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A NOTE ON THE SEPARATION OF OPTIMAL QUANTIZATION
AND CONTROL POLICIES IN NETWORKED CONTROL*

SERDAR YUKSEL'

Abstract. For controlled R™-valued linear systems driven by Gaussian noise under quadratic
cost criteria, we revisit the problem of the structure of optimal quantization and control policies. In
a recent paper [I[EEE Trans. Automat. Control, 59 (2014), pp. 1612-1617] by the author, for fully
observed and partially observed systems, the global optimality of predictive encoders was established
under quadratic cost criteria. Furthermore, optimal control policies were shown to be linear in the
conditional estimate of the state, and a form of separation of estimation and control was established.
The present note does not introduce any new results or new conditions but clarifies that the results
have been mischaracterized in the recent paper [M. Rabi, C. Ramesh, and K. H. Johansson, SIAM
J. Control Optim., 54 (2016), pp. 662-689]. Since perhaps the arguments in [[EEE Trans. Automat.
Control, 59 (2014), pp. 1612-1617] were concise and this led to the confusion, its key result is
presented here with a more detailed proof.
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1. Introduction. Consider a linear quadratic Gaussian (LQG) setup, where a
sensor encodes its noisy information to a controller. Let x; € R™ and the evolution of
the system be given by the following:

(11) Ti41 = AfEt + But + We, Yy = CfEt —+ vy

Here, {wy, v:} is a mutually independent, zero-mean independent and identically dis-
tributed (i.i.d.) Gaussian noise sequence, u; is an R™-valued control action, y; € R?
is the observation variable, and A, B, C' are matrices of appropriate dimensions. We
assume that zg is a zero-mean Gaussian random variable. As in Figure 1.1, let there
be an encoder which has access to the observation variable y;, and which transmits
its information to a receiver/controller, over a discrete noiseless channel with finite
capacity.

Linear Systemv v Encoder Controller

e ]

Fic. 1.1. Joint LQG optimal design of coding and control.

DEFINITION 1.1. Let M = {1,2,..., M} with M = |M|. Let A be a (topological)
space. A quantizer Q(A; M) is a Borel measurable map from A to M.
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When the spaces A and M are clear from the context, we will denote the quantizer
simply by Q. Following [3], by Composite Quantization (Coding) Policy II1¢°™P  we
refer to a sequence of functions {Q{°™"((RP)!*1; M),t > 0} which are causal such
that the quantization output at time ¢, ¢;, under I1°°™? is generated by a function of
its local information, that is, a mapping measurable on the sigma-algebra generated
by Zf = {yjo,4} to a finite set M := {1,2,..., M}, which is the quantization output
alphabet for 0 < ¢t < T — 1. Here, we have the notation for ¢ > 1: yj ;-1 =
{ys,0 < s <t—1}. Let I, = (RP)**! be information spaces such that for all ¢ > 0,
the realizations satisfy Z¢ € I;. Thus, Q;°"" : I, — M. As elaborated on in [3],
we may express the policy II°°™? as a composition of a Quantization Policy II* and a
Quantizer. A quantization policy T is a sequence of functions {7}}, such that for each
t > 0, T} is a mapping from the information space I; to a space of quantizers Q;, to be
specified below. A quantizer is used, subsequently, to generate the quantizer output.
A quantizer will be generated based on the common information at the encoder and
the controller/receiver, and the quantizer will map the relevant private information
at the encoder to the quantization output (see [4] for similar reasoning).

Thus, with the information at the controller at time ¢ > 1 being Zf = {q[o,4} and
by writing Zf = {y/0,4), ¢[0,¢—1]}, We can express the composite quantization policy as

(1.2) i IY) = (TU(ZE ) I\ Ti-y).
Any composite quantization policy Q;°™? can be expressed in the form above;
i.e., there is no loss in the set of such policies, since for any Q;°""", one can define

T(ZE1)() = Q™ (5 i)

Thus, we let the encoder have policy 7 and under this policy generate quantizer
actions {Qq,t > 0}, Q; € Q; (hence, Q;(I; \ M*; M) is the quantizer used at time
t and the realization space of Zf \ Zf_; is quantized). Under action @, and given
the local information, the encoder generates qi as the quantization output at time
t. An admissible controller policy is a sequence of functions v = {v;} such that
ur = Y¢(qo,g), with ¢ : ML 5 R™ ¢+ > 0. We call such encoding and control
policies causal or admissible. The goal is the computation of

(13) HiCI()17f7‘Lp Ha}f J(Hcomp7 Ys T)7
where
1 T-1
e, 1) = AP S e+ i
t=0

Here, @ > 0 is a positive semi-definite matrix, R > 0 is a positive definite matrix,
and vg is the initial Gaussian measure on xg.

Recently, [2] proposed structural results on optimal encoders for the setup pro-
vided in the previous section. The authors in [2, section 4] provide a class of encoders
and establish a separation result similar to the one presented in [1]. While motivating
their optimality result, the authors of [2] state that the existing results in the field are
nonsatisfactory and that the arguments in [1] may not hold. In particular, they note
that they illustrate the insufficiency of the arguments offered in 12 papers, including
[1], for the optimality of separation and certainty equivalent control.

The goal of this note is to correct the criticism claimed in [2]: There is no new
result in this note, nor is there any additional new assumption; we will emphasize
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that the structural and separation results in [1] hold true as they were. The point of
this note is to present a record with regard to the results presented in [1], but also
to show that one does not need to impose any new conditions for the optimality of
predictive encoders: The results in [1] on separation and optimality are general with
regard to the optimality of predictive encoders without any a priori restrictions on
the encoders and the controllers.

We also use this opportunity to apply some minor corrections with regard to the
Riccati equation recursions in [1].

There is a large literature on jointly optimal quantization for the LQG problem
dating back to the early 1960s. Since evidently this problem has caused a large
amount of confusion and given the sensitivity surrounding the abundance of results in
this field (some of which are unfortunately inconsistent), and to present the findings
of the contribution in a proper context, we ask the reader to revisit the cautiously
written literature review in [1, pages 1612-1613].

In the following, we revisit the results in [1] and present an expanded proof for the
main separation result; in particular, we expand the dynamic programming argument
that was crucial in the proof of [1, Lemma 3.1].

2. Structural results on optimal codes for controlled Markov models.
Consider the fully observed system

(2.1) Tip1 = f@g, ug, wy), ye=x¢, t=0,1,...,

where the realizations satisfy xz; € X, u; € U, with X, U being complete, separable,
metric (that is, Polish) spaces (thus, including spaces such as R™ or a countable set).
Suppose that the goal is the minimization

T-1
(2.2) HicI01£LTJ inf EE)COmIJ,“/ [ c(zy, Ut):| ,
K t=0

over all quantization and control policies (II°°™?, ) with the random initial con-
dition z( having probability measure vy. Here, ¢(-,-) is a measurable function and
ug = Y(qpo,g)) for t > 0. Structural results on optimal quantization policies for such
controlled Markov sources have been studied in [5] in the context of finite control and
action spaces and in [6] for control over noisy channels and also for finite state-actions
space setting. The following theorems extend the finite state space analysis of [5]
to more general spaces. The proofs of the results below essentially follow from [3,
Theorems 2.4, 2.5] with additional minor modifications due to the presence of control
actions. The first one can be regarded as an extension of Witsenhausen’s structural
theorem [7], and the second one can be regarded as an extension of the results of
Walrand and Varaiya [4] (see also [8]). We note also that [3] addressed certain mea-
surability issues which arise in the uncountable (Polish) space setting (thus including
problems with real spaces as well as partially observed models) for the derivation of
structural results on optimal encoders. For proofs of the results below, we refer the
reader to [9, Theorem 10.3.6] and its proof.

THEOREM 2.1 (see [1], [9, Theorem 10.3.6]). For system (2.1), under the infor-
mation structure described in the previous section and the objective given in (2.2),
any composite quantization policy (with a given control policy) can be replaced, with-
out any loss in performance, by one which only uses x; and qy 1) at time t > 1
while keeping the control policy unaltered. This can be expressed as a quantization
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policy which only uses qjos—1] to generate a quantizer, where the quantizer uses x; to
generate the quantization output at time t.

Let P(X) denote the set of probability measures on B(X) (where B(X) denotes the
Borel o-field on X) under the topology of weak convergence, and define m; € P(X) to be
the regular conditional probability measure given by m;(-) = P(z¢ € -|qjo,4—1], Uo,t—1)-

THEOREM 2.2 (see [1], [9, Theorem 10.3.6]). For system (2.1), under the infor-
mation structure described in the previous section and the objective given in (2.2),
any composite quantization policy can be replaced, without any loss in performance,
by one which only uses the conditional probability measure 7y, the state x;, and the
time information t, at time t. This can be expressed as a quantization policy which
only uses {m,t} to generate a quantizer, where the quantizer uses x; to generate the
quantization outputl at time t.

One can also consider the partially observed setting; see [1], [9, section 10.3].
We next revisit the following construction in [10] on the set of quantizers.

DEFINITION 2.1. An M-cell quantizer Q on R™ is a (Borel) measurable mapping
Q:R"” - M, and Q denotes the collection of all M -cell quantizers on R™.

Each @ € Q is uniquely characterized by its quantization cells (or bins) B; = {x :
Q(z) =i}, ¢ = 1,..., M, which form a measurable partition of R™. As in [10], we
allow for the possibility that some of the cells of the quantizer are empty.

As discussed in [10], a quantizer @) with cells {Bj, ..., By} can be characterized
as a stochastic kernel @ from R” to {1,..., M} defined by

Qilr) = 1wepy, i=1,...,M.

Reference [10] endows the quantizers with a topology induced by such a stochastic
kernel interpretation. If P is a probability measure on R™ and @ is a stochastic kernel
from R™ to M, then P(Q denotes the resulting joint probability measure on R™ x M.
Consider the set of probability measures

©:={CePR"xM):(=PQ,Q e Q}

on R"™ x M having fixed input marginal P, equipped with weak topology. This is
the Borel measurable set of the extreme points of the set of probability measures on
R™ x M with a fixed input marginal P (see [11]). In view of this observation, and that
the class of quantization policies which admit the structure suggested in Theorem 2.2
is an important one, [10] defines

My = {Hcomp ={Q""", 31 : P(X) = Q, Q7" (1) = (Te(me)) (we) VIy,t > 0}}

to represent this class. Here, the input measure is time varying and is given by .

3. Fully observed LQG: Separation of estimation error and control.
Consider the LQG problem for the system given in (1.1) with the cost function given
in (1.3), but with a fully observed setup where y; = x;. By Theorem 2.2, an optimal
composite quantization policy will be within the class ITy,. In the following, we adopt
a dynamic programming approach and establish that the optimal controller is linear
in its estimate. This fact applies naturally to the terminal time stage control. That
this also applies to the previous time stages follows from dynamic programming, as
we observe in the following.
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First consider the terminal time ¢ = T — 1. For this time stage, to minimize
Elz,Qxy +uyRuy, the optimal control is up_1 = 0 almost surely. To obtain a solution
for t =T — 2, we look for a solution to

zg} .

By completing the squares, and using the orthogonality principle, we obtain that the
optimal control is linear and is given by

n}yinE 2y Qry + uyRuy + E[(Axy + Buy + wy)' Q(Axy + Buy + wy)|Zf, uy]

ur— = Lr_2Elrr _2|qp,r—2],

with Lr_o = —(R+ B'QB) " 'B’QA. For t < T — 2, to obtain the solutions, we will
first establish that the estimation errors are uncorrelated. Towards this end, define
for 1 <t < T —1 (recall that the control actions are determined by the quantizer
outputs) Zf = {qjo.¢], U[0,t—1]}, and note that

mt+1 = E[xt+1|Itc+1] = E[Al't + B’U/t + wt|ItC+1}.

c
t+1

Ifﬂ}

It then follows that

M1 = Elve|Zi,]| = F [wtﬂ — Elz41|Zy] + Elze41|Z7]

= E|:E[A5Et + B’U,t + wt\lﬂ + ($t+1 — E[.’Et+1|.’[tc}>

(31) = A’ﬁlf + B’U,t =+ <E[It+1|1tc+ﬂ — E[aﬁ_,.ﬂlf]) = Aﬁlt —+ But —+ ’lI)t,

with
Wy = Elwe1|Zi] — Elrea | Z7].

The variable w; is orthogonal to the control action variable u;, as control actions are
determined by the past quantizer outputs and iterated expectation leads to the result
that conditioned on Zf, w; is zero-mean, and is orthogonal to Z¢ (in the sense that
for any appropriate measurable bounded g, E[w;g(Zf)] = 0).

For going into earlier time stages, the dynamic programming recursion for lin-
ear systems driven by an uncorrelated noise process would normally apply, since the
estimate process m; is driven by an uncorrelated noise (though not necessarily an
independent) process w; = Elw41|Zf, 1] — E[r¢41|Zf]. However, this lack of indepen-
dence may be important, as elaborated on in [12]. Using the completion of the squares
method, we can establish that the optimal controller at any time will be linear in its
estimate, provided that the random variable w,Qw; is not affected by the control
policies {vx, k <t — 1} (that is, the changes in the control actions {u, k <t —1} do
not affect w;Qw;) under an optimal coding policy for all time stages t. A sufficient
condition for this is that the encoder is a predictive one (see [13], [12], and [14] for
related discussions), as is derived in the following analysis.

DEFINITION 3.1 (see [1, Definition 3.1]). A predictive quantizer policy is one
where for each time stage t, the quantization has the form that the quantizer at all
time stages subtracts the effect of the past control terms, that is, at time t it has the
form Qi(x¢ — ZZ_:B A*=F=1Buy), and the past control terms are added at the receiver.
Hence, the encoder quantizes a control-free process defined by

(3.2) Ty = AT+ wy,
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and the receiver generates the quantized estimate and adds ;;10 A== By, to com-
pute the estimate of the state at time t.

A predictive quantizer is depicted in Figure 3.1. One question which had not been
addressed in [15], [13], [12], [14], or [16] is whether restriction to this class of quantiza-
tion policies (given in Definition 3.1) is without loss. We have the following lemma,
which was the key result in [1] on the structure of optimal encoders, the optimality of
predictive quantizers, and the associated separation result.

t—1 pt—k—1 t—=1 pt—k—1
U Tt t
t > L o i» Ut

Linear System Quantizer Estimator Controller

Fic. 3.1. For the LQG problem, a predictive encoder is optimal.

LEMMA 3.1 (see [1, Lemma 3.1]). For problem (1.3), for any quantizer policy
in class Iy, (which is without any loss as a result of Theorem 2.2), there exists a
predictive quantizer in the sense of Definition 3.1 which attains the same performance
given an optimal control policy for problem (1.3).

Proof. We apply backwards induction and dynamic programming. For ¢t = T —
1, the optimal control is zero; therefore, the quantizer’s design does not affect the
expected cost. We therefore may use a predictive quantizer for t = T — 1 without
any loss. Now, for the time stage, t = T — 2, let fi(qjo—1]) := 2;10 AtF1 By,
If the policy considered is in Iy, the quantization policy is of the form Q:(Z; +
fe(gp,e—11), P(Z¢ + fi(qpo,e—1)) € “|qjo,4—17)). For this time stage, the optimal decoder
and controller uses a sufficient statistic to generate the optimal control policy, which
is Elx¢|qpo,g]. Observe that

B[z + fi(qo.—1)lq0.q] = ElZilgo.q] + fi(qoe-11) = ETelq0,e-1), @) + feqpo,e—1))-

The quantization output g; represents the bin information for x;. By shifting each of
the finitely many quantizer bins by f;(gjo,+—1]), a new quantizer which quantizes Z; (see
(3.2)) can generate the same bin information on Z; through ¢, that is, can encode the
event 1z, ¢,y for some bin B; almost surely. Hence, there is no information loss due to
the elimination of the past control actions. This new quantizer, by adding f;(qo,+—1))
to the receiver output, generates the same conditional estimate of the state as the
original quantizer. Thus, corresponding to a quantizer policy in Ily at time ¢, there
exists a quantizer of the form Qt(it, P(Zy € -[qpo,t—17)) with the following property:
The estimation error realization, and hence the estimation, is the same almost surely.
Furthermore, under such a predictive scheme (with Q, (%, P(Z; € 1q10,4-17)) fixed),
wr_9 does not depend on the control actions applied earlier; for a predictive quantizer,
the error only depends on the control-free process.

Here, we note that wr_o does not (functionally) depend on the control actions in
that if one changes the control policies {v;,0 < s < T —3}, Wr_3 is not affected. This
does not imply that wr_o is statistically independent from the past control actions;
however, this is not relevant for the analysis, as we demonstrate in the following.
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First, observe that through the law of iterated expectations, and the orthogonality
principle, we have

T-1
1 com
TEIIJ_{) Py |: Z Q’,‘;Qﬁﬂt + U;Rut:|
t=0
1 o T-1
(33) = TEIE) 7 [ Z(th - ﬁ%t)’Q(mt — rht) + ’fh;Qﬁ’Lt + uiRut} .
t=0

Now, once we have that the quantizer at time ¢t = T' — 2 is a predictive one, we can
write the cost for ¢ = T — 3 as follows: Through (3.1), with up_o = Ly_smp_o =
—(R+ B'QB)~'B’QAmr_s, the cost to go for a policy y7_3 would write as

(34) E {E {m’N_Q (Q + A'QA -~ AQB(R + B’QB)lB’QA) MN_2 ZN_g]
(3.5) +FE _wﬁv_gQwN_Q IN_?’}

(3.6) +E -(a:N,2 — 1N _2)' QTN o — TN _2) INS}

(3.7) +E -(;vN,l —mn_1)Q(xNy_1—MN_1) INS}

(3.8) +2E {(IN_Q —1n_2) AQBun_» IN_BH.

The last term (3.8) is zero since (zp_o — myp_2) is orthogonal to ur_o. By the use
of the predictive quantizer, the terms (3.6) and (3.7) do not depend on the control
policy at time T — 3. Note that

Wy = Elre1|Tiv1] — Elve|Ze] = (2641 — Elrea|Zesa]) — (2001 — Eloe|Ti])
= (I’t+1 — E[mt+1\l’t+1]) — (Axt + But + we — E[Al’t + But —+ wt\l}])
= (141 — Elei1|Ti]) — (Aze + wy — E[Azy + wy|1y))
= (#t41 — Elvei1|Tesa]) — (Aze — E[Ax|Ti]) + wy),
and this term does not depend on the past applied control policies. Thus, (3.5) is not

affected by the control policy at time T — 3. Hence, these terms can be taken out
from the optimization so that the cost to go that is relevant for optimization is

7|

E [E {m’T_Q (Q + AQA— AQB(R + B'QB)lB’QA) s

To obtain a solution for ¢t =T — 3, we then look for a solution to

glin E |:(1}{113Q$T_3 + uép73RuT_3)
T3

+E [m’TQ (Q + AQA - AQB(R + B’QB)‘lB’QA> Fr—s

I7_3, UTS]

I%S:| .
As in (3.3), writing Efa/,_;Qxr_3] as

E [(xT—s —mr_g +mr_3) Q(xr_3 — mr_3 + mT—3)] ;
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and noting the orthogonality of z7_3—mr_3 and mr_3, the estimation cost E[(zp_3—
mr_3)' Q(xr_3 —mp—_3)| can be left out from the optimization, and the cost relevant
for the control policy at time T — 3 is

min F [E [(771’7«_3Q771T—3 + up_gRup_3)

YT -3

+E [m’Tz (Q +AQA— AQB(R + B’QB)‘lB’QA) o

C
IT73> UTS]

Now, using (3.1), by completing the squares, and using the orthogonality principle
with up_3 being orthogonal to wr_3, we obtain that the optimal control is linear and
is given by ur_s = Ly_smp_3 with Ly_3 = 7(R + B,KT_QB)ilB/KT_QA, where
Kp_5 satisfies the recursion Ky = A} Ky 1Ay — P + Q, with P, = AjK;1B(R +
B/Kt+1B)_lBIKt+1A and Kt = Pr_1 =0.

An optimal controller at time ¢t = T — 3 will then use m7_3 as a sufficient statistic
(note that the optimal controls for ¢ = T'—1 and ¢ = T'— 2 have been derived earlier).
To design the quantizer at T'— 3, by reasoning similar to that above for t = T'—1 and
T — 2, a predictive quantizer can be used so that wy, k > T — 3, is independent of the
control policies {v;,s < T —3} (and thus does not functionally depend on the control
actions) applied earlier. This inductively leads to the optimality of linear policies and
the optimality of predictive quantizers for all ¢ > 0. 0

We have also thus established above that the optimal control is linear for all time
stages, by the proof of Lemma 3.1.

Remark 3.1. We note that the structure in Definition 3.1 separates the estimation
from the control process in the sense that the estimation errors do not depend on the
control policies. Hence, there is no dual effect of the control policies in the sense that
the estimation error at any given time does not depend on past-applied control policies
(or is not affected by past-applied actions).

Remark 3.2. For the proof presented, it was essential to show first that the coding
policies adopted can be taken to be in class IIy,. Indeed, in the absence of such a
restriction (which we showed to be without any loss), a counterexample presented in
[2, Example 3] utilizing a coding policy which does not belong to Iy reveals that the
aforementioned separation result does not hold.

We have the following (see also [12], which establishes a more restrictive structure
than that given in Definition 3.1 for a similar result).

THEOREM 3.1. For the minimization problem (1.3), with the new effective state
dynamics in (3.1), an optimal control policy is given by uy = LiE[x¢|qo 4], where Ly =
—(R+B'K;41B)"'B'K, 1 A, where K, satisfies the recursions K; = A} K1 A;— P+
Q with Pt = AéKt+1B(R + BIKt+1B)_1B/Kt+1A and KT = PTfl =0.

With the cost written as (3.3) and with the preceding analysis, we obtain for
t > 0 the unnormalized value function for any time stage ¢ as

T—-1
I(E) = Bl Kl 71+ Y ( Bllan— Blan 1) Qan~ Blan T+ Elai Ko ).
k=t

with J(II°"™P ~, T) = £.Jo(Z§). To obtain a more explicit expression for the value
function J;, we have the following analysis. Given a positive definite matrix A, define
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an inner-product as (z1, z2)4 = 2]Az2 and the norm generated by this inner-product
as ||z]|a = V2’Az. We now note the following;:

E [\IE[xt+1lIf+1] - E[wmlff]lli] — B [||(E[$t+1|1tc+1] ) + (@ — Bl | TR

—E [H(E[wm\zfﬂ] )B4 (e — E[xmlff])l\i}
F2E[((Elzt41|Zi] — zea1), (Ter1 — Elze1|Z]))al-

Note that
B[((Blocn Tl = 1), (avsr = BlowalZED) |

=E { —(Blze|Tiga] = zem), (Blzen [TE])a + (Blzea [ Tiga] — @e), (ze41))a
(3.9)= E[(Elren|Zi] — wenr), (@er1))a] = —Elll(Blea |Tin] — zes)IR]

where (3.9) follows from the orthogonality property of minimum mean-square estima-
tion and that E[x;;1|Z{] is measurable on o(Zf, ), the sigma-field generated by Z¢, ;.
Therefore, we have

E[|<E[xt+1|15+l] Bl T,
- [($t+1 = Bleen|Ten)) Kep) (@ — Elwea T, )
+E((zt — B[z | 7)) (A’ K1 A) (2 — Bl ZF])] + E[w' Ky yaw]| .-

After some algebra, for ¢ < T — 1, the optimal cost can be written as

J(I7) = Elm; Keiu|Z7] + El(ze — i) (Q + A'Ke1 A) (ze — )]
(3.10) + > El(wx — i) (Q+ A' K1 A — Ki)(we — )] + Y E[wj, Kyy1wy).

k=t+1 k=t

In particular, it follows that the quantization problem can be separated from the
control problem. Once this separation result is established, [1] then studies the exis-
tence problem for the optimal quantization policies (building on [17]) and the exten-
sions to the partially observed setups.

4. Conclusion. In this brief note, a clarification on some technical concerns pre-
sented in [2] questioning the separation results in [1] is presented. We have expanded
the original proof of [1, Lemma 3.1] with no new assumptions. Thus, the joint op-
timization problem of encoding and control policies for networked Linear Quadratic
Gaussian systems with a discrete noiseless channel is studied, the global optimality
of predictive encoders established in [1] is revisited, and it is shown that a form of
separation of estimation and control applies. These results further refine the existing
structural and separation results in [18, 19, 20, 15, 21, 14, 12, 13, 16].
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