
we review recent results on a quantized Q-learning algorithm
in the context of a general MDP, including the necessary
assumptions. Sections IV and V are then dedicated to proving
that these assumptions hold for the zero-delay coding MDP,
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allowing us to apply the quantized Q-learning algorithm.
The resulting algorithm (quantized Q-learning applied to the
zero-delay coding MDP) is then exactly our Algorithm 1.

A. Zero-Delay Coding as a Markov Decision Process (MDP)

It has been shown in [9] and [10] that solving the zero-delay
coding problem is equivalent to solving the MDP with state
space P(X), action space Q, transition kernel P(drn’|r, Q)
(which is induced by the update equation (6)), and cost
function c¢(7, Q) given in (7). The following is a key property
of this MDP.

Definition 2: A transition kernel P(dz’|z,u) is called
weakly continuous if

/f(z’)P(dz’|z,u)

is continuous in (z, ) for all continuous and bounded f. If an
MDP has a weakly continuous transition kernel, we call the
MDP weak Feller.

Lemma 1 [9, Lemma 11]: For any v € I'ws, the transition
kernel P(dmyy1|me, Q) is weakly continuous.

The MDP formulation of the zero-delay coding problem
has many analytical advantages. For example, it allows the
use of dynamic programming and value iteration methods to
prove existence results. However, this representation entails
several limitations. In particular, even though our original
source {X;};>0 takes finitely many values, admits a unique
invariant measure, and has explicit transition probabilities
given by P(x'|z), the MDP representation has {m;};>0o as its
state process, which takes values in the uncountable set P (X),
and it has an analytically complicated transition probability
P(dr'|m, @) induced by the update equation (6). This makes
actual implementation of dynamic programming and value
iteration for the computation of optimal policies difficult.

In particular, a traditional approach to obtain an optimal
policy for the discounted cost problem is to use the value
iteration algorithm given by

Jea(x) P(dr'|m, Q)|

Ji(m) = min [e(r. Q) + .

for t € {1,2,...}, with Jy(m) = 0. It can be shown that our
MDP satisfies the conditions for the convergence Ji(mp) —
J}5(mo) as t — oo to hold, and the actions obtaining the above
minimum converge to an optimal policy [10].

It turns out however that actually computing this value func-
tion is difficult; the values clearly cannot be computed directly
for each state as the state space is uncountable. An approach
would be to quantize the MDP via an approximate model
whose solution is near-optimal for the original model (e.g.
via [46, Theorem 4.27]). For zero-delay quantization, such an
approximate model would require numerical simulations for
the computation of transition probabilities, as one would need
to place a probability measure on sets of probability measures.
Thus, computing the above values is very difficult except
in trivial cases. This motivates the use of a reinforcement
learning algorithm in which the transition probabilities are not
computed or estimated explicitly.
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B. Quantized Q-Learning

A common reinforcement learning algorithm for finding
optimal policies is Q-learning, in which empirical value func-
tions are recursively updated based on observed realizations of
the state, action, and cost. Such an algorithm is guaranteed to
converge to an optimal policy for the discounted cost problem,
but only in situations where the state and action spaces are
finite (among other mild assumptions, see [16]), and thus it is
not applicable in our case.

A solution is “quantized” Q-learning, where we approximate
the original MDP using an MDP with a finite state space, and
run Q-learning on this model. Recent work [21] and [47] give
conditions under which the resulting policy is near-optimal for
the original MDP. We note that such a quantization strategy
is not limited to a Q-learning approach. For example, [48]
considers a quantized value iteration approach, but while
this solves the issue of the uncountable state space, one
must still contend with the difficult state dynamics given by
P(-|m, Q). Furthermore, in such a quantization procedure, one
must compute probability measures over the transition kernel
itself, which makes the problem even more challenging. A Q-
learning approach avoids all of this complexity by learning the
values empirically.

First, we state the assumptions that allow for the application
of quantized Q-learning to a general MDP. In the proof of
our main result, we will later show that these assumptions
hold for the zero-delay coding MDP. Consider an MDP with
Z-valued state {Z;}¢>0, U-valued control {U,};>0, transition
kernel P(dz’|z,u) and cost function ¢ : Z x U — [0, 00)

Assumption 1: The MDP has the following properties:

(i) The transition kernel P(dz’|z,u) is weakly continuous.
(ii)) The cost function c is continuous and bounded.
(iii) The action space U is finite.
(iv) The state space Z is a compact subset of a Euclidean
space.

Let {B;}¥, be a partition of Z into compact subsets and
let Y :={y1,...,yn}, where y; € B;. We define a quantizer
on Z as a mapping f : Z — Y, such that

f(z) =y

Note that when we first introduced quantizers in Section I,
we were considering quantizers of the information source
{Xi}i>0. Although the idea is the same here, we emphasize
that we are now considering quantization of the state space of
an MDP.

We also define the maximum radius of the B;:

if z € B;.

de(Y,Z) := max

i=1,...,

max ||z — yil. (12)
We now introduce the quantized Q-learning algorithm. Here,
we let y € Y and Y; := f(Z;). Also, we apply a (possibly
randomized) policy 1 := {n:}t>0, Where Y+l x
U! — U. We refer to this policy as the exploration policy.
Finally, we define the Q-factors {Q;}+>0 and the learning rate
{4 }+>0, where both Q; and «; are maps from Y x U to [0, c0).
Note that since Y and U are finite, Q; and «; are tabular.
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Algorithm 2 Quantized Q-learning (General MDPs) [21]
1. Initialize Zy

: for t > 0 do

Up ~ 77t(Y[0,t]a U[o,t—l])

Sample Z;,1 according to P(dz’|z,u)
if (Y;,U:) = (y,u) then

AN A

Qi1(y,u) = (1 — oo(Y3,U1)Qu(Y:,Up) +
a (Y, Up)[e(Ze, Uy) + B {)HEIB Q¢ (Yig1,v)]
7: else
8: Qt+1(y7 U) = Qt (y7 U)
9: end if
10: end for

As shown in [21] and stated in Theorem 3 below,
Algorithm 2 converges to the optimum if the following set
of assumptions, together with Assumption 1, are satisfied.

Assumption 2: In Algorithm 2, we have

O 0ulv,u) = e T o=y

(i) Under n, each fy,u) € Y x U is hit infinitely often
almost surely.

Under 7, the state process {Z;};>0 admits a unique
invariant measure ¢.

Theorem 3: [21, Corollary 11]: Under Assumptions 1
and 2, Q41 in Algorithm 2 converges to a limit Q*. Fur-
thermore, consider the (deterministic and stationary) policy
obtained through

n*(z) = argmin Q" (f(2),v).
vel

(iii)

Then,

|Js(z,m") — J5(2)] = 0 as deo(Y,Z) — 0
for all z € Z. That is, the policy obtained by taking the
minimizing actions of Q* and then making it constant over the
quantization bins is near-optimal for fine enough quantization.
Returning to our application, we want to apply this
algorithm to the MDP defined in Section III-A. Using the
notation of this section, we have Z = P(X) and U = Q,
with the cost function (7) and transition kernel P(dr'|m, Q).
We let Y = P, (X) (recall (8)) and show that Assumptions 1
and 2 hold for this setup. The most challenging of these will
be verifying that Assumption 2 (iii) holds for our MDP; the
next section is dedicated to proving this.

IV. UNIQUE ERGODICITY UNDER A UNIFORM
EXPLORATION POLICY

To show the desired result, we will need the following
supporting results from the literature of partially observed
Markov processes (POMPs). In this section, we assume that
the quantizers {Q;};>o are chosen uniformly from Q, as in
Algorithm 1, and call this the uniform policy. Unless explicitly
stated otherwise, we assume that this uniform policy is used,
and so we omit v from the notation for probabilities and
expectations.

8405

A. Predictor and Filter Merging
Recall the definition of the filter in (5):

7i(A) == Pro (Xt € Algpo.n)-

The filter admits a recursion equation similar to (6) (see
e.g. [51], [52]). Note that these recursions are dependent
on the initialization of mg, also called the prior. We denote
the predictor (respectively, filter) process resulting from the
prior mp = v as {m} };>¢ (respectively, {7} }:+>0). A common
problem in filtering theory is that of filter stability (see e.g.
[511, [52]), which essentially asks when the process {7 }:>0
is insensitive to the initialization v. This will be a crucial tool
for proving unique ergodicity. We first provide some necessary
definitions.

Definition 3: Let v, i € P(X). The total variation distance

is
|f||oo31‘/fdy - /fdu”

lv — pllrv := sup

where the supremum is taken over all measurable f : X —
[-1,1].

Definition 4: We say that the predictor (respectively, filter)
process is stable in total variation almost surely if for any
u, v, k € P(X), we have that P, almost surely,

lim || — 7} ||y = 0.
t—oo

We will use the following lemmas to deduce predictor stability.

Lemma 2: If the filter process is stable in total variation
almost surely, then the predictor process is stable in total
variation almost surely.

Proof: Consider the source transition kernel P(z’|x).
We have that m}' (') = Y, P(a|z)7} (x). By a classic
result of Dobrushin [57], this implies that ||z}, — 7} [|7v <
|7 — 77 ||rv. The result follows. [

Lemma 3 [52, Corollary 5.5]: Let {A;};>0 be a
discrete-time Markov chain and {B;};>o be a stochastic
process such that the B, are conditionally independent given
{A¢}i>0. Also assume P(Bi|Ajg ) = P(Bt|A¢), and that
P(B|A;) has the form

P(Bie BIA) = [ g(anbula)
where g(a,b) is a probability density with respect to the o-
finite measure . If g is strictly positive, and {A4;};>0 is
aperiodic and Harris recurrent (that is, it visits every state
infinitely often with probability one [56, Definition 3.1.3]),
then the filter 7;(A) := P(A; € A|Bjyy) is stable in total
variation almost surely.
Lemma 4: Under the uniform policy, the filter process
{7 }+>0 is stable in total variation almost surely.
Proof: We apply Lemma 3 to {X;};>0 and {g: }+>¢. Note
that under the uniform policy, P(q:|X[0,00)) = P(q:|X¢), and
we have

P(q = q|X; = )
:ZP(% =qlXi =2,Q: =Q)P(Q: = Q|X: =)
Q
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= 1(Qx) = q)P(Qs = Q|X; = x)
Q
- P(Q: = Q| Xy = ).
{Q:Q(z)=q}

where the second equality follows from the fact that ¢ = Q(x)
is deterministic. Now, under the uniform policy, the quantizer
Q: is chosen independently and randomly, so P(Q; = Q| X; =
x) = P(Q: = Q). Thus we have

Plg =q| Xy =) = Z P(Q:=Q).
{Q:Q(z)=q}

Since we are considering the set of all possible quantizers,
for any (z,q) € X x M, the set {Q : Q(x) = ¢} is nonempty,
and under the uniform policy, P(Q: = Q) > 0 for all Q € Q.
Thus P(q; = ¢|X; = x) > 0 for all (z,¢). This implies the
function g in Lemma 3 is positive. Finally, note that {X;}:>0
evolves independently of the encoding policy; it is always
irreducible and aperiodic (thus, since X is finite, it is Harris
recurrent and aperiodic). The result follows from Lemma 3.

|
Lemmas 2 and 4 immediately imply the following:

Corollary 1: Under the uniform policy, the predictor pro-
cess {m; }4>0 18 stable in total variation almost surely.

Theorem 4: Under the uniform policy, {m:};>¢ admits a
unique invariant measure.

Proof: The proof slightly generalizes an argument pre-
sented in [53, Corollary 3]. Throughout, we use the notation
v(f) := [ fdv. Note that, under any Walrand-Varaiya type
policy (and in particular, under the uniform policy), the
processes {m;};>0 and {(Xy,m)}i>0 are Markov. Let T
and S be the transition operators associated with {m;}>0
and {(X;, m)}i>0, respectively. Recall that ¢ is the unique
invariant measure of our source {X;}:>o.

First note that since the exploration policy is uniform, the
induced transition kernel P(dn’|r) itself it weakly continuous
(i.e., [ f(#")P(dr’|r) is continuous in ). Since every Markov
process W1th a weakly continuous kernel on a compact state
space admits an invariant measure (see, e.g., [54]), {m:}1>0
has an invariant measure. Thus, we are left with proving
uniqueness. Assume that my,mg € P(X x P(X)) are two
invariant measures for {(X;, m;)};>0. Then their projections
on X are invariant for {X;}¢>o. Then, by unique invariance
of ( we have

m;(dz,dv) = Pp,, (dv|z)((dx).

We now show that mi(F) = mq(F) for each F
on a set of measure-determining functions, namely those
such that F(z,v) = ¢(x)H(v(p1),...,v(¢;)), where ¢ €
C(X),é1,...,¢0, € C(X), H is bounded and Lipschitz con-
tinuous with constant Ly, and [ € Z [53].

By invariance we have, for ¢ = 1, 2, that

T-1
1 t
mi(F) = = > S'F (2, v) P, (dv]a)¢(da).
xxpx) =0
Thus,
im1(F) —ma(F)|
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T-—1
< / = LS ST R, ) — SUF(n, )]
XxPEX)xPx) 0
-Pml(du1|x) P, (dvo|x)C(dx)
1 T—1
< Li|o| EZ (i) — 2 (60)]]
XxP(X)x P (X) s =

P, (dvr|2) P, (dva|z)((dir).

Since the predictor process is stable in total variation almost
surely, and by the dominated convergence theorem, the last
integral converges to zero as n — oo. Then, the joint process
{(Xt, ) }+>0 admits at most one invariant measure. Next we
show that {m;},;>¢ admits at most one invariant measure.
Assume that vy, v € P(P(X)) are two different invariant
measures for {m };>0. Then there exists a continuous and
bounded f : P(X) — R such that v{(f) # va2(f). Now for
j = 1,2, let {(x],7)}s>0 be the process with initial law
(dm)vj (dr). Since X is finite, P(X{ € -, € -) is tight.
Now, since X is finite, we also have that {(Xt, ) hi>0 has
a weakly continuous transition kernel. Thus the time average

1 -1 ) )
t=0
converges weakly to an invariant
{(X¢, ™) }e>0 [56, Theorem 3.3.1].
Then for F(x,m) = f(r), we have n(F) = vi(f) #
va(f) = m2(f). But then 7 and 7, are two different invariant
measures for {(X;,m;)}i>0, which is a contradiction. Thus
{m¢ }+>0 admits at most one invariant measure.

measure 17); for

B. Properties of the Unique Invariant Measure and
Implications for Learning

Here we identify some properties of the unique invariant
measure guaranteed by Theorem 4, which will play a role
in the use of Algorithm 2. Throughout, for any measure
7 € P(X), we denote its nearest neighbor in P, (X) by
7 (recall that this nearest neighbor map is performed using
Algorithm 3).

Let ) be the uniform policy, and let ¢ be the unique invariant
measure for {m };>0 under 7, as in Theorem 4. Not every
element of P, (X) (recall (8)) is hit infinitely often under
7. As a trivial example, take the case where {X;};>o is
independent and identically distributed (i.i.d.) with distribution
given by 7. Then we have m;(z) = w(x) for all ¢ > 1, so that
only 7 € P, (X) is visited infinitely often.

To address this issue, consider the set B¢ {B €
{B}N, : ¢(B;) > 0} where {B;}Y, is the set of bins of
P(X) under the nearest neighbor map. Then consider the set of
all # € P?(X) whose corresponding bin has positive measure
under ¢, given by

P2(X) := {# € Pp(X): 7 € B for some B € B*}. (13)

Lemma 5: Under the uniform policy 7, for every @ €
P?(X), we have 7; = 7 infinitely often almost surely.
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Proof: By the pathwise ergodic theorem (e.g., [54, The-
orem 5.4.1]) there exists some p € P(X) such that for all
measurable and bounded g : P(X) — R,

1 N—-1
-~ (7)) — | g(m)o(dn)
N2 / p

P, almost surely as N — oo. But by Corollary 1, this implies
that

N-1
% > g(xy) — / g(m)¢(dr) (14)
t=0
P, almost surely for all v,x. Now let g be the indicator
function of the quantization bin of the nearest neighbor map
f corresponding to some 7 € P2(X); that is, g(7) = 1 if
f(m) = @ and g(7) = 0 otherwise. Then (14) implies that
any bin which has positive measure under ¢ must be hit
infinitely often almost surely by 7. But this is exactly how we
defined P?(X); it is the set of all # whose bins have positive
measure under ¢. Therefore every 7 € P2(X) is hit infinitely
often almost surely. Note that v was arbitrary, so this holds
regardless of the initialization my = v. ]

Now that we have identified a set P2 (X) that is hit infinitely
often (and thus, one where Assumption 2 (ii) is valid),
we claim that we can restrict ourselves to this set without any
loss of optimality. This is formalized in the following lemma
and corollary.

Lemma 6: Let my ~ K, where kK < ¢ (k is absolutely
continuous with respect to ¢) and let v € I'yyg. Then for
all 7 that are reachable from 7y under ~ (that is, such that
P (7, = #t|mo ~ k) > 0 for some t), we have 7 € P?(X).

Proof: By invariance of ¢ under the uniform policy,
we have that for any t > 0,

1< 1 —
P(B) = N Z Z @1(Q[O,t—1] =Q)

k:O@EQt
: / o(dm)P(my € B'lmo = 7, Quos1) = Q).

where B’ is the bin of 7/, and the second sum is over all
Q € QF, i.e. over every possible realization of Q[o,t—1)- Now
assume that k(A) = % for all A C B, where B is some bin
of the nearest neighbor map with ¢(B) > 0; that is, & is the
restriction of ¢ on B. Then given any sequence of quantizers

Qo,+—1] = Q. we have
P(fry = #'|mo ~ K, Qlot—1) = Q)
=P(m € Bl|ftg = 7,Qo4-1) = Q)
:/“(dﬁ)P(Wt € B'lmy =m,Qp-1) = Q).

Since the above holds for any sequence of quantizers, for any
v € 'yws we have

PY(7y = 7' |mo ~ k) < ¢(B').

Furthermore, the above holds for any k < ¢ since the order
of absolute continuity holds. Thus any reachable 7 must be
such that its bin B satisfies ¢(B) > 0, and thus 7 € P?(X).

|
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*

Corollary 2: Let mg = =, where 7* € supp(¢) and
supp(¢) denotes the support of ¢ in P(X), and let v € Ty s.
Then for all 7 that are reachable from 7y under ~, we have
either (i) 7 € B for some B € B?, or (ii) 7 is on the boundary
of some B € B?.

Proof: Let { Ny, }m>0 C P(X) be a sequence of open balls
centered at 7* such that ﬂ::o Ny, = 7 and let {K,, }im>0 C
P(P(X)) be defined as k,, (A) = ¢‘?](\‘22) forall A C N,,; that
iS, Ky, 1s the restriction of ¢ to IN,,. Note that by definition,
¢(Ny) > 0 and K, < ¢ for all m. We also have by weak
continuity of P(dn’|m, Q) that P(dm|mg ~ K, Qo,t—1] = Q)
converges weakly to P(dm|mo = 7%, Qjo,4—1])-

Now let B’ C P(X) be open. By the Portmanteau theorem
(e.g., [55, Theorem 11.1.1]), we have that lim inf,,, o, P(m; €
Bty ~ km,Qpoi-1)) = P(m € Blmo = 7, Qjo,—1))-
By the same argument as the previous lemma, this implies
that PY(m; € B'|mg = %) < ¢(B’) for any v € T'ws.

Now assume that 7 is reachable, and take some open ball
N,(m) around 7. The above argument implies that ¢(N (7)) >
0. Since this holds for arbitrary e, it must be that either (i) or
(>i1) holds.

|
To summarize, the previous lemma and corollary tell us the
following:

1) If our initial measure my is sampled according to a
distribution which is absolutely continuous with respect
to ¢, then with probability one the {7 };>¢ process will
stay in P2 (X).

2) If instead our initial measure 7 is deterministically set
to an element of the support of ¢, then with probability
one the {m;};>0 process will stay in P2(X) up to the
tie breaking on decision boundaries of P, (X).

In practice, the decision boundaries of P,,(X) are known to
us, and furthermore the elements of P2 (X) will also be clear
after running Algorithm 1 for a sufficiently long time, as these
will be the bins that are hit most often. Accordingly, one can
easily modify the decision boundaries such that any reachable
7 is in P2 (X). We assume that such a modification has been
done, and henceforth restrict our near-optimal policies to only
P?(X). Finally, we show that one such initialization for 7y €
supp(¢) is given by (, the invariant distribution of the source.

Lemma 7: We have ¢ € supp(¢), where supp(¢) denotes
the support of ¢ in P(X).

Proof: Consider some open neighborhood of radius §
containing ¢, say Ns(¢) C P(X). Now consider a totally
“uninformative” quantizer Q € Q; that is Q(z) = ¢ for
all z € X and some ¢ € M. Via the update equation (4),
if @Q: = @, we have that m,; = m P, where we have
used the matrix notation P(i,j) := P(X;y1 = j| X = ).
By a classical result of Dobrushin [57], there exists some
T > 0 such that for all 7 € P(X), 7PT € Ns(¢). Thus,
if @, =fort=0,...,T — 1, then we have 71 € N;(().

But under the uniform policy, we have some fixed positive
probability of choosing @, say P(Q: = @) = p > 0.
In particular, for all ¢t > T, P(m, € Ns(Q)|mo = 7)) >

PQu_rs—1y = (@,Q,...,Q)) = pT. This implies that
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¢ is ‘“‘accessible” (see [58, Definition 2.1]) and hence that
¢ € supp(¢) [58, Lemma 2.2]. [ ]

V. PROOFS OF MAIN RESULTS

We are now ready to prove Theorems 1 and 2 with the
aid of the auxiliary results developed in Sections III and IV.
In particular, we show that Assumptions 1 and 2 hold for our
quantized MDP with components

Z=PX), Y=P!X), U=0Q,
P=P(-|7,Q), ¢=c(m,Q),

from which the proofs will follow. We also let doo = doo (Y, Z)
for notational simplicity, where d (Y, Z) was defined in (12).

Let f map 7 € P(X) to its nearest neighbor # € P, (X) C
P(X). Note that we consider the smaller set P2 (X) rather than
all of P,,(X), but this is without any loss when we start from
my = ¢ by Corollary 2 and Lemma 7.

Lemma 8: The (quantized) MDP defined by the compo-
nents in (15) satisfies Assumptions 1 and 2.

Proof: ~ We begin with Assumption 1: (i) holds by
Lemma 1. (ii) is clear from our definition of ¢ in (7). Since
X and M are finite, Q is finite, so (iii) holds. Finally, X is
finite, so P(X) is compact, so (iv) holds.

We now show Assumption 2: (i) holds in Algorithm 1 based
on the update equation (10). (ii) holds from Lemma 5 and from
the uniform selection of (11 € Q. Finally, (iii) holds due to
Theorem 4. [ |

We can now prove our main results.

Proof: [Proof of Theorem 1] Algorithm 1 is sim-
ply the quantized Q-learning algorithm in Section III applied
to the quantized zero-delay coding MDP in (15), and using
the uniform policy for 7. Note that by definition of P, (X),
for any m = (p1,...,pm) € P(X) and corresponding & =
(P1,---,Pm) € Pn(X), we have [p;—p;| < L fori=1,...,n,
so the maximum radius of the quantization bins satisfies

1

max min |7 — 7|2 = O(—) — 0,
TEP(X) #E P (X) n

(15)

so we have do, — 0 as n — oo. Then by Lemma 8 we
can apply Theorem 3 when 7y = (. Thus for any § € (0,1)
and ¢ > 0 we can choose NN such that for all n > N in
Algorithm 1,

Js(Cvn) < J5(C) +€ (16)

as claimed. ]

Proof: [Proof of Theorem 2] We will use Theorem 5 in
Appendix A that, loosely speaking, states that if a policy is
near-optimal for a discount factor 3 close enough to 1, then
this policy is also near-optimal for the average cost. Let us
verify that the conditions of the theorem are met when Z =
PX),U=09,P(:|z,u)=P(-|r,Q),and c(z,u) = ¢(m, Q).
Indeed, (i)-(iii) are met by the definition of ¢(7, @) since P(X)
is the standard probability simplex in R*! and Q is finite.
Condition (iv) is true by Lemma 1, and (v) is holds by [10,
Lemma 1], which states that for any 7, 7’ € P(X),

|J5(m) — J3(x")| < Kpi(m,7') < K[X],
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where K is some constant and p; is the L; Wasserstein
distance on P(X) [59].

Now let € > 0 and let N(3) > 1 be such that the policy
Vg, in Theorem 1 satisfies Jg(¢,vs,n) < J3(C) + 5055
for all n > N((). Then we can apply Theorem 5 with €
replaced by €¢/2 and 0 replaced by ﬁ to conclude that for
all 8 € (0, 1) close enough to 1, the average cost performance
of v3,, satisfies

J(Cv8m) < T + €

for all n > N(3), which completes the proof. [ |

Remark: Note that due to the way the discounted cost scales
with (3, the policy 73, in the proof does not have to be e-
optimal for the discounted cost, but rather it can be chosen to

be only ﬁ—optimal.

VI. SIMULATIONS

In the simulations we use mean-squared error (MSE)
d(z,#) = (z — #)? as our distortion measure and when
using Algorithm 1 we fix the discount factor at 5 = 0.9999.
We let my = (, so that Theorem 2 is applicable. When testing
algorithm performance, we take the average distortion over
10% samples, which we denote by D, and calculate the signal-
to-noise ratio (SNR) according to

X
SNR = 10log,, (Varl() )) :

where var(X) is the variance of the stationary Markov source
{X:}t>0. We plot the SNR for varying quantizer rates, which
is given by R = log, (] M|). Finally, in all of the simulations
we take X = X C R.

On Algorithm Complexity and Time to Convergence: Note
the set P, (X), and thus the state space of our quantized MDP,
has size |P,(X)| = ("&llx_l;l) [44]. Furthermore, our action
space, if we include every possible quantizer from X — M,
has size Q@ = |M\|X|. Although these both grow quickly in
their respective parameters, we note that the actual utilized
state and action spaces tend to be much smaller. Indeed,
P2(X) tends to be much smaller than P, (X); as an extreme
case, for an independent and identically distributed (i.i.d.)
source, P#(X) has only one element. Also, many quantizers
do not need to be considered (for example, those with empty
bins, and for certain distortion measures those with non-convex
bins). Thus, the actual number of states and convergence time
will generally be much less than the theoretical upper bound.
Note that for linear learning rates (as in our algorithm), the
required number of iterations for convergence is polynomial
in |P,(X)| x |Q| (see [60] for related bounds on convergence
time for Q-learning).

A. Finite-Alphabet Markov Sources

For finite-state Markov sources, we compare Algorithm 1
against an omniscient finite-state scalar  quantizer
(O-FSSQ) [43, Chapter 14] as this method seems to be
the most competitive among zero-delay code designs for
Markov sources. In this algorithm, one fixes a quantizer
V from X to {1,...,K}, where {1,...,K} is a finite
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Fig. 2. Comparison of Algorithm 1 with O-FSSQ for finite Markov source.

set of “states”. A sequence of training data is sorted into

subsequences based on the state of the preceding data point.
A Lloyd-Max quantizer [61] is then designed for each of
these subsequences. However, in implementation the decoder
does not know exactly the state of the preceding data point,
so it uses V(X;), rather than V(X,), as the state. That
is, if V(X,) = i € {1,...,K}, then to quantize X;
one uses the Lloyd-Max quantizer corresponding to the tth
subsequence. The O-FSSQ is known to perform very well for
many common Markov sources and on real-world sampled
data.

The O-FSSQ employs a strategy similar to Algorithm 1 in
the sense that it uses a finite set of ‘“states” at time ¢t — 1
to select a quantizer at time ¢. While simple to implement
and relatively fast to train, the O-FSSQ design is based on
heuristic principles and has no guarantee for optimality or
near-optimality, unlike our Algorithm 1. Note that since X is
finite, the O-FSSQ is limited to using at most K = |X] states.
On the other hand, in Algorithm 1 we can let the number of
states be larger in order to obtain a better performance.

In the simulations we consider a stationary Markov source
with common source and reproduction alphabet X = X =
{1,...,8}. The transition matrix and the unique invariant dis-
tribution are given below. The transition matrix was randomly
(uniformly) chosen from the set of all |X| x |X]| transition
matrices (in which case the invariant distribution is unique
with probability one). In Fig. 2 we plot SNR values for
M| = 2,...,6, so the rates range from R = 1 to R =
log,(6). We include an O-FSSQ designed with K = 8 states,
using 10° training samples. We include two comparisons with
Algorithm 1. The first is with n = 1, which yields 8 states.
The second is with n = 5, which gives (12)— 792 possible
states, but at most 30 are actually utilized in the final design.

1) Transition matrix of source in Figure I:

0.1331 0.0824 0.0311 0.2131 0.2623 0.0714 0.0417 0.1645
0.1207 0.1501 0.1268 0.1974 0.0952 0.0862 0.1870 0.0362
0.2320 0.0491 0.1770 0.1476 0.1530 0.1691 0.0215 0.05043
0.0162 0.1930 0.2511 0.1935 0.0688 0.1280 0.0893 0.0597
0.0420 0.1496 0.1130 0.0478 0.1073 0.2345 0.0692 0.2363
0.1382 0.1720 0.1378 0.1369 0.0396 0.1923 0.1383 0.0445
0.1710 0.2153 0.1579 0.0366 0.1530 0.1144 0.0439 0.1075
0.1292 0.0534 0.1309 0.0315 0.2837 0.2617 0.0103 0.0988
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Fig. 3. Comparison of Algorithm 1 with O-FSSQ for Gauss-Markov source.

2) Invariant Distribution:

(0.1211 0.1326 0.1416 0.1328 0.1360 0.1580 0.0806 0.0973).

Note that even when using the same number of states,
Algorithm 1 outperforms the O-FSSQ. At rate R = 1, the SNR
gain over the O-FSSQ is 0.31 dB for n = 1 and 0.53 dB for
n = 5. Atrate R = log,(6) = 2.58, the SNR gain over the O-
FSSQ is 1.25 dB for n = 1 and 2.09 dB for n = 5. Moreover,
Algorithm 1 can be used with a larger number of states,
giving performance gains. Of course, this comes at a cost of
overall codebook size, as a different quantizer/codebook must
be stored for each different state.

B. Continuous Markov Sources

While the mathematical analysis presented in the paper
does not cover the continuous case, as future work we intend
to develop a rigorous treatment of the continuous source
setup. The weak Feller and ergodicity results follow as before,
building on the analysis in [9] that used the convex ana-
Iytic method to obtain structural results for continuous space
Markov models; however the unbounded cost will require
additional analysis. Nonetheless, in this section, we demon-
strate that the algorithm is also suitable for continuous sources
as quantization of the probability measures can be done in a
variety of efficient ways, facilitating reinforcement learning.

Notably, [62] and [63, Section V.C] propose a scheme in
which a probability measure is first approximated by one with
finite support, then further quantized using Algorithm 3. Under
certain assumptions, this was shown to be an efficient method
for quantizing probability measures under a Wasserstein met-
ric, and consequently, the weak convergence topology.

In particular for our algorithm, one computes 7; € P, (X)
by first approximating 7; € P(X) by a compactly-supported
measure, then approximating this by a finitely-supported one,
and finally applying Algorithm 3 to this measure. One simi-
larly approximates the space of quantizers Q by quantizers on
some finite set.

In the simulations, we apply this strategy to a Gauss-
Markov source with correlation coefficient of 0.9, and we
again consider |[M| = 2,...,6. For quantization of P(X) and
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Fig. 4. Comparison of Algorithm 1 with Lloyd-Max for i.i.d. Gaussian

source.

Q, we approximate X = R by the finite set {—6 + 0.05¢ :
i=0,1,...,240} and use n = 5 in Algorithm 1. This results
in no more than 70 states visited for any given rate, so we
compare it to an O-FSSQ using K = 70 states, trained on 10°
samples, where we use a Lloyd-Max quantizer for the state
classifier V. Note that in this case the number of states K for
the O-FSSQ is not limited, so we only provide a comparison
for the same number of states. The results are shown in Fig. 3.
At rate R = 1, the SNR gain over the O-FSSQ is 0.74 dB and
at rate R = 2.58, the SNR gain over the O-FSSQ is 0.69 dB.

Note that the question of near-optimality in the continuous
case is more intricate, since it depends not only on the
parameter o but also on the compact and finite approximations
of the support of ;. That is, even if n is large, Algorithm 1
may perform poorly if the finite approximation is not fine
enough.

C. Memoryless Sources

Finally, to demonstrate the effectiveness of the (modified)
Algorithm 1, we compare it to the Lloyd-Max quantizer for
continuous i.i.d. sources. For such sources, a Lloyd-Max quan-
tizer is only guaranteed to be locally optimal [61]. On the other
hand, our Algorithm 1 converges to a globally optimal solution
(as m — o0) so it may outperform a Lloyd-Max quantizer also
in the i.i.d. case. However, if the source has a log-concave
density, then all local optima coincide with the unique globally
optimal quantizer [64], so a Lloyd-Max quantizer designed
using the source distribution yields the optimal solution (which
is the optimal zero-delay code for the i.i.d. source). To verify
near-optimality in this case, we compare Algorithm 1 (with the
same quantization parameters as the previous subsection) with
a Lloyd-Max quantizer designed using the source distribution,
for a standard Gaussian source X; ~ N(0,1). The results
are shown in Fig. 4. Here the Lloyd-Max design marginally
outperforms Algorithm 1 because of the approximation steps
used in the latter in the continuous case. The maximum
SNR difference across all rates is 0.10 dB, occurring at rate
R = 1.58. At rate R = 2.58, the difference is only 0.002 dB.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 70, NO. 11, NOVEMBER 2024

VII. CONCLUSION

We presented a reinforcement learning based algorithm
for the design of zero-delay codes for Markov sources. For
finite alphabet sources we proved that our Q-learning based
algorithm produces zero-delay codes that are optimal as the
quantization of the underlying probability space becomes
arbitrarily fine, provided the source starts from its invariant
distribution. As far as we know, this is the first provably opti-
mal design method for zero-delay coding. The performance of
the algorithm was also demonstrated via simulations for finite
alphabet as well as continuous sources.

In future work, we aim to rigorously show the near-
optimality of our algorithm for continuous alphabet sources
with the aid of the quantization scheme in [63, Section V.C],
which we already used, in a heuristic way, in our simulations
for a continuous source. Furthermore, we are working on
generalizing the results to the case where the channel is noisy
and the encoder has access to feedback from the channel; most
results in our paper seem to go through in this case too, with
only a slight modification of the MDP formulation and the
update equations.

We are also currently investigating a modified Q-learning
approach that uses a finite window of quantizers and quantizer
outputs as the state of the code instead of the current belief
m;. The benefits of such an approach include simpler imple-
mentation, fewer computations, and an explicit performance
bound in terms of the window length. The analysis for such
codes becomes quite intricate due to the fact that the notion
of predictor stability required for this method is stricter than
that we used in this paper, motivating the study of alternative
predictor stability conditions.

APPENDIX A
SUPPORTING MDP RESULTS

In the following, consider an MDP (Z,U, P, ¢), where Z
is the state space, U is the action space, P(dz'|z,u) is the
transition kernel, and ¢ : Z x U — R is the cost function.

Assumption 3: (1) ¢ is continuous, nonnegative, and
bounded.

(i) Z is a compact metric space.

(iii) U is as a compact metric space.

(iv) P(-|z,u) is weakly continuous in (z,u).

(v) The family of functions {hg : Z — R, 8 € (0,1)},
where hg(2) := J5(2) — Jj3(20) for some fixed 2o € Z,
is uniformly bounded and equicontinuous.

The following is a standard result in the MDP literature, see
e.g. [65, Theorem 3.8], [12, Theorem 5.4.3] for related results.

Lemma 9 [56, Theorems 7.3.3 and 7.3.4]: Consider an
MDP which satisfies Assumption 3. Then there exist a constant
g* > 0 and a measurable function f : Z — U such that the
stationary policy v* = {f, f,...} is optimal for the average
cost problem and ¢* is the optimal value function, i.e.,

g"=J"(2) =J(%,7") forall z € Z

Furthermore, g* = limgy1 (1 — 3)J3(2).
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Lemma 10: Let gbe aconstantand h: Z — R, f:Z— U
be such that for all z € Z,

g4 h(z) > el F(2) + /h(z’)P(dz’\z,f(z)) (17

and
1
lim inf ~E2 [A(Z,)] > 0, (18)
where v = {f, f,...} and {Z;}:>0 is the state process under

policy v and arbitrary given initial state z € Z. Then g is an
upper bound to the average cost of policy 7, i.e.,

J(z,7) <g forall z € Z

Proof: By the law of iterated expectation, we have

T
> h(Zi) Z E" [

By the Markov property and (17),

E? =E] h(Z)| Z10,t-1), Uo,i— 1]]

EY |h [ (Z) Z10,4-1s U[O,tfl]]
/ h(z
= c(Zi-r. f(Zi1)) + / WP Ze-1, f(Zi-1))

—c(Zi—1, [(Zi-1))
< g+ MZi-1) — e(Zi-1, f(Zi-1)).

Substituting this into the previous equation, we obtain

T
> h(Z)
=1

P(dZ'|Z1-1,U—1)

E]

T
< EY | g+ h(Zi1) = c(Zio, f(Zi1))
t=1
Rearranging,
T
E] |y c(Zio1, f(Zir))| < Tg+h(z) — B [h(Zr)] .
t=1

Dividing by T' and taking the limsup,

Iz < gt msup (- B2 Gr)]) <o
T—o0

where we use (18) for the last inequality. ]
The next result shows that if the discount factor 3 is close

enough to 1, a policy that is optimal or near-optimal for the

discounted cost, is also near-optimal in the average cost sense.
Theorem 5: Let Assumption 3 hold. Then for every € > 0,

there exists a 3 € (0, 1) such that if a stationary policy vz =

{fs, f3,...} satisfies for some ¢ > 0,

Js(z,78) < J5(2) +6
for all z € Z, then
T(es) S 9"+ et (1= )5

for all z € Z, where g* is the optimal average cost (which is
constant by Lemma 9)

19)
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Proof: As in Assumption 3, let hg(z) = J3(2) — J3(20)
and define hig(2) := Ja(z,75) — J5(20). We will verify that
the conditions of Lemma 10 hold with g = ¢* + e+ (1 — )0,
h = ilg, and f = fg. Indeed, for any € (0,1),

ha(2) + 9" = (9" = (1= B)J5(20))
+(1-0) [[ha)P(az £a(2)
ha(z) + (1 - B)Jj(20)
+(1=0) [ o) Pz £5(2)
(@) + (1= B) [ T ) P £5(2)
= ol fa(2)) + 8 [ Jol )P 2. ) = Tio)
+(1-p) / J5(# 1) P(d |2, f3(2)
— el fp(2) + [ hal) Pz £ )
where the third equality follows from the identity

To(2,78) = clz f5(2)) + B / Js(2' 45 P(dZ)7, fo(2).

Now consider the terms in (20). By Lemma 9, there exists
some (3 € (0,1) such that

(20)

€

9" — (1= P)J5(20)| < 5 forall € [B,1).

On the other hand, for any 3 € (0,1) choose vz so that it is
d-optimal, i.e., (19) holds. Then we have

21

[\

Islle < sup | T8(z,78) — T5(2)| + sl < 6+ sl

and therefore
a-n | ﬁﬂ(Z’)P(dZ’Izvfs(Z))‘ <q

By Assumption 3, hg is uniformly bounded over 3, so there
exists some (G € (0,1) such that for all § € [52,1),

(1= 0) [ R )P oleh)| < - 005+ 5. @)

Thus taking 5* = max{0;, 52} in (21) and (22), we have for
all g e [5*,1),

9"+ e+ (1= B)5+ hs(2)
> cle o)) + [ hale) P2 £5(2))

Finally, since izg is bounded, (18) is satisfied. Thus by
Lemma 10,

= B)(0 + [1hslloo)-

J(z,78) < g" +e+ (1 —pB)d.

APPENDIX B
ALGORITHM 3

The following algorithm from [44] is used in our
Algorithm 1 to quantize 7 € P(X) to its nearest neighbor
in 7 € Pp(X).
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Algorithm 3 Predictor Quantization [44, Algorithm 1]

Require: n > 1,7 = (p1,...,0m)

1: for ¢ = 1tom do

2 k= |np; + %]

3: end for

/ ’

v n =2k K k!

s: if n =n’ then return (=*,..., ==)

6: end if

7: for i = 1tom do

8 0 = k; — np;

9: end for

10: Sort J; s.t. 6;, <...< ;.

1: A=n'—n

12: if A>0 then

" j=1....m—A

k:’ -1 j=m-A+1,.

14: else

s ki, +1 j=1,...,]14]

ki, j=1A[+1,.

16: end if

17: return (& .. Em)
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