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Abstract—The problem of reliable communication over the
memoryless state-dependent multiple-access channel (MAC) is
considered, where the encoders and the decoder are provided with
various degrees of asymmetric noisy channel state information
(CSI). For the case where the encoders observe causal, asymmetric
noisy CSI and the decoder observes complete CSI, inner and outer
bounds to the capacity region, which are tight for the sum-rate
capacity, are provided. Next, single-letter characterizations for
the channel capacity regions under each of the following system
settings are established: 1) the CSI at the encoders are asymmetric
deterministic functions of the CSI at the decoder and the encoders
have noncausal noisy CSI; 2) the encoders observe asymmetric
noisy CSI with asymmetric delays and the decoder observes com-
plete CSI; 3) a degraded message set scenario with asymmetric
noisy CSI at the encoders and complete and/or noisy CSI at the
decoder. The main component in these results is a generalization
of a recently introduced converse coding approach for the MAC
with asymmetric quantized CSI at the encoders and herein con-
siderably extended and adapted for the noisy CSI setup.

Index Terms—Asymmetric channel state information, capacity
region, converse coding theorem, Shannon strategies, state-depen-
dent multiple-access channel.

I. INTRODUCTION

A. Literature Review

ODELING communication channels with a state

process, which governs the channel behavior, fits well
for many physical scenarios. For single-user channels, the
characterization of the capacity with various degrees of channel
state information at the transmitter (CSIT) and at the receiver
(CSIR) is well understood. Among them, Shannon [1] provides
the capacity formula for a discrete memoryless channel with
causal noiseless CSIT, where the state process is i.i.d., in terms
of Shannon strategies (random functions from the state space to
the channel input space). Gelfand and Pinsker [2] consider the
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same problem with noncausal side information and establish a
single-letter capacity formula. In [3], noisy state observation
available at both the transmitter and the receiver is considered
and the capacity under such a setting is derived. Later, in [4] this
result is shown to be a special case of Shannon’s model and the
authors also prove that when CSIT is a deterministic function
of CSIR, optimal codes can be constructed directly on the input
alphabet. Erez and Zamir [5] examine the discrete modulo-ad-
ditive noise channel with causal CSIT which governs the noise
distribution, and they determine the optimal strategies that
achieve channel capacity. In [6], fading channels with perfect
CSIT is considered and it is shown that with instantaneous and
perfect CSI, the transmitter can adjust the data rates for each
channel state to maximize the average transmission rate. In
[7], a single letter characterization of the capacity region for
single-user finite-state Markovian channels with quantized state
information available at the transmitter and full state informa-
tion at the decoder is provided. In a closely related direction,
finite-state channels (with memory) with output feedback is
investigated in [8]. In particular, [8] shows that it is possible to
formulate the computation of feedback capacity as a stochastic
control problem. In [9], finite-state channels with feedback,
where feedback is a time-invariant deterministic function of the
output samples, is considered.

The literature on state-dependent multiple access channels
with different assumptions of CSIR and CSIT (such as causal
versus noncausal, perfect versus imperfect) is extensive and the
main contributions of the current paper have several interactions
with the available results in the literature, which we present in
Section I-B. Hence, we believe that in order to suitably high-
light the contributions of this paper, it is worth discussing the
relevant literature for the multiuser setting in more detail. To
start, [10] provides a multiletter characterization of the capacity
region of time-varying MACs with general channel statistics
(with/without memory) under a general state process (not neces-
sarily stationary or ergodic) and with various degrees of CSIT
and CSIR. In [10], it is also shown that when the channel is
memoryless, if the encoders use only the past £ asymmetric par-
tial (but not noisy) CSI and the decoder has complete CSI, then it
is possible to simplify the multiletter characterization to a single
letter one [10, Th. 4]. In [11], a general framework for the ca-
pacity region of MACs with causal and noncausal CSI is pre-
sented. In particular, an achievable rate region is presented for
the memoryless state-dependent MAC with correlated CSI and
the sum-rate capacity is established under the condition that the
state information available to each encoder are independent. In
[12], MACs with complete CSIR and noncausal, partial, rate
limited CSITs are considered. In particular, for the degraded
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case, i.e., the case where the CSI available at one of the encoders
is a subset of the CSI available at the other encoder, a single
letter formula for the capacity region is provided and when the
CSITs are not degraded, inner and outer bounds are derived, see
[12, Ths. 1, 2]. In [13], state-dependent MAC in which transmit-
ters observe asymmetric partial quantized CSI causally, and the
receiver has full CSI is considered and a single letter characteri-
zation of the capacity region is obtained. In [14], memoryless
state-dependent MACs with two independent states (see also
[15] for the common state), each known causally and strictly
causally to one encoder, is considered and an achievable rate
region, which is shown to contain an achievable region where
each user applies Shannon strategies, is proposed. In [16], an-
other achievable rate region for the same problem is proposed
and in [17] it is shown that this region can be strictly larger than
the one proposed in [14]. In [14], it is also shown that strictly
causal CSI does not increase the sum-rate capacity. In [18], the
finite-state Markovian MAC with asymmetric delayed CSITs is
studied and its capacity region is determined. In [19], the ca-
pacity region of some multiple-user channels with causal CSI
is established and inner and outer capacity bounds are provided
for the MAC. Another active research direction on the state-de-
pendent MAC regards the so-called cooperative state-dependent
MAC where there exists a degraded condition on the message
sets. In particular, [20] and [21] characterize the capacity re-
gion of the cooperative state-dependent MAC with states non-
causally and causally available at the transmitters. For more re-
cent results on the cooperative state-dependent MAC problem
see [22]-[24] and [25]. Finally, for a comprehensive survey on
channel coding with side information see [26] and for other re-
cent results on the multiuser channels with side information see
[27]-[30] and [31].

B. Main Contributions and Connections With the Literature

We consider several scenarios where the encoders and the de-
coder observe various degrees of noisy CSI. The essential re-
quirement we impose is that the noisy CSI available to the de-
cision makers is realized via the corruption of CSI by different
noise processes, which give a realistic physical structure of the
communication setup. We herein note that the asymmetric noisy
CSI assumption is acceptable as typically the feedback links are
imperfect and sufficiently far from each other so that the infor-
mation carried through them is corrupted by different (indepen-
dent) noise processes. It should also be noted that asymmetric
side information has many applications in different multiuser
models. Finally, what makes (asymmetric) noisy setups partic-
ularly interesting are the facts that

i) No transmitter CSI contains the CSI available to the other
one.

ii) CSI available to the decoder does not contain any of the

CSI available to the two encoders.
When existing results, which provide a single letter capacity for-
mulation, are examined, it can be observed that most of them
do not satisfy (i) or (ié) or both (e.g., [13], [10], [11], [12],
[18]). Nonetheless, among these, [10] discusses the situation
with noisy CSI and makes the observation that the situation
where the CSITs and CSIR are noisy versions of the state S5
can be accommodated by their models. However, they also note
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that if the noises corrupting transmitters and receiver CSI are
different, then the encoder CSI will, in general, not be con-
tained in the decoder CSI. Hence, motivated by similar obser-
vations in the literature (e.g., [11]), we partially treat the sce-
narios below and provide inner and outer bounds, which are
tight for the sum-rate capacity, for scenario (1) below and pro-
vide a single-letter characterization for the capacity region of
the latter scenarios.
1) The state-dependent MAC in which each of the transmit-
ters has an asymmetric causal noisy CSI and the receiver
has complete CSI (Theorems 2.1, 2.2, and Corollary 2.1).
2) The state-dependent MAC in which each of the transmit-
ters has an asymmetric noncausal noisy CSIT which is
a deterministic function of the CSIR at the receiver (see
Theorem 2.3).
3) The state-dependent MAC in which each of the transmit-
ters has an asymmetrically delayed and asymmetric noisy
CSI and the receiver has complete CSI (see Theorem 2.4).
4) The state-dependent MAC with degraded message set
where both transmitters transmit a common message and
one transmitter (informed transmitter) transmits a private
message. The informed transmitter has causal noisy CSI,
the other encoder has a delayed noisy CSI, and the receiver
has various degrees of CSI (see Theorems 2.5 and 2.6).
Let us now briefly position these contributions with respect
to the available results in the literature. The sum-rate capacity
determined in (1) can be thought as an extension of [11, Th. 4]
to the case where the encoders have correlated CSI. The causal
setup of (2) is solved in [13]. The solution that we provide to the
noncausal case partially solves [12] and extends [11, Th. 5] to
the case where the encoders have correlated CSI. Furthermore,
since the causal and noncausal capacities are identical for sce-
nario (2), the causal solution can be considered as an extension
of [4, Proposition 1] to a noisy multiuser case. Finally, (4) is an
extension of [20, Th. 4] to a noisy setup.

C. Converse Coding Approach

The most relevant paper to this work is [13] which provides a
converse coding approach for the state-dependent MAC where
asymmetric partial state information is available at the encoders.
In this paper, we adopt and expand on the converse technique
of this paper and use it in a noisy setup. The converse coding
approach of [13] is based on team decision theoretic methods
[32] (see also [33], [34] and [35] for recent team decision and
control theoretic approaches) where the authors use memoryless
stationary team policies which play a key role in showing that
the past information is irrelevant. As the authors mention in [13,
Remark 2], for the validity of their arguments, it would suffice
that the state information available at the decoder contains the
one available at the two transmitters. In this way, the decoder
does not need to estimate the coding policies used in decentral-
ized time-sharing.

For the noisy setup, we need to modify this approach to ac-
count for the fact that the decoder does not have access to the
state information at the encoders, and that the past state infor-
mation does not lead to a tractable recursion. This difficulty is
overcome by showing that a product form on the team policies
exists in the noisy setup as well.
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The rest of the paper is organized as follows. In Section II, we
formally state scenarios (1)—(4), and present the main results and
several observations. In Section III, we provide two examples
in one of which we apply the result of [5] and get the full ca-
pacity region by only considering the tightness of the sum-rate
capacity. Finally, in Section IV, we present concluding remarks.

Throughout the paper, we will use the following notations. A
random variable will be denoted by an upper case letter X and
its particular realization by a lower case letter . For a vector v,
and a positive integer ¢, v; will denote the zth entry of v, while
V) = (v1,...,v;) will denote the vector of the first ¢ entries
and vj; ;) = (vi, ... ,vj), 4 < j will denote the vector of en-
tries between 4, j of v. For a finite set A, P(.A) will denote the
simplex of probability distributions over .A. Probability distri-
butions are denoted by P(-) and subscripted by the name of the
random variables and conditioning, e.g., Py 7 v,s(u,t|v, s) is
the conditional probability of (U = w,T = #) given (V =
v,.8 = s). Finally, for a positive integer 7, we shall denote by
A =< ycp A the set of A-strings of length smaller than
n. We denote the indicator function of an event £ by 1(z;. All
sets considered hereafter are finite.

II. MAIN RESULTS

Consider a two-user memoryless state-dependent MAC, with
two encoders, a, b, and two independent message sources W,
and W, which are uniformly distributed in the finite sets W,
and W, respectively. The channel inputs from the encoders
are X¢ € X, and X® € XA, respectively, and the channel
output is Y € ). The channel state process is modeled as a se-
quence {5:}$2; of i.i.d. random variables in some finite space
S. Let (S¢,S%) denote a pair of random variables available
at two encoders, a, b, respectively, at time ¢. Throughout the
paper, by symmetric side information we will refer to the case
where S¢ = S? V¢ and by asymmetric side information to when
this does not occur. Furthermore, by noisy side information will
refer to the case where (5%, S?, S;) are correlated according to
a given joint distribution Psa g 5(s*, 8%, 5).

A. Asymmetric Causal Noisy CSIT

Let the two encoders have access to a causal noisy version
of the state information S; at each time ¢ > 1, modeled by
Se ¢ S,, St € S, respectively, where the joint distribution
of (S, S¢, S?) factorizes as

= Pay(s, (s¢]50) Pss|s, (s1150) Ps, (s1)-
(D

b
Psa 50 5, (s1:5%,5¢)

The system is depicted in Fig. 1. Let S; be available at the re-
ceiver and let {(S;, S, SY)12°, be a sequence of i.i.d. triples,
independent from (W,, W;,). Hence, for any n > 1,

Py, st 0 W s (310 8Ty 5[] Wa, 1)

[n]

SO
= H | ‘W |P9"\9f(‘sf |‘5T)Psb\5 (5f|5f)PS/(‘5T)

2
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Fig. 1. Multiple-access channel with asymmetric causal noisy CSI.

The channel inputs at time #, i.e., X;* and Xf, are functions of
the locally available information (W, Sf’t']) and (W, Sf’t]), re-
spectively. Let W := (W,, W;) and X, := (X, X}), respec-
tively. Then, the laws governing n-sequences of state, input, and
output letters are given by

. . b
PY[n]IW~,X[n] ySn]SE l’ (y[” |W7 X[n]» Sn] 5?71/] : S[TL})

m s

= HPY\X“ xos (welad a5, (3)

E 2RIt )

where Py, va xo g, (]2, 2%, s;), the channel’s transition
probability dlstrlbutlon is given a priori.

Definition 2.1: An (n,2"F= 271 code with block length n
and rate pair (R,,, R;) for a state-dependent MAC with causal
noisy state information consists of

1) A sequence of mappings for each encoder

¢tfl) PSEX Wy — Xy t=1,2, . m;
o SEX W, = Xy, E=1,2,..m

2) An associated decoding function
ST XY = W, x W,

Let Py = P (¢(Yp).Sm) # (Wa, wp)|W = w). The

system’s probability of error, PE(”') , is given by

gnRa onRy

Pe(") = 2'VL(R +Rz,) Z Z P, 1

we=1w,=1

A rate pair (R, , Rp) is achievable if for any € > 0, there exists,
for all » sufficiently large an (n, 27,278} code such that
Llog|W,| > R, > 0, Llog|Ws| > R, > 0, and P < e
The capacity region of the state-dependent MAC, Crg, is the
closure of the set of all achievable rate pairs (R,, ) and the

sum-rate capacity is defined as Cf7Z := max(g, r,)ecps (Fla +
Ry).

Before proceeding with the main result, we introduce mem-
oryless stationary team policies [13] and their associated rate
regions. Let the set of all possible functions from S, to &, and
Sy to Ay be denoted by 7, := X, and 7 = Xb"s”‘, re-
spectively. We shall refer to 7,-valued and 7,-valued random
vectors as Shannon strategies.

Definition 2.2 [13]: A memoryless stationary (in time) team
policy is a family

M= A{m = (rra(-), 7 (")) € P(Ta) X P(T)} (4
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of probability distribution pairs on (7, 7).
For every memoryless stationary team policy 7, let R s ()
denote the region of all rate pairs R = (R, R;) satisfying

R, < I(T%Y|T?,S) 5)
Ry < I(T*;Y|T°, S) (6)
Ro+ Ry < I(T%, T Y|S) (7

where S, T¢, T*, and Y are random variables taking values
inS,7,, 7, and ), respectively, and whose joint probability
distribution factorizes as

PS,T“,TZ’A,Y(‘S’ ta', tb7 /U)
= Ps(8)Py g0 s(y[t", 1", s)mpe (1) (1), (8)

LetCrn := w( U, Rrs(m) | denote the closure of the convex

hull of the rate regions R ps () given by (5)—(7) associated with
all possible memoryless stationary team polices as defined in
4).

Theorem 2.1 (Inner Bound to Crs) Crny C Cpg: The achiev-
ability proof (which we omit) is based on a random code con-
struction with Shannon strategies and follows the standard ar-
guments involving joint e-typical sequences (e.g., cf. [36, Sec.
15.2]). Let

Cour = {(RaaRb) e Rt xRT:

Ra‘|‘RbS

sup
mpa (8)m s (1)

3

I(T”’,T”;Y|S)}

where IR" is the set of positive reals.
Theorem 2.2 (Outer Bound to Crg) Crs C Cour:
Proof of Theorem 2.2: We need to show that all achievable
rates satisfy
Rn, + Rb S

sup  I(T*, T Y|S),

Tra (t”’)?TT}, (tb)

i.e., a converse for the sum-rate capacity. Following [13], for
1<t <mn,let

: Hie
< logly|+ 29
—€ 1—e¢

1
o= ~Ps (W) and n(e) = 5 .9

Observe that lim._,o 7(¢) = 0 and

S o= Y P =1

pesStm T 1<i<n  pest-1
where S(") is the set of all S-strings of length less than 7.
Recall that X¢ = ¢ (Wa, S[f;]) = (@ (W St ! g)
and Xf = (/)gb) (Wb7 SE;]) = ()Eb) (VVh,/ S[btfl}'/ Sf), for all
t > 1. Then, we can define the Shannon strategies 1y € 7,
and Ttb € 7, by putting, for every s, € S, and s € S,
TP (sq) = qﬁt") (Wa, Sty .sa)

T () = 1" (W Sh_iposn) (10)

7055

We now show that the sum of any achievable rate pair can be
written as the convex combinations of mutual information terms
which are indexed by the realization of past complete CSI.

Lemma 2.1: Let T* € T, and T® € T, be the Shannon
strategies induced by gbi"') and ¢§b) , respectively, as shown in
(10). Assume that a rate pair R = (R,, Ry ), with block length
n > 1 and a constant ¢ € (0,1/2), is achievable. Then,

R, + Ry < Z a[.LI(Tta7Ttb; Y118t Sie—1) = 1) + n(e).

peS)
(11)
Proof: Let T; := (T¢,T?). By Fano’s inequality, we
obtain
H(W|Y[n]vs[n]) < H(e)—l—elog(|Wa,||Wb|). (12)
Observing that
I(W if[n]y S[n]) = H(W) - H(WD/[?L]a S[n])
= log(|Wa|[Wel|) — H(W Y}, Sty). (13)
Combining (12) and (13) gives
and 1
Ra + Rb S ; 10g(|Wa||Wb|)
1 1
<~ (Wi Yy, Sp) + H(€)) - (14)
Furthermore, ’
I(W; Y1, Stap)
= [H(Yy, SelSp—1), Yie—1))
t=1
*H(yrﬁ St|W7 S[t—l} s if[t—l]):l
O [H S, Yi-n) — HY[W, 5y, ¥i,_1)]
t=1
(”) 13
< > [HSy) — HYW, S, Yooy, To)]
t=1
(i) .
> [H(Y:|Sy) — H(Yi|Sp, T)]
t=1
=) (T4 Y;|Sy) (15)
t=1

where (7) is implied by (2), in (ii) T; := (T3, Tff’) are Shannon
strategies whose realizations are mappings?; : S; — X} fori =
{a,b} and thus (i7) holds since conditioning does not increase
entropy. Finally, (ii7) follows since
a b
Py, w 8.8 1) Y0y 10 1) (Y| W, 8¢y 8[e—17s Ype—11, 15 1)

— a b opa ;b
= E Py, 15,50 .0 70 0 (Yelse, 8¢ 8¢, 1, 1)

o b
5158y

X Psa st15, (8¢5 sylse)
= Py, s, 1o 1 (vilse, 17, 17) (16)

where the first equality is verified by (3) and (2), where ri =
t3(s;) for i = {a,b}. At this point, it is worth noting that by
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(16), one can remove S|;_ ] from (15) in the conditioning. How-
ever, we will soon observe why it is crucial to keep it when we
prove the product form. Now, let x(€) := % and combining
(14)—(15) gives

R, + Ry
1
- Log(IWal W)

| A

< <1L_ZI (17 »Tf%S[f])) +x(e) + (n = Dx(e)

(@) 1 1 «—
< — IT“T Y. |S -
SToen (T, T Ya| Spyy) + mle)

n

e 1

1—en
t=

I(TE, T Y3 Spy)

1 k23
== Z LTy, TP5Ye| Sp) + nle) (17)

where (a) is valid since I(T}, T}; Yy |S})) < log|Y|. Further-
more,
I(Ttaa Tf,bQ Yt|S[t])

=n Y (T, T V4|8, Suoyy = m), (18)
pest—1

and substituting the above into (17) yields (11). |

Note that, for any ¢ > 1, I(T%, T7; Y, Yisa
function of the joint conditional distribution of channel state S¢,
inputs 77, T?, and output Y; given the past realization (Spp—1 =
#). Hence, to complete the proof of the outer bound, we need to
show that PTta,yTtbyvagt‘S[tiu (t*, 1%, y, s|p) factorizes as in (8).
This is done in the lemma below. In particular, it is crucial to ob-
serve that the knowledge of the past state at the decoder, Sj; 1],
is enough to provide a product form on T and T®. Let

T (1) = wa s 6™ (was sy = ) = 171,

Th (t) o= {uwy : <><uw,sﬁ,11::nb>::tb} (19)
and 1
M= Y
wa €Ty (t2) ¢
1
1 by .
7TTI;), (t ) = Z W’
u:;ETb (tb
Tha (1) := ZW"‘ (E) Pse, 150 (a2
;b(tb) = ZW PS’ 418t-1) (o |18), (20)

By,

where g, and py denote particular realizations of S[“tfl] and
Sfjtfﬂ , respectively.

Lemma 2.2: Foreveryl < t < nand p € S* 1, the fol-
lowing holds:

Proro v siis_y (010 5|1)
= Ps(s)Py|s 1o 0 (y]s: 1", )k (F) T

B0, @1
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Proof: LetS := (S, 5S¢, S) and s :=
that

(s,5%,5%). Observe

b,
PT?,T;’,)’/ ,S/‘S[t_l] (ta‘t Y, blﬂ)
a 4b
= E Ps 1o 1 v 5,y (8511 4l 1e)

G0 b
5y ,84

= Z Pyis 1o (Z/|5:tavtb)Ps,T;,Ttb\s[t,l] (s,4,1°| )

a b
S5

(22)

where the second equality is shown in (16). Let us now con-
sider the term Py ra 135, ) (s,t%,t°|p) above. We have the
following: o

L b
Ps e 1015,y (s, t", 1| )

POED DD

Wo €W, we €EWs i,
PW S Sb

a 4b
Go1)Sh ],S,Tt"',Ttb\S[,,,l] (Wvll'aa/»l’bvsvt 7t |Il‘)

IDIED DI

we €W wp €W B, By
PW.S“ Sb

a 4b
B She ].T“.Tb\S/ 1](W7I"'aaﬂ'b7t 7t |l‘l‘)

(u
) Z Z Zzl{t’—(ﬁt (wl ), l=ab}

woEWo wp€EWY B, My,
Py St ISt (W, by 1, |12)

(g)P S) Z Z Zzl{t’—(bt (ulll'l I=ab}

Wo EWo wi, EWY B, By,

L1
W|Wb|P9[t 1]° |St 1 (Il,a IJ’])'“)
(iv)
= Zpst 1]‘5‘[/ 1] ﬂ'a|p’ Zpsf l\St 1(p’b|ﬂl)
[ -
1
S,
< W] (re=el wem))
W, € o 2
> !
wi, €Wy, |Wb| {tl’:%b)(u;b,,‘b)}
@) 1
= PS )ZPS["t’_l]‘S[tfl] (”’a'ﬂ') Z |W |
o 1““€Tlﬂza(t“) a

>

b
'wz,e'rzb (") |

(”) T
2 Po(s) 3 Py 5 (i) (1)
I

Z Ps[ht—u [Sre—1) (IJ'b |l")
By

Z PS[htfl] |S[I/71] (I’l’b |ll,)7T';:l,: (tb)
H,

W py(s)mt, (1)

£ ()
where (i) is due to (2) and (10), (i¢) is valid by (10), (é:%) is

due to (2), (iv) is valid by (1) and (10), (v) is valid due to (19),
and (vi)—(vii) is valid due to (20). Substituting (23) into (22)
proves the lemma. |

(23)
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We can now complete the proof of Theorem 2.2. We have

R, + Ry

< ST uI(TF TE VS Sj-y) = 1) + 1(e)
pesin)

= Z o (T Ttb; Yt|5t)7r;a (te)mh, (%) + 7€)
pesin)

< sup I(T{L,Ttb;Yt|St) + n(e),

(mra (24 )m g (t2)EIT)

where I(T?, T?; Yt|St)ﬂ;a (1a)#, (+#) denotes the mutual infor-
b

mation induced by the product distribution 7%., (¢*)7%., () and
the second step is valid since I(77,T7;Y;[Sy, Spp—1) = M)
is a function of the joint conditional distribution of channel
state S;, inputs 7, T and output Y; given the past realization
(Sj¢—1] = m). Hence, since lim, o 7(¢) = 0, any achievable
pair satisfies Bq + Ry < supr_, (poyr_, 10y L(T T°:Y|S). m
As a consequence of Theorems 2.1 and 2.2, we have the fol-
lowing corollary which can be thought of as an extension of 11,
Th. 4] to the case where the encoders have correlated CSI.
Corollary 2.1:

c%‘: sup  I(T*,T":Y|S).

7o (8270 (1)

Proof of Corollary 2.1: We need to show that
3 (R,.Ry) € Cry achieving (24). We follows steps akin
to [36, p. 535] where discrete memoryless MACs are consid-
ered. Letus fix w74 (#%) 77+ (#7) and consider the rate constraints
given in Crn

(24)

I(T%Y|T", S) = H(T*|T®, S) — H(T*|T",Y,S)
=H(T*) - H(T*|T",Y, S) (25)
(T Y |T*, 8) = H(T"|T%,S) — H(T*|T*,Y,S)
=H(T") — H(T"|T*,Y, S) (26)
and
I(T*, 7% Y|S)
= H(T*,T") — H(T*,T"|Y,S)
= H(T*) + H(T") - H(T*|T",Y,S) - H(T"|Y. 5),
27

where (25), (26), and (27) are valid since 7% and T* are inde-
pendent of each other and independent of S. Observe now that
for any wra (%) (t°), I(T* Y |T?, S) + I(T*; Y |T?,S) >
I(T*, T Y|S) since H(T*|Y,S) > H(T®|T*,Y,S). There-
fore, the sum-rate constraint in Cy is always active and hence,
there exists (R, , Ry) € Cyn achieving (24). |
We conclude this section with a number of remarks.
Remark 2.1: One essential step in the proof of Theorem 2.2 is
that, once we have the complete CSI, conditioning on which al-
lows a product form on 7% and T, there is no loss of optimality
(for the sum-rate capacity) in using associated memoryless team
policies instead of using all the past information at the receiver.
Remark 2.2: For the validity of Corollary 2.1, it is crucial to
have the product form on the pair (7%, T%). If this is not the
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case, we would get that I(T*; Y |T%, S) + I(T% Y|T*,S) =
H(T|TY)+H(T*|T*) — H(T*|T*,Y,S) — H(T*|T*,Y,S)
and I(T°,T%Y|S) = H(T*|T*)+H(T*)-H(T*|T",Y, S)—
H(T*|Y,S). Therefore, it is possible to get an obsolete sum-

>

rate constraint in C;x and hence, achievability of C53 is not
guaranteed. Note that the channel inputs are not independent
since X* = T%(S") and X® = T*(S?).

Remark 2.3 (Cases of Partial and No CSIR): In the situation
where the receiver has partial information about the state at time
¢ in the sense that it is provided with process {(V;)}i2,, V2 € V,
which is independent of (W,,, W} ) and satisfies the following:

st st )
o) P sy [oge) P(s1e, v

PSH S0y:Shy Vi (”’[f]
:P(s[ 1<t <n,

(28)

it can be shown that the sum-rate capacity admits a similar ex-
pression as in (24) with S replaced by V', see [37, Th. 5.2.3]. Fur-
thermore, inspired by the coding schemes of the lossless CEO
problem [38] as well as of a recently proposed achievable re-
gion [14], an inner bound, which demonstrates the rate required
to transmit the above partial information about the state in the
case where the receiver has no CSI, is shown in [37, Th. 5.3.2].

B. CSITs as Deterministic Functions of CSIR: Noncausal Case

In this section, we consider the situation where the transmit-
ters have access to partial state information available at the de-

coder. In particular, let S = fi(S7), where f* : S, — S,
i = {a,b} and S” € S, such that
Ps[n] Sg, S} sn,m,wh( [n] é[n] b[n]’ [ ok Wa, W)

1 a v
= H WWPS,,;S;‘;SQ;S[(&: s, st,57).(29)
t=1 a

The channel is driven by the state process {S:};2; and hence,

Py W X(08100:55,5%, 57, Wl (W3 X(a] s S(als 515 5l )

[n]”

[n)’
k23
HPY Ixe, x5, ( (yelzf, 27, 50). (30)

Note that one can define an equivalent channel with conditional
output probability

P o g (yla a8

= Pyixa v s(yla®, 2’
sES

;8)Ps)sr (s

s").
(€2))

Hence, the causal setup of this problem is no more general than
the setup in [13] and the main result of this section is to show
that the result of [13] also holds for noncausal coding.
We keep the channel codes definition identical for the causal
and noncausal cases, except for the noncausal case we have;
() PSP x W, — AN i = e, bl t =1, 0. LetCA,S
denote the capacity region. We need to modify Definition 2.2 in
order to take the current CSI into account.
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Definition 2.3: A memoryless stationary (in time) team
policy is a family

= {7 = (mxajse (1F()mxo 0 (1)

€ P(X.) x P(X)}. (32)

For every @ defined in (32), RC\QS(%) denotes the region of
all rate pairs R = (R,, Ry) satisfying

R, <I(X*Y|X" 87 (33)
Ry <I(XbV|X% S") (34)
R, + Ry <I(X*, X" Y|S") (35)

where S”, X, X" and Y are random variables taking values
inS,, X,, Ay, and Y, respectively, and whose joint probability
distribution factorizes as

Pgr xa xv (5", 2", 2’ L Y)

= Ps-(8")Py|xe x> 50 (ylw H'aﬂ’besr)
X7TX“\S“(*L |fu(-—7))7f¥b|s’>( )|f( )
(36)

Let m( U= R%S (7?)) denote the closure of the convex hull of

the rate regions Rg") 5(7) given by (33)—(35) associated with all
possible memoryless stationary team polices as defined in (32).

Theorem 2.3 C;\Q"S = w(Uﬁ- ’Rf\%s(ﬁ)

ability proof, see [13, Sec. III] and observe that any rate
which is achievable with causal CSI is also achievable with
noncausal CSI. For the converse proof of the noncausal case
see Appendix A. The proof for the noncausal case is realized
by observing that there is no loss of optimality if not only the
past, as shown in [13], but also the future CSI is ignored given
that the receiver is provided with complete CSI. A similar
observation for independent CSIT is also made see [11, Th. 5].

Consider now the setup in Section II in order to observe that
for the noncausal case the optimality of Shannon strategies is
not guaranteed. Recall that, we have

: For the achiev-

i

t=1

(Y;‘|W S[n] Yv[t 1] Tt)] (37)

where T; := (17, T}). Consider now the right-hand side of
(37) and observe that

. , a 4b

me Spn)sYie—1). TH,TE (Z/t|W7 b[n]vy[tfl}attttt)
E : o la, o &b ga 3D
= P} |5, S ',Sé’,T{HTf’(Ut'ét: Sy 81t t)

875 "t

% PS SEYje—1) S/,(ngsﬂy[tfl}:st),

and therefore, the past channel outputs cannot be eliminated.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 59, NO. 11, NOVEMBER 2013

C. Asymmetric Noisy CSIT With Delays

Consider the problem defined in Section II-A where the two
encoders have access to asymmetrically delayed, where delays
are d, > 1 and dy > 1, respectively, and noisy versions of the
state information S; at each time ¢ > 1, modeled by S ;, €
Sa, S{_,, € S, respectively. The rest of the channel model
is identical and hence, (1), (2), and (3) are valid throughout this
section. We also assume that S is fully available at the receiver.
A code can be defined as in Definition 2.1, except now

Pl Sl s W, — X, t=1,2,.
S W, X, t=1,2,.

I Let Cpy denotes the capacity region of the delayed setup.

In the main result of this section the team policies are com-
posed of probability distributions on the channel inputs rather
than Shannon strategies.

Definition 2.4: A memoryless stationary (in time) team
policy is a family

I ={7=(rxe(),mx: () € P(X*) x P(X")}. (38)

For every memoryless stationary team policy 7, R px (7) de-
notes the region of all rate pairs R = (R, Ry) satisfying

R, <I(X%Y|X"59) (39)
R, <I(X";Y|X“,8) (40)
R, + Ry <I(X* X% Y|S) (41)

where S, X*, X", and Y are random variables taking values
inS, X¢, X, and ), respectively, and whose joint probability
distribution factorizes as

Ps,\’" X, Y(9 z“, z’, )
= Ps(8)Py|x0 x» s(yle” )7 e (20).

(42)

a®, 8)m o (a

Letco| U: Rpn(7) | denotes the closure of the convex hull

of the rate regions R p (%) given by (39)—(41) associated with
all possible memoryless stationary team polices as defined in
(39).

Theorem 2.4 Cpn = m(uﬁ Rpn(T)

be shown via random coding arguments. For the converse, see
Appendix B.

Remark 2.4 (Strictly Causal CSIT): Whend, = d, = 1,
Theorem 2.4 is the capacity region of the setup with strictly
causal CSITs. This case was considered in the literature, e.g., see
[14], [16], [15], and [22], where it is shown that strictly causal
side information is helpful. Theorem 2.4 verifies that since the
full CSI is available at the receiver and since the decoder does
not need to access the current CSI at the encoders, there exists

) . Achievability can

1ObV10us1y whend, > t, I = a,bthen X& = ¢\ (W,) and X} =
(W)
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Sty
Wa| Encoder |[X{
(a)
¢t (WG ; d] 53
Channel 1Yt | Decoder [Wa,
t’ [V (Yn)s Sinp) W,

P(Y|Xg, XP, 80’5
W, Encoder

b
—{6{? Wy, Wa, S [xp

st

Fig. 2. MAC with degraded message set and with noisy CSI.

no loss of optimality if the past information at the encoders are
ignored.

D. Degraded Message Set With Noisy CSIT

Assume a common message is provided to both encoders
and one of the encoders has its own private message. Assume
further that the encoder with the private message has causal
noisy CSI, whereas the encoder with the common message only
observes noisy state information with delay d, > 1. Let the
common and the private messages be W, and W, respectively,
and SELM, d, > 1, and Sf’t] denote the CSI at encoder a,
b, respectively, where (S;, S¢, S?) satisfies (1) and (2). Hence,
Xo = qﬁia)(W’(,,S[‘de]) and X! = ¢\ (W, W3, Sfy); see
Fig. 2. Let Ce denote the capacity region for this channel. Re-
call that 7, = &,

Definition 2.5: A memoryless stationary (in time) team
policy is a family

I={#=(ryem(,)) ePAX* xT"}  (43)
of probability distributions on (X, 7;).
Let for every #, R (#) denote the region of all rate pairs

R = (Rq, Rp) satisfying

Ry < (T Y|X“,S)
R.+ Ry <I(X*,T":Y|S)

(44)
(45)

where S, X, T*, and Y are random variables taking values
inS, X,, Ty, and Y, respectively, and whose joint probability
distribution factorizes as

Ps xo roy (5.2%, 8, y)

= Ps(8)Py | x 10 s(y|z* t*). (46)

b 8)mxa o (2,

Let E( U Re(rr) | denotes the closure of the convex hull of

the rate regions R¢:(7) given by (44) and (45) associated with
all possible memoryless stationary team polices as defined in
(43).

Theorem 2.5 Cc = E( Ux Rc(fr)) . See Appendix C for
the proof.

7059

Wa | Encoder |X¢
Wa

# (Wa) .
Channel 17t .| Decoder |—2>
J" PviIxg, X2, 1) [ST PV St
Encoder

87 (Wo, Wa, S5))[x
o

Fig. 3. MAC with degraded message set and with noisy CSIT and CSIR.

E

Remark 2.5: Theorem 2.5 shows that when the common mes-
sage encoder does not have access to the current noisy CSI
(since the delay d, > 1), by enlarging the optimization space
of the other encoder, via Shannon strategies, the past CSI can
be ignored without loss of optimality if the decoder is provided
with complete CSI.

One important observation to be made in the degraded mes-
sage set scenario is that we do not require a product form on the
pair (X¢, T?) [see (46)]. In connection with this observation,
let us consider the following noisy CSIR setup.

Let the encoder with the private message causally observe
the noisy state information, whereas let the encoder with the
common message have no CSI, i.e., X7 = gb,E"') (W,)and X} =

Eb) (W, Wy, S, bﬂ }, and let the decoder also have access to noisy
CSI at time ¢, bif € &,.; see Fig. 3, where

Ps[ 1 Sr.§b W g[ﬂ S ]7 g[ﬂ] s W s U)b)

[]’[]
n

and let C§ denotes the capacity region for this setup.
Let for every memoryless stationary team policy 7 defined in

Pst,s' st (8t sp.s0)  (47)

|Wb

(43), RE(#) denote the region of all rate pairs B = (Rq, Ry)
satisfying

R, <I(T";Y|X" S") (48)

Ro.+ Ry <I(X°.T"Y|S") (49)

where S, X¢, T*, and Y are random variables taking values
inS,., X,, 7y, and ), respectively, and whose joint probability
distribution factorizes as

Pse xoqny (s, " y)
= Ps(s") Py |xo 1o.5- (g3, °, 8" ) xo 7o (2%, 10).

(50)

Let ﬁ( U, RE(#) ) denote the closure of the convex hull of

the rate regions RG( ) given by (48) and (49) associated with
all possible 7 as defined in (43).
Theorem 2.6 C& = E< U, RE(%)

Proof: The achievability proof is identical to that of The-
orem 2.5. The converse proof is also similar and therefore, we
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only provide a sketch. In particular, observe the following lines
of equations for the converse proof of the condition on Ry:

< I(Wba}/[n |VV )

n]
= Z |:H(y;/ S:|S[?;71]/ Y[tfl]a VVG)
t=1

—H (Y2, ST1S] 1y Yie 115 Was W)

7

32

C 3 [HYISY, Vi u, W)
t=1
— (Vi S}y Y1), Wa W)
= [HOUSE Ve u W, X8
t=1
H(Y;‘,|S[T;‘,}:Yv[t—l]7WI(HWIMX?)}
(LL) 7
< 3 [y, X
t=1
HYISE: Y 1y, Wa W, X2 TP
(#i2) - r ra T a
2y [Esy, X0 - HOYGISE, X7 T
t=1
= (T} YiXE, Sty) (51)
t=1

where (i) follows since state is i.i.d., where T} is the Shannon
strategy induced by encoder b at time ¢ as shown in (105), and
(1) is valid since conditioning does not increase entropy, and
(4é1) is valid since

p T . 4b
Py;\S[;],Y[,,,H,W.Xg,Tf (yt|‘5[t] SYiE-1]s Wy T8, b))
_ b _a 4b
= § PY}\St,Sf,X;",Tt" (yelse, st 2% 1)
stGS,S?ESb
b v a b
X Psf,sfjs["t],y[t 1, W, X7, T} (5¢:8¢]8 [t Yit—1]: W, Ty ty)
- b
= E P)’},\S,,st,xt T? (yelse. % i 1))
stES,stSb
b |
X PSj’,S,(St:”t‘bt)

= Py, sp xz10 (yelsi w47 (52)

where the first equality is valid due to (3) and the second equality
holds due to (47). Hence, one can directly obtain that

Ry < Z I(Tb Yil XY, 57, P = p,) + n(€)(53)
uresﬁ”)
R, + Ry
< D e XTI YAST Sy = ) + nle)
ul.ES,(,")

(54
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Lpg St (1¢,). We now need to show that the joint

where o, 1=
(9,1t y, s"|p,) satisfies (50).

distribution Px TP Y, 8118
Let 7" ¢ f) =
that

z 10y, 8" )

PXa Tb Ye Srlsr 1 (

= 30 N Pyxa o s, (yla® 20(sh). 5)

a)ESb 5;€S8

[t—1]

Xa Tb( Xe TS, (x¢,1%|p,) and observe

b
X Pss s, s, (81, 8¢, 8 )PXH_Tbls[L

:ﬂ-f“(a,Tb('I’ 7L)PS( NPy, xs10.5

(8,
Lyl 8,57 (55)

where the first equality is verified by (3) and by the fact that
(X¢,T?) is independent of (S;, St, ST). [ ]

Remark 2.6: 1t should be observed that unlike Theorem
2.5 and results in the previous sections, for the validity of
Theorem 2.6, it is not required to have a Markov condition on
Ps, s 50 (st st s7). Furthermore, the result also holds with no
CSIR, li.e., S, =  is allowed, and in this case Theorem 2.6 is
as an extension of [20, Th. 4], to a noisy setup.

Note that for the setup given in [20, Th. 4], Theorem
2.6 provides an equivalent characterization. Recall that
in [20, Th. 4] the informed encoder has full CSI, i.e.,
X! = Eb) (W, We, Sp), both the uniformed encoder and the
decoder have no CSI and the capacity region C4g is given as
the closure of all rate pairs (R, R;) satisfying

Ry <I(U;Y|X%)
R, + R, <IU,X“Y)

(56)
(57)

for some joint measure on & x &, X A3 X Y x U having the
form
Py xa xv s(y]2", z°, S)PXZ’\U,)(“,S(-’B’) e, 2%, 8)

X PS(S)PXQ,U(:[’.avu)v (58)

where |U| < |S||A]|Xp| + 1. On the other hand, for this setup,

Theorem 2.6 gives the capacity region C$ ¢ as w( Us Re(7)

where R, () denotes the region of all rate pairs R = (R, Rs)
satisfying

Ry < I(T:Y|X*) (59)

Ro+ Ry <I(T,X*%;Y) (60)

where Py 7 xa xv 5y, t, 2%, 2", s) factorizes as

", 8)Pxosr(2°]s,6) Ps(8)fxe r(2%,1),
(61)

PY\XG Xb, 5(7/|

andT : § — A&},

Although the relation between an auxiliary variable and
Shannon strategies is well understood for the single-user case
(e.g., see [26, Sec. 3.2]), we believe that it requires more
attention in the multiuser case; in particular, note the differ-
ence between |I{| and |7|. Hence, we provide a proof for
Cgs = Cas, see Appendix D.

We conclude this section with the following remark.

Remark 2.7: For the validity of converse proof of Theorem
2.6, it is crucial that X only depends on W,. To be more ex-
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plicit, let us assume S, = {} and consider the following steps of
the converse:

I(Wb; Yv[n])

< ST HY Y, Xfy) — HY Y, W, X, TP)

=1

=Y HYlYjp, X)) = B Yjeon), X0 T7)- - (62)
t=1

Since S; is not available to the decoder, the above equality is
valid if X [?‘n] does not provide any information about S;. Hence,
in other words, whether CSITs are noisy or not, if there is no
CSI or noisy CSI at the decoder, the arguments above would
fail if the uninformed encoder observes some degree of CSI, i.e.,
d, < oc so that X7, carries information about (S¢, Sy, S7).

[’L
III. EXAMPLES

We present two examples. In the first example, we discuss
the state dependent modulo-additive MAC with noisy CSIT and
complete CSIR (see Section II-A) and show that the proposed
inner and outer bounds are tight and yield the capacity region.
In the second example, we consider the problem defined in Sec-
tion II-B where the channel is a binary multiplier MAC whose
state is an interference sequence.

A. Modulo-Additive State-Dependent MAC With Noisy CSIT

Recall that the results of Section II-A are given in terms of
Shannon-strategies. Hence, their computation requires an op-
timization over an extended space of the input alphabet to a
space of strategies and is often hard; in fact, very few explicit
solutions exist even in the single-user case. In [5], modulo-addi-
tive single-user channel with complete CSIT is considered and
a closed-form solution for the capacity is derived. Based on
this result, we now consider the modulo-additive state-depen-
dent MAC with asymmetric noisy CSIT and show that for the
sum-rate capacity, the optimal set of strategies has uniform dis-
tribution. This enables us to determine the entire capacity region
by observing that under the uniform distribution both inner and
outer bounds are tight.

To be more explicit, we consider a two-user state-dependent
MAC in which the channel noise, defined by a process { Z; }$2 4,
is correlated with the state process. The channel is given by
Y =X@X'@Zwhere X, =X, =YV =2Z={0,...,q—1}
and Z is conditionally independent of (X, X*) given the state
S and in the sequel addition (and subtraction) is understood to
be performed mod-q. Assume further that we have the setup of
Section II-A. The following theorem is the main result of this
example and can be though as an extension of [5, Th. 1] to a
noisy multiuser setting.

Theorem 3.1: The capacity region of the modulo-additive
state-dependent MAC defined above is given by the closure of
the rate pairs (R,, ) satisfying

Ra < logq - Hmin
Rb < 1qu - Hlnin

Ra + Rb < 10gq - Hmin (63)
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where H iy 1= ming. o H(Z +1°(S") + th(S%)|S).
Proof: First, recall the rate condition given in Theorem 2.2

R, + R, <H(Y|$) - HY|T,T",S).  (64)

The proof composed of two steps; we first determine the
optimal distributions of £*, t?, the distributions achieving the
sum-rate capacity, and then we show these distributions yield
the same inner bound. Let us first consider H(Y|T*, T?, S).
Clearly, PYLXQ7X1;:5((7/|.T“?:131’, 5) = Pzs(y — 2% — z%|s) and
HY|T*,1°,5) > min. » H(Y|T* = te Tt = t°.89).
Observe that

Py pe v s(ylt", t'. )
= z P)/‘Ta.’T%Sa’Sb’S(y“a,tb, 5%, 5" S)PSa7Sb|S(Sa7 sb\s)

S“,Sb

= Z Pzis(Z =y — t*(s") — *(s")]5) Psa so15 (5", 5°3)
s“,s"

(65)
where the second step is valid since Z is conditionally inde-
pendent of (S%, S%) given S. Therefore, H(Y|T® = t*,T® =
th.8) = H(Z + t*(S%) + t"(S%)|S). Let (£**,t"*) be two
mappings from S, to X, and S to A}, respectively, for which
H(Y|T* = t**,T" = t**/S) = H,.. Now recall that, by
Corollary 2.1, we have

= Pyipe(sayrae(se)s(yls)

cg = sup [H(Y|S) - H(Y|T", T S)]
e (82w (£9)
< sup H(Yy‘s) - Hlnhl’ (66)
Tra () mp (8)
and we now determine the policies {nra(t*), ¢t* € 7,} and

{mps(t?), t* € T,} achieving the supremum above. Let us first
define the following class of strategies:
T = {0 2(s) =t (s) 47, T=1,...,q (6T)
T =t} 22 =" (") -7, 7=1,...,q. (68)

Note that H(Y|T* = to*.T° = #* §) = H(Y|T* =
12, T = #2.9) since H(Y|T* = +*,T* = #*,8) = H(Z +
t9(5%) + t°(S*)|S). Note that H(Y'|S) < log |Y| = log ¢, but
if we choose T and T uniformly distributed within 7,* and
7,7, respectively (with zero mass on strategies not in 7. and
7,7), we would obtain

Py s(yls)

) 2 : E : § : a 4b _a b
= PY\T",TI’,S“,S[’,S(ylt ,t , 8,8 78)
se sh 1 €T the T
1

—2P5a,sb\s(5a75b|5)
q

o 1
= Z RS‘",S"]S(S éb|6)—2
b (1"7/ q
Z Z Pys(y — t°(s*) = °(s")s)

toeT} t}’ETb"

(i1) o b1 1

= E Psa’sb‘s(s , 8 |S)—2 E 1
5% 50 4 teeTx

(i) 1
q

(69)
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where (7) valid since 7% and T? are uniformly distributed, (i)
is due to (68) (i.e., follows from the fact that t* € 7,; traces all
possible values of 7) and finally, (é¢7) is valid since 77| = q.
Therefore, we get that 55 = log ¢ — Hpin which is achieved
by

1 1
rra(t*) = =, V€ T, mp(t?) = p vt € X, (70)

q

Let us now consider the inner bound. In particular, we need
to show that the sets of policies in (70) give H(Y|T*,S) =
H(Y|T", S) = log q. Consider H(Y|T%, S) and observe that

Py pe s(ylt*, s)

(iv) a a
= Z Z PY\T",T",S“;S".S(mt s 75b:3)

57,8t tb T

1
—Psa7sb‘s(5
q

1
= Z Psa gv15(s ’Sb|5)—
Z Pris(y — t*(s*) —

theTr

(® 1
ZPS svis(s®s \b)_

50 ,5b

u., Sb|s)

t*(s")]s)

== (71)

where (7v) is valid since 7 is uniformly distributed and (v) is
due to (68) (i.e., follows from the fact that t* € 7.} traces all
possible values of 7). Thus, H(Y|7T*.S) = logg. It can be
shown similarly that under (70)H (Y'|T?, S) = logq. ]

Finally, it is easy to see that when there is no side informa-
tion at the encoders and at the decoder the capacity region of
modulo-additive state-dependent MAC is given by the closure
of rate pairs (R,, Ry) where

R, <logq— H(Z)
Ry <logg— H(Z)

R+ Ry <logq - H(Z). (72)

Observe that we have

H(Z +t(S*) + t*(S")|9)
< H(Z|S)+ H(t(S") + t*(8%)|9)

and

Hinin, = 1in H(Z + £(S%) +1°(5")1S)
te

< min [H(Z|S) + H(1*(5*) +1°(5")|9)]
to,th

(vi)

= H(Z]S)

(vit)

< H(Z)

where (vi) can be achieved with any deterministic mapping

and (wi#4) is valid since Z and S (and hence S) are correlated.

Therefore, availability of state information strictly increases,
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by an amount of at least 7(.S; Z), the capacity region of the
modulo-additive state-dependent MAC.

B. Binary Multiplier State-Dependent MAC With Interference

Consider the binary multiplier MAC with state process in-
terfering the output, namely ¥ = X°X° @ S where X, =
Xy, =Y =8 = {0,1}. Assume further that the communica-
tion setup is given as in Section II-B with 57 = § @& Z” where
Z" ~ Ber(p,) is Bernoulli with P(Z" = 1) = p,. Clearly, in
this setup we have

Pge st 575, (81 515875 5¢)
= Psg|s:(Sﬂsz)Psf\sg(512|$§)P51,Sz‘(3u s5¢). (73)

We now show that the capacity region, with both causal and
noncausal codings, of this channel is given by the closure of
(Ro, Ry) where R, < 1 — H(S|S8"), Ry < 1 — H(S|S") and
R,+ Ry, <1—H(S|S").

First recall the capacity region given in Theorem 2.3 and ob-
serve that H(Y'|S™, X, X)) = H(X*X® @ S|S". X, X?) =
H(S|S", X%, X% = H(S|S"), where the last equality
follows from (73). Hence, input distributions do not effect
H(Y|S", X% X°). Clearly, H(Y|S™) < 1, H(Y|S",X%) < 1
and H(Y'|S", X®) < 1 and we now show that equalities can be
achieved. More explicitly, we have the following optimizing
distributions which can be obtained using basic inequalities:

argmax H(Y|S")
mxapse (@[ £o(s7))m gn oo (28 [£2(s7))

= {7 xe5: (0] f*(0)) = Tx0)54 (01 f*(1)) =
x50 (0] f7(0)) = mxn1 0 (0 f°(1)) = 0.5},

H(Y|S", X%)

argimax
Txa|ga (;1‘,(1 ‘fa(sr))ﬁx;, |gb (mb ‘fb(sr))

= {mxe 152 (01 f4(0)) = x5 (0 f*(1)) = 0,
7150 (O1/(0)) = e 50 (01(1)) = 0.5
(75)
H(Y|S", XY

argmax
mxapga (27| f2(s7))m n g0 (28] F0 (7))

= {mxs5 (0] £(0)) = Txh|5h (O]f*(1)) =0,
TXa|ga (0|fb(0)) = WXb\sb(O\fb(l)) = 0-5}
(76)

and in the rest, let us show that these yield the equalities in the
conditional entropies. Let us start with R, i.e., H(Y|S", X?).

Note that
> 2 Pel

sre{0,1} xb€{0,1}

H(Y|S", X") = s ) o0 (2”1 £ (7))

x HY|S" =s", X" =2". (77)
Substituting (76) in (77) gives
H(Y|S", X" = Ps. (O H(X" @& S|X" =1,8" =0)
+ Ps (WH(X* @ S|XP =1,5" =1).
(78)
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We next show that under (76) H(X*@® S| X =1,8" =0) =1,
for which it is enough to show that Pyus g x» g+ (0[1,0) = 0.5.
We have

P‘X’a@sh\’b’s‘r (0|1. 0)

> > Preagisxexes (0ls,2%,1,0)

s€{0,1} z+€{0,1}
Pg5r(8]0)7xa 52 (] £*(0))
= Pg15-(0[1) [0.5Px0c505,x x4,5-(00,0,1,0)+
0.5Pxegs)s,x0.x0,5-(00,1,1,0)]
+ Psi5-(1|1) [0.5Pxugs)s, x«,x#,5-(0]1,0,1,0)
+0.5Pxags55,x0 x5 (0]1,1,1,0)]

= 0.5, (79

where (79) is due to (73) and (32). We can similarly show
that Pyeegxv g (0]1.1) = 0.5 and hence, H(X* & S|X* =
1,5" = 1) = 1. Therefore, H(Y|S", X*) = 1. Since the above
derivation is symmetric, under (75) H(Y|X®, S") = 1.

It now remains to show that with (74), H(Y'|S™) is equal to
one. It should be observed that

Pxexoggis(+]s")

S

z% 2% s€{0,1}
o sa (5 F4 (")) m x50 (20| £2(87)) Psy s (5]5")

(@)
=0.25 Z PXaX'b(DSl)(u:)(b“g(".’L‘a,.’I,‘b, S)
ze.x?{0,1}

S Py (sls”)

s€{0,1}

PX&X“@S\X&,X",S('|35a= ', s)

=0.5

where (%) is due to (73) and (32), (4¢) is due to (74), and the last
step is valid since for given s, there are only two pairs of (z?, z*)
for which Py xo g5 x0 x0 5(-|2%, 2%, s) = 1 (and zero for the
other twos). Hence, H(Y|S™) =

Finally, it can be easily shown that the capacity region of
Y = X*X"@ S without CSIT and CSIR is given by the closure
of (R, Ry) where R, < 1 — H(S), Ry < 1 — H(S), and
R, + R, < 1 — H(S). Therefore, availability of noisy CSI at
the encoders (both causal and non-causal) and at the decoder
increases the capacity region by an amount of 7(S; .57).

IV. CONCLUSION AND REMARKS

We have considered several scenarios for the memoryless
state-dependent MAC with an i.i.d. state process, asymmetric
noisy CSI at the encoders, and complete and noisy CSI at the
receiver. When the encoders have access to causal noisy CSI,
single-letter inner and outer bounds, which are tight for the
sum-rate capacity, are obtained. In order to reduce the space
of optimization, from Shannon strategies to channel inputs, we
consider the case where CSITs are asymmetric deterministic
functions of noisy CSIR. The causal setup of this problem is
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considered in [13] and a single-letter characterization for ca-
pacity region is provided. Hence, we also considered the non-
causal setup and showed that the causal and noncausal capacity
regions are identical.

When the decoder does not have access to the current CSI at
the encoder, which matches with the delayed scenario, we ob-
serve that a single-letter characterization of the capacity region
can be obtained. We further discuss a degraded message set sce-
nario and show that when the common message encoder does
not have access to the current noisy CSI, due to delay, it is pos-
sible to obtain a single-letter expression for the capacity region.
Since a product form is not required in this case, we observed
that as long as the common message encoder does not have ac-
cess to CSI, then in any noisy setup (the cases of no CSIR or
noisy CSIR) it is possible to obtain the capacity region.

Finally, the following problems are worth exploring in the
future: the complete characterization of the capacity region for
the problem defined in Section II-A and its noncausal extension,
the state-dependent MAC with degraded message set where ei-
ther both encoders observe causal noisy CSI or the informed en-
coder observes noisy CSI noncausally while the other encoder
observes noisy CSI with delay.

APPENDIX A
CONVERSE PROOF OF THEOREM 2.3: NONCAUSAL CASE

Let

1

O, =Py s

(B tg)- (80)

[t+1,7]

Observe that (g, : p¢) € Sp~', where (v
concatenation of two vectors v and w, and

z O/'P‘pvf = z Z 11 1] S[;,«f»l,'n,] (#p’”’f) =1

(ki) "1<i<n B ot

w) denotes the

Lemma A.1: Assume that a rate pair R = (R,, Rp), with
block length n > 1 and a constant € € (0,1/2), is achievable.
Let O“(p,p ne) = I(XH Y3 X087, S = . S),

A [t-1 — [t+1n] —
#e), ©7 {7 P't) = I(Xt7Yt|XtvSt7St 1 = y‘p“s[H»l n] =
pe), and OF(my.p) = I(XP Xb S AR AT
P> STy 1,m) = ). Then,

Ro< > oap OF(py, pr) + ne) (81)

(Il’I )
Rb S Z O‘[tp,f 62(”’p:”'f) + l,/(e) (82)

(Mpiﬂf)
Ry+ Ry < > o 08 (o) +1(e).  (83)

(Mpiﬂf)

Proof: Let us first consider the sum-rate. With standard
steps, we obtain

1 1
Ra+Rb§r—( (W Y], Spp) + He ))-

cn

(84)
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Note that since S[’; ] is independent of W; I(W; Y/, S[T;L]) =
I(W;Y,|S,)) and
I(W Yn] |Sn])

—Z[ (YalS7,5: Yie ) —
%Z[ H(Y:|S7,)) -
05~ [mvis,
“”Z[ )

= > IKeNilshy)
t=1
where (i) holds cond1t10n1ng does not increase entropy, (%)
holds since X} = qth (V[/'l,f"(S[ 1)), @ = {a,b}, and (i) is
due to (3). Comblmng (84) and (85) similar to (17), gives

R, + Ry < — ZI (X7, X7 Ya|Sp) + n(e).
Furthermore,
(XE, X5 Y 187,) = nx
> I(XP XY
By By
and substituting the above into (86) yields (83).

Let us now consider encoder ¢. Using Fano’s inequality and

standard steps, we first obtain
1

1 .
< — ; ST ) ).
o < 1—€en (I(VVQ’Y[”']’ S‘['l]) + H(F))
Furthermore,
I(Wa Y[n]: S[Tn})

H(Yi[W, 5}, Ye )]

H(Y: W, S}y, Ye 1))

~ H(Yi[W, 87, Vi1 X))
~ (Yl S}, Xo)]

(85)

(86)

|S’;ﬂ7 5’{;71] == MI” SE;-FLTL] == l‘l‘t) (87)

(83)

@) :
S I(Wa’ }/[’"] |Sf'n]‘/ Wb)

(2 Z [ (Yils7,. W) -

@ Z (2187, Wa X))

S (CAEARTIIR S )]

Yie 1y, Wi) = H(Yi|8],, Vi1, W)

H(Yi|S],, Vi1, W)

(i) &
< S [HIS, XD — HOYIS] Y1 W X))

t=1
() Z [ (Yt|57n] 2 - (Yf|5n] X7, Xf)}
t=1

S IXE VI Shy)

]

(89)

=

—_

where (%) is due to (2) and conditioning does not increase en-
tropy, (i) holds since conditioning does not increase entropy,
(4ii) holds since X; = ¢ (W, f* (Spp))s @ = {a, b}, (i) is
valid since conditioning does not increase entropy and finally,
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(v) is valid due to (3) and S}, i = {a,b}, being a function of
S

Now combining (88)—(89) and following steps akin to (86)
and (87), we can verify (81). To verify (82) for encoder b it is
enough to switch the roles of encoder @ and (b). |

Note that for any for any ¢ > 1, I(X7; V;| X}, ST, Sty =
B Sft+1 n] = ), (be’ Vi Xy, S S{’t 1] = Hp S[Hlﬂl] -
i), and I(X¢, XE:Y;| ST, Shy = p,p,S[tH ] = M) are

functions of Px. xv v, syis;, | .57, (¢, 25, Yer 57 11y bbe)

Hence, we need to show that thls dlstrltyutlon factorizes as in
(36). Let

S -
{w, : (wa,,

TZDM (2, fb(sT)) =

sz 7I"f(

(o), J*(57)) = 2},

{wy : (wb 1P (B B5), (s M) = 2"} (90)
and e . 1
Txo|ge ([ f9(s7)) = Z AR
wa €Tp (e fo(s7)) 1
- 1
e (2 1f(7) = > i ©D
u;,ET[_Lp ”r(, P (s7))
Lemma A.2: Forevery 1 <t < nand (g, : ) € Sn-t,

the following holds:
Pxo x1v,.87 151y, S[f+1m](‘r[’.u7$b7y751‘|y‘p7“f)
= Psr(s") Py gr xo.x3(yls" z%, z")
I-‘; M a/.r [ X r
e (@SS G (201 (s7). (92)
Proof: First observe that due to (3), we have

PX;‘,xfg@gqg{ 0 Sh ](.,‘a.., y, 8" |p,p i)
b
:PYIS‘T\ Xb(Z/| , 2, 27)
Py xt 57187, )08 (2%, 2%, 8" |y ). (93)

=117 [141,x1]
Let us now consider the second term in (93). We have

b .
PA XPLSLIS] S, (z*.z 28"y 1)

t—1]1""[t4+1,n]

= P w,z%, 2t s
Z W.xP XESSE S AR IT Ty
W, , Wh
) > 1
- Z {Tl o(l) 1111 FECUNTS p,t)) I=a b}
we €W, wy EWS

»
PW,,,W;, Sy ISf 1 S[f+lm](wa771)b75 |“p7’l'f)

(ii)
- Z Z 1{1'1:(7)(1)(u;l,fl(s",#p,uf)), l:a,b}

wWo €EWa wa€Ws
1 1

(Wal Wil

Pgr(s")
= Ps:(s" Ly
= Psr(8) D G e (s o )}

W, EW,

1
2 ] =0 (im0t )}

wp €W
DR D
Wy €Y e (208 (s7))

Wh|
Nailan (2" f1(sT)) (94)

Gy 1
Wl

! "“GETZI»M (2, fo(s7))

(w) o T a|pas.,r
Poy (s ymitla (@] (s
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where () follows since X; = (/)(i)(Wi,fi(S[’m)),i = {a,b},
(i) is valid since W,, and W}, are independent of Sil] and state
process being i.i.d. and (iii) follows due to (90) and (iv) follows
due to (91). Substituting (94) in (93) completes the proof. M

We can now complete the proof of Theorem 2.3. With
Lemma A.1, it is shown that any achievable rate pair can
be approximated by the convex combinations of rate condi-
tions given in (33)—~(35) which are indexed by (s, ;) and
satisfy (36) for joint state-input-output distributions. Hence,
since lim._.q 7}(65 = 0, any achievable rate pair belongs to

(U RS

APPENDIX B
CONVERSE PROOF OF THEOREM 2.4

Recall that «v, is defined in (80).
Lemma B.1: Assume that a rate pair R = (R,, Rp), with
block length > 1 and a constant € € (0,1/2), is achievable.
Then,

R < > opl(X{Y4|XP, S0, Sy =) + () (95)
pesn)
b, a —
Ry < Y ou (X Ya|XP, S0, Sy = p) +n(e)  (96)
peS)
Ry+ Ry < > ol (X7, X2 Y4lSy, Sj—y = ) + n(e).
pestn)
o7
Proof: Let us now consider encoder ¢. We have
R, <~— log(|W )]
1 1
<: — (I(Wa; Yy, Stp) + H(e)) - (98)
—€n
Furthermore,

I(VVa Yv[n]v S[n])
(1)
< I(Wu; )/[n]v S[n] |Wbt Sf)n])
= Z I:H(}/t St|S[t71]7 1/[tfl]v va Sf)n])
t=1

H(Y,, 8

Vi1, W, S}, )}
@) > [H(K75t|5[t—l}>y[t—1]’Wb’S[”] )

t=1
—H(Yy, S| Sp—1)s Y1), W, ST,

(#i1)

< Z [H(YuSHS[tﬂ]va)
t—1

3

Xf])]

—H (Yo, SilSp11: Yie 11, W, by, Xbg, X)]
WS [H (Y SiSp 1. XD)
t=1
*H(Y}/ St|S[t71]:Xb7 X{‘Z)]

=Y (XX, Sp) (99)
t=1
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where (7) is due to (2) and conditioning does not increase en-
tropy, (44) is valid since X} = (/)Eb) (V[/h7 SE)t*dzJ) , (#44) is valid
since conditioning does not increase entropy and finally, (iv) is
valid by (3). Following similar steps such as (17) and (18) ver-
ifies (95). Finally, (96) and (97) can be verified similarly. W

Lemma B.2: Foreveryl < t < nand p € S, the
following holds

Pxo xt v,.8,5,_y (%, 2%, y, s|p)
= Ps(s)Py|g,x= x+ (3 9,.7:“,mb)wg(“(n:“)wg,b(mb). (100)
Let
Tf‘i(wi) = {w; : d)f ( S, = M) = 2}, i =a,b
(101)
and
T FE <

w; €T, <LLL)

Wg(,(gjt) = Zwl‘: PSL . (ﬂ'ill-")a i =a,b.

We can now verify (100) by following the same steps in Lemma
2.2.
Lemmas B.1 and B.2 complete the proof of converse.

APPENDIX C
ACHIEVABILITY AND CONVERSE PROOFS OF THEOREM 2.5
Achievability Proof: Fix (R, Ry) € Re (7).

Codebook Generation—Fix wxo(x*) and mps e ("]2").
For each w, € {1,...,2"%«} randomly generate T,
each according to Hzl pmxe(xf,, ). Reveal this code-
book to encoder b and, for each w, € {1,...,2"%«) and
wy € {1,...,2" ) encoder b randomly generates f[ e
each according to [}, Toph | x o (|2 "0, )- These codeword
pairs form the codebook, which is revealed to the decoder.

Encoding—The encodmg functions are defined as follows:

wi(wa) = 7 (Wa, 8Ty, ]) and 22 (wy) = qﬁ?(wb,wa,sﬁ]) =

Jwa?

£ o by (s?) where x{,, and ¢!, . denote the ith component
of uf "), and t[n g e respectively. Therefore, to send the

and

W

messages w, and wj, transmit the corresponding :L"[’m
Ll s o, » TESPECEiVELY.

Decoding—After receiving (1 J[,L] $1n]) the decoder looks for
the only (w,, w) pair such that (z? Tl v /t[n] w, Ylnls S[n]) are
jointly e-typical and declares this pair as its estimate (i, W ).

Error Analysis—Let E,, 3 £ {(X[“"]’OZ T[’jlwﬂ, Yinps Spny) €

At} o e {1,...,2" "} and 3 € {1,...,2"F} and assume
that (w,, wy) = (1,1) was sent. Then,
PP =P(E{, U Eo3)
(a3 (1,1)
Eil Z P(E. aJ Z P(Ea,ﬁ)
a=1,87#1 a#l,4=1

p>

a#1,8#1

(102)
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Since {Y;,5;, X2, T }22, is iid., P(Ef ;) — 0 forn — oo.
Next, let us con51der the second term

Z P(Eq=1p21)

a=1,8#1

= D PUXf 0 T Vi Sp) € A7)
a=1,3#1

>

a=1.587# I(T 7’]y[n

Pre ixe, GBIE))
[n])EA?
Pxe 0,800 (g Yinls $1a])
< Z |A?|27?7,[H(T}'|Xa)7€]277L[H(XU',)’,S)7E]
a=1,3#1
< onhy 2771[H(Tb\X“)JrH(X“,Y,S)fH(X“,TZ’,Y,S)735]
(g) 2n[R;,—I(T}’;3’|S,X"')—3E] (103)

where (#) holds since T[n] 4 is independent of (Y[,,}, S[,.]) given
X1 and (i2) follows since

H(T'|X*)+ H(X",Y,S)— H(X*,T",Y,S)
= H(T"|X*) + H(X",Y,S)

— H(Y|X*, T S)— H(X*, T S)
=H(X"Y,8)- HY|X*T"S) - H(X,S)
=I(T%Y|S, X%)

where the second equality follows since 7 and S are indepen-
dent given X“. Next,

Y PBaripr)

a#l,3#1
= Z P((X[(il},oﬂ T[Z:L],ﬁ'/ Y[?’l] . S[n]) c Ag)
a#l,3#1
(Zﬁ) b a
Z Z PT[Z;] ,X[a”] (t[n]’ J“[ﬂ])
a#l, B8#1 (T , ) Yl )E An
wa Sin) (?/[H]? S[n))
< z |A?‘27n[H(Tb:X“)7e]27n[H(Y,S)7s]
a#l,3#1

< 2n(1?,,,+1?,,,)2—n[H(T",X“)+H(Y,S)-H(X°,T",Y,S)-:J,E]

(iv) gnlRa+Ry—I(X*.T"Y|S)—3¢] (104)

where (i) holds since for v, § # 1, (TM /},X[‘;M) is inde-
pendent of (Y},1, S;,)) and (év) follows since

H(T", X*)+ H(Y,S) - H(X",T",Y,S)
= H(T*. X*)+ H(Y,S)

—H(Y|X* S8,T" - H(X"51T"
=H(T", X))+ H(Y,S) - HY|X*,S,T"

— H(X*,T") — H(S)
=I(X*,T"Y|S),
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and the rate conditions of the R (%) imply that each term tends
in (102) to zero as n — oo. Finally, observe that the anal-
ysis for the error event }_ ., 4, P(Eq,3) is identical to the
case of 3, 421 P(£a ) which induces the same sum-rate
constraint. |

Note that the main motivation in indexing mutual information
terms by the past CSI, is to get a product form on the team
policies. In the degraded message set setup, we do not require a
product form and therefore, the convex combination argument is
not essential. However, we herein keep this indexing [see (46)]
to avoid the use of a time sharing auxiliary random variable.

O (W Wi S,y 50)),

Converse Proof: Since Xf = [t—1]

we have

T = o (W WauSh_y) € %20 (105)

Lemma C.1: Let T? € 7T, be the Shannon strategy in-
duced by qﬁim as shown in (105). Assume that a rate pair R =
(R., Ry), with block length n > 1 and a constant e € (0,1/2),
is achievable. Then,

Ry < Y ouI(T;Yi|XP, Si, Sioqy = 1) + n(e)
peSn)
(106)
Ro+ Ry < Y auI(X7 17|80, Sy = 1) + ne)
peSn)
(107)

where «,, and #(¢) are defined in (9).
Proof: Let us first consider the sum-rate condition. Since,

(W~Y[n » St )
< Z (Y:|Sig) — H(Y:|W, Spa, Yoy, X2 T7))]
© Z (YS1) — H(Yal S, X0, TP)]

= ZI(Xf,Tt”;msm), (108)
t=1

where () can be shown in a similar way as (16), we have,

n

1
R+ Iy < 3 (XT3 YilS) + () (109)
t=1
and
I(X3 T3 Ya|Sy) =
n Z ap (X}, T Ye| St Se—ay = p).-
pest—1
(110)

Substituting the above into (109) yields (107).
Let us now consider encoder 5. With Fano’s inequality and
standard steps, we obtain

1

1
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Following similar reasonings as in (99) we obtain

I(VVI} 5f[n]7 S[n])
SI(VV(,. Yv[nh S[n] |I/Va7 S[(:q])

= [HO0S1 Yoo )
t=1

—HY4|S1, Yie 1, Wa, W, Sflﬁ})]

3

=" [HS0 Yie . W Sy, X))

t=

—_

~H (YIS} Yoo, W, W, S, Xo)]

<> [HW|Sy, X7)

t=1

<
2

VS0 Yie 11 W, Wo, Sty Xfopo T)]

<
3

—
o2l
R

[H(Y,|Sy, X{) — H(Y:|Sp, Xi, 17)]

t=1

=
3

I(T}; Y| X}, Spy) (112)

1

o
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where () is valid since

43 a b
Pms[f],y[t_”,wsa X¢ ,Tf’(yt|s[t]ay[tfl]7w~,5[n]am[n]att)

()7 [n]
= E P)Q\St,Sf,X;‘,T,f’(yt

sf ESy

b _a 4b
S, 8y, LE, L))

b a a b
],X[‘;] o (St S Yie-11, W, Bn)> Ln): tt)

§ PY}\St,Sf,Xt’",Tt" (yt

s?ES;,

PS?IS[,,],YU,H,w,S[‘;

b a b b
Stvst'/xrt]?tt)'PSf\St(st 5t)

= Py;\st,Xg,Tf(?Jt|3t~,$?:tlt)) (113)

where the first equality is due to (3) and the second equality is

due to (1) and (2). Following (16), we can directly verify (106).

]

We now need to show that the joint conditional distribution

Pxa 1t ;5,150 (7% t* .5, s|n) factorizes as in (46). Let first
e go(@*.1°) := Pxu o5, (2, #°|p) and observe that

. b
ng,Tf,y;,St\s[,,l] (%, 87, y, s|p)

= Z P13|X;L,X}7,st(?/\ma»tb(sg)v‘)’)

s?ESb
b a 4b
Psts, (st181)Ps,($)Pxa 15, _, (%, 87 |1)
a 4b a 4b
= Wi,(,,yTb (x®,¢ )Pgt(S)P)ﬂxg,TthSt(yLlr AN)
(114)

where the equalities are verified by (3), by (1), and by the fact
that (X¢, T?) is independent of S;. |

We can now complete the converse proof of Theorem 2.5.
With Lemma C.1 it is shown that any achievable rate pair can
be approximated by the convex combinations of rate conditions
which are indexed by g € S and satisfy (46) for joint
state-input-output distributions. Hence, any achievable pair
(R.,Ry) € E(U7T Rc(fr))
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APPENDIX D
PROOF OF C&g = Cus

Let us first show that C¥ C Cus. Recall that 7 € |T| =
|A|'S! and || < |X,||Xs]|S|+ 1. Hence, we have either |14| >
|T| or else. In the case where |If| < |7|, we note that /| is
limited to a finite set without loss of generality. Hence, we can
always take |U{| at least |7| such that it satisfies (56), (57), and
(58). Then, we can directly conclude that CEg C Cag since
PXb‘S’T(mb|s,t) = PXHS’T(ﬂib‘S,t,.’IIQ) = 1yub—y(s)} and this
is a special case of Pxs|r v g(2"|u, 2%, 5).

In order to prove the other direction, i.e.,Cags C Cgs , let Cf g
be the closure of all rate pairs (R, Ry ) satisfying

Ry < I(U;Y]X%)
Ry+ R, <I(U,X%Y)

(115)
(116)

for some joint measure on & X &, X &y x V x U having the
form

PY\X”,X",S(yL’Eav :Ebv ‘S)l{w”:m(s,w“,u)}PS(S)PX”,U(l‘a7 ’lt),
(117)

for somem : U x X, x S — A, where |U| < |S|| X, ||As] + 1,
and we first show that C4g = C ]_,'f <, and following this, we show
that CE C C&s.

Lemma D.1: CAS = CES N

Proof: tis obvious that C f s € Cas and hence, we need to
show that C45 C Cg. Let p‘\’b’Xn"U_ys(fll/'b7 2", u, s) be a joint
distribution in the form of (58), i.e.,

Pybyxnﬂs(:lrb,:lr"’, u,§) = PXHX“’U-’S(:L'I’LL'“, U, $)
X Ps(8)Pye y(z*, u). (118)

Let A denote a |X,||U||S|-by-|Xs| matrix where A; 3 =
Pxvixaus(ili kD), 1 < i < &L 1 < j < |&,
1 <k <|U|,and1 <1< |S|. Hence, Aisa|X,|[U||S|-by-|As]|
row stochastic matrix, ie., A;jx; > 0, Vi, j, k0 and
S A s =1 V4, k. L. Let A denote a | X, ||U4||S|-by-| %, |
binary stochastic matrix, that is a matrix with each row has
exactly one nonzero element, which is 1. Observe now that any
row stochastic matrix can be written as a convex combination
of binary stochastic matrices (e.g., see [39, Lemma 5] and [40,
Proposition IV.1]). Therefore, we have

(119)

k k
A=3"0A9 S n=1,
i=1 =1

where A is a binary stochastic matrix and by [39, Lemma 5],
ke < (|1 X [1U]|S]).

Let, for the joint distribution Py Xa U, s(ab, 2% u, ),
Ry <I(U;Y|X")g, (120)
Ro + Ry <I(U, XY )5 (121)

Hence, (R,, R;) € Cas. Now, observe that for a fixed distri-
bution Px« r(¢* u), both I(U,X*Y) and I(U;Y|X*)



7068

are convex in Py x.py(ylz®,u) and hence, convex in
Pxoixa s(-|z%, u, 5). This and (119) imply that
k

I(U;Y]X 5 < > NI(U;Y X ) 500, (122)
=1
k

U X%Y)3 <Y MU X%Y) 0, (123)
=1

where I(U; Y| X )z and I(U, X*;Y)y») denote the mutual
information terms induced by A,
Now, let (12., i), 1 < i < k, be such that

Ri
Ry + R,

SHUY[X")p00
<HU, X% Y )40,

and hence, (R., ki) € Chs, 1 < 4 < k. Let (le.,Rg) =
S Mi(R,Ri). Since a convex combination of achievable
rates is also achievable, so (Rf,R}) € C%s. This obser-
vation and inequalities (120)—(123) complete the claim that
(Ra,Rb) ECES. |
Up to now, we have shown that C¥; C Cag and Chy =

Cas. In order to prove that CFS = (g, it remains to show
that C5¢ C CY,. Note that C¥¢ still depends on Pxe r7(2%, u)
in Wthh || can be larger than |7|. Hence, in the next lemma
we basically show that for every Px. (2%, u), there exists a
Fpe (1%, 71) which induces the same rate constraints as induced
by Px(a '( ?l)

Lemma D.2: CEy Ccly:

Proof: Fix a distribution PY Xo XU S(u,
isfying (117), i.e.,

2%, u, s) sat-

Py xo xo 050,27, w u,s) = P;i|XavX,,’S(y|:lr"’,:L'b, )

1{mb:m(s,m“,u,)}PS(S)P;(‘I,U("I;Q% 71’)' (124)

Observe that for every m satisfying z¥ = m(u, %, 5), one can
define

2 = m(u, 2%, s) = m(z?, u)(s), m(z®u) €T, (125)

where 7 is the set of all mappings from & to A%. Now, let
(Y IX 0y e LU XS Y )y )

be the mutual information pair induced by Py y.
We have

U(yv :L'a7 u)'

U, X*Y)p: P o p(yasw)
= Z Z Z Py o gy, 2% u)
ueU yeY av ek,

) PYUXa(JaU z")
P)*,( )PU,Xﬂ(u‘,(L )
Z Z Z Z PY,X”,U,T(?/v-Ta
teT ueld yey zoekX,
) Py U.X (U u, %)
P)*,( )Pfj yo(u, 2)

Z Z Py xe vy, 2%, u,t)
U yeY el
Py xer(y,uzt. 1)
P)*,( W) xo r(u, x4, 1)

log

su, t)

log

LZ
€T u

log
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(g) Z z Z Z P)x;TXa7[,r7T(y

teT u€l y€Y w2 € X,
PS*/|X¢17T( |z, 1) Py, Txa(u,t,:r“)
P{i(y)PU_’T_’X”,(u,t,.L )
= Z Z Z Z Py xo pr(y, 2% u, )
teT weld yey =o€ X,
i PY X T(Ua‘L 1)
PS*/( )Py, T('L 1)

=22 Z Py xe r(y,7,1)
€T yeYarelX
PY7XQ7T(J,:[:‘1,t)

log — -
Py(y)Pa o(a®,t)
= [(T,Xu;Y)p;

y ' u, t)

log

log

(126)

va o (yae.t)

* u) € T, ie., for each (z*, u)
u) = 1,

where (7) is valid since m(x
there exists only one ¢ € 7 such that Prjx« i (t]z%,
(4d) is valid since

PS*,|XH :T:U(y|:L'“, t,u)

(#i1) - a . .
= ZPY\Xa,T,U,s(?/|$ 1w, 8)Ps(s)

sES
(iv)
2N Prixe rs(yle® 1 5)Ps(s)
sES
= Z B sixa r(Yssl2%, 1) = Pyxa o (yle", 1),
s€S

(127)

where (i4i) is valid since S and (X *, T, U) are independent and
(év) is valid due to (3). Similarly, we have
H(U:Y|X%)p

v g (W)

_ Z Z Z Py o y(y, 2%, u)

uEU yeY x*€X,

log

hk.

Py 1 xa (9, ula?)
P;;|\a(y|~L ) (J|\a( |J’u)

Py xo v (y, 2% u)
.

P)*’U\ (y,u, )
log —; "
Py|\a(J|~T VP U.Xe o(u, )

US55 S Bl

teT ucUd ye)y z*eX,

Py xa p(y, w2, 1)

log — :

Py o Wl ) Py xo p(u. 2%, 8)
(v3)
=222 > Pxeprlyatiud)

teT ucld yeY z € X,
P xa (ylt. 2" )Pl xo (u, T, %)
P)*’n (ylx ')PLQT:Xa(u,t, )

s 1)

= Z Z Z Z PY,X@,U,T(yaiL'a

teT weld yey x*eX,

log

Py rixa (g H?)

log
P1*f|Xn( | ) T|Xe (t|$a)
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= Z Z Z Py xo r(y, 2", 1)

teT yeY xeeX,

vrixe (Y Hz®)
Py o (0l P ()
= I(T;Y|X")p

log

(128)

v xa o (¥,771)

where (v) and (vi) follow from the same reasonings of (i) and
(#3), respectively. Let R, < I(U;Y|X%)p:

, , Y Y‘XQYU(;I/,.D“-,U,)
and Rb + Ra, < I(U,X ;Y)P;,X”/,U(y"[nfu) Wthh

imply (R,,R;) € C%g. Observe now that for a dis-
tribution in the form of Pi*/:Xa’T(z/,.I:“,t), one can de-

fine #x.r(z*t) = Yo p(7,t). Therefore, since

Cly = E(UWR’C(fT)>, and due to (126) and (128),

(R, R}) € C%g, which completes the claim.
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