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OPTIMAL POLICIES FOR CONVEX SYMMETRIC STOCHASTIC
DYNAMIC TEAMS AND THEIR MEAN-FIELD LIMIT*
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Abstract. This paper studies convex stochastic dynamic team problems with finite and infinite
time horizons under decentralized information structures. First, we introduce two notions called
exchangeable teams and symmetric information structures. We show that in convex exchangeable
team problems an optimal policy exhibits a symmetry structure. We give a characterization for such
symmetrically optimal teams for a general class of convex dynamic team problems under a mild
conditional independence condition. In addition, through concentration of measure arguments, we
establish the convergence of optimal policies for teams with N decision makers to the corresponding
optimal policies for symmetric mean-field teams with infinitely many decision makers. As a by-
product, we present an existence result for convex mean-field teams, where the main contribution
of our paper is with respect to the information structure in the system when compared with the
related results in the literature that have assumed either a classical information structure or a static
information structure. We also apply these results to the important special case of linear quadratic
Gaussian (LQG) team problems, where while for partially nested LQG team problems with finite time
horizons it is known that the optimal policies are linear, for infinite horizon problems the linearity
of optimal policies has not been established in full generality. We also study average cost finite and
infinite horizon dynamic team problems with a symmetric partially nested information structure and
obtain globally optimal solutions where we establish linearity of optimal policies.
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1. Introduction and literature review. Team problems consist of a collec-
tion of decision makers (DMs) or agents acting together to optimize a common cost
function, but not necessarily sharing all the available information. The term stochastic
teams refers to the class of team problems where there exist randomness in the initial
states, observations, cost realizations, or the evolution of the dynamics. At each time
stage, each agent only has partial access to the global information which is defined
by the information structure of the problem [45]. If there is a predefined order in
which the DMs act, then the team is called a sequential team. For sequential teams,
if each agent’s information depends only on primitive random variables, the team is
static. If at least one agent’s information is affected by an action of another agent,
the team is said to be dynamic. Information structures can be further categorized
as classical, partially nested, or nonclassical. An information structure is classical if
the information of decision maker i (DM?) contains all of the information available to
DM? for k < i. An information structure is partially nested if whenever the action of
DM, for some k < i, affects the information of DM?, then the information of DM?
contains the information of DM*. An information structure which is not partially
nested is nonclassical. A detailed review is presented in [49].

Obtaining structural results in team problems is important toward establishing
both existence and computational/approximation methods for optimal policies. In
this paper, we define the notion of exchangeable teams and symmetric information
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structures, and we show that, for convex exchangeable dynamic teams with finite hori-
zons, optimal policies exhibit a symmetry structure (Theorem 2.7). For any number
of DMs, this symmetry structure is more relaxed when compared with the symmetry
results developed earlier, e.g., in [38, 36], which focused on problems under a static
information structure, and is applicable for dynamic teams which may not admit a
static reduction, as long as convexity in policies holds for the team problem.

There have been many studies involving decentralized stochastic control with in-
finitely many DMs. In particular, when the coupling among the DMs is only through
some aggregate/average effect, such problems can be viewed within the umbrella of
mean-field games [26, 21], which were introduced as a limit model for noncooperative
symmetric N-player differential games with a mean-field interaction as N — oco. The
solution concept in game theory is often Nash equilibrium, and often under various
characterizations of it in dynamic Bayesian setups. In the context of decentralized
stochastic control or teams, these would correspond to person-by-person optimal so-
lutions, and hence not necessarily globally optimal solutions.

Nonetheless, on the existence as well as uniqueness and nonuniqueness results on
equilibria, there have been several studies for mean-field games [26, 5, 14, 28, 22, 7, 17].
There have also been several studies for mean-field games where the limits of sequences
of Nash equilibria have been investigated as the number of DMs N — oo (see, e.g.,
[15, 25, 6, 26, 4]). We refer interested readers to [13, 11] for a literature review and a
detailed summary of some recent results on mean-field games.

Some notable relevant studies from the mean-field literature are the following. In
[15], through a concentration of measures argument, it has been shown that sequences
of ex- local (for each player) Nash equilibria for N player games converge to a solution
for the mean-field game under exchangeability of the initial states and weak conver-
gence of normalized occupational measures to a deterministic measure [15, Theorem
5.1]. In [23], assumptions on equilibrium policies of the large population mean-field
symmetric stochastic differential games have been presented to allow the convergence
of asymmetric approximate Nash equilibria to a weak solution of the mean-field game
[23, Theorem 2.6].

However, in these studies the information structures are restricted to the follow-
ing models. In [15] the information structure is assumed to be static since strategies
of each player are assumed to be adapted to the filtration generated by his/her initial
states and Wiener process (also called distributed open-loop controllers in the mean-
field games literature [23, 14, 13]); see Remark 2 for details of this discussion. Con-
vergence of Nash equilibria induced by closed-loop controllers to a weak semi-Markov
mean-field equilibrium has been established in [25] for finite horizon mean-field game
problems, where the classical information structure (i.e., what would be a central-
ized problem in the team theoretic setup) has been considered. For infinite horizon
problems, in [12], an example of ergodic differential games with mean-field coupling
has been constructed such that limits of sequences of expected costs induced by sym-
metric Nash-equilibrium policies of N-player games capture expected costs induced
by many more Nash-equilibrium policies including a mean-field equilibrium and so-
cial optima. In [25], the classical information structure (a centralized problem) has
been considered, where in [12] it has been assumed that players have access to all the
history of states of all players but not controls (we note that in the team problem
setup through using a classical result of Blackwell [9] in the case where each DM
knows all the history of states of all DMs, optimal policies can be realized as one in
the centralized problem where just the global state is a sufficient statistic). More-
over, under relaxed regularity conditions on dynamics and the cost function, a limit
theory has been established for controlled McKean—Vlasov dynamics [24] under the
classical information structure, where through a similar analysis as in [15, 23], it has
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been shown that the empirical measure of pairs of states and ex-open-loop optimal
controls converges weakly as N — oo to limit points in the set of pairs of states and
optimal controls of the McKean—Vlasov problem.

The above highlights the intricacies due to the information structure aspects:
different from the studies above, we consider information structures that are not
necessarily static or classical. Also, in this paper, we work with global optimality and
not only mean-field equilibria and we show the existence of a globally optimal policy
for mean-field team problems. On the other hand, in our paper since we work under
the convexity assumption, the information structure does not allow for the mean-field
coupling in the dynamics. We also note that in prior work [38], we studied static teams
where under convexity and more restrictive symmetry conditions, global optimality
of a limit policy of a sequence of N-DM optimal policies has been established.

In the context of stochastic teams with countably infinite number of DMs, the
gap between person-by-person optimality (Nash equilibrium in the game-theoretic
context) and global team optimality is significant since a perturbation of finitely
many policies fails to deviate the value of the expected cost, thus person-by-person
optimality is a weak condition for such a setup, and hence the results presented in
the aforementioned papers may be inconclusive regarding global optimality of the
limit equilibrium. For teams and social optima control problems, the analysis has
primarily focused on the linear quadratic gaussian (LQG) model or Markov chains
where the centralized performance has been shown to be achieved asymptotically by
decentralized controllers (see, e.g., [20, 2, 3]).

We also obtain existence results on optimal policies for the setups considered.
Compared to the results on the existence of a globally optimal policy in team problems
where (finite) N-DM team problems have been considered [47, 16, 50, 34|, we study
convex team problems with countably infinite number of DMs.

Parts of our results in this paper correspond to LQG teams. In [18], it has been
shown that for teams with finite number of DMs, dynamic teams with a partially
nested information structure can be reduced to a static one [18, 46] where Radner’s
theorem concludes global optimality of linear policies for LQG team problems [31].
However, for average cost infinite horizon, partially nested, LQG dynamic team prob-
lems so far there has been no universal result establishing that a globally optimal
policy is linear, time-invariant, and stabilizing, and this has been often imposed a
priori. In [33], the problem of designing a linear, time-invariant, stabilizing, state
feedback optimal policy for decentralized Ho-optimization problems, which satisfy the
quadratic invariance property, has been addressed by reparametrizing the problem as
a convex problem (via Youla parameterization). In [32], it has been shown that for
sequential team problems involving linear systems, quadratic invariance and the par-
tially nested property are equivalent. For a class of partially ordered systems, state
space techniques have been utilized to obtain optimal, linear, time-invariant, state
feedback controllers for Ho-optimization problems with sparsity constraints [41]. A
similar result has been established in [42] where linearity and time invariance have
been imposed a priori. In [27], Ho-optimization output feedback problems with two
players have been considered and optimality results have been established when the
optimal policies are restricted to linear, time-invariant, stabilizing policies. However,
the results in [27, 33, 41, 42] are inconclusive regarding global optimality. Our con-
tribution here is to consider average cost infinite horizon dynamic team problems
without restricting the set of policies to those that are linear, time-invariant, and
stabilizing, unlike the results in [27, 33, 41, 42]. We note again that the optimality of
linear policies for infinite horizon LQG problems is an open problem in its generality
and we provide positive results for a class of such problems.
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Contributions. In view of the discussion above, our paper makes the following
contributions.

(i) We define a notion of exchangeable teams and symmetric information struc-
tures, and we show that, for convex exchangeable dynamic teams with finite
horizons, optimal policies exhibit a symmetry structure (Theorem 2.7). For
any number of DMs, this symmetry structure is more relaxed when compared
with the symmetry results developed in [38, 36] and is applicable for dynamic
teams which may not admit a static reduction, as long as convexity in policies
holds for the team problem.

(ii) For convex mean-field teams with a symmetric information structure, through
concentration of measure arguments, we establish the convergence of optimal
policies for mean-field teams with N DMs to the corresponding optimal poli-
cies for mean-field teams (see Theorem 3.2).

(ili) We establish an existence result for the class of convex mean-field teams
with a symmetric information structure (see Theorem 3.4) for finite horizon
problems, where, as noted in the literature review, related results assumed
more restrictive information structures which are either static or classical.

(iv) We also apply our results to LQG dynamic teams for finite horizon problems
(see section 4). For LQG dynamic teams with a symmetric partially nested
information pattern, we obtain an optimal policy for finite horizon problems
(see section 4.1). We also apply convex mean-field results to LQG mean-field
teams with a symmetric partially nested information structure (see section
4.1) and obtain a globally optimal policy. Building on the result above, we
also obtain a globally optimal policy for average cost LQG team problems.

The organization of the paper is as follows. We study convex exchangeable dy-
namic teams with finite horizons in section 2, and we study mean-field teams in section
3. We obtain globally optimal solutions for finite horizon problems with a symmetric
partially nested information structure and LQG mean-field teams in section 4.1, and
we discuss average cost LQG team problems with a symmetric information structure
in section 4.2, respectively.

Notation. R and N denote the set of real numbers and natural numbers, respec-
tively. We denote trace of a matrix A as Tr(A). We denote AT as the transpose of a
matrix A and A to show the dependence of a matrix A to T € N. For any random
variables 21V := (21,...,2), we define z7% := (21,..., 271 24T L 2N) and M,
denotes the space of r X ¢ matrices.

1.1. Preliminaries. In this section, we introduce Witsenhausen’s intrinsic
model for sequential teams [45] (we generalize this definition to infinite number of
DMs). Consider sequential systems and assume the action and measurement spaces
are standard Borel spaces, that is, Borel subsets of complete, separable, and metric
spaces. The intrinsic model for sequential teams is defined as follows.

e There exists a collection of measurable spaces {(Q,F), (U*,U?), (Y, V)i €
N}, specifying the system’s distinguishable events, and control and measure-
ment spaces. The set A denotes the collection of DMs. The set N can be a
finite set {1,2,..., N} or a countable set N. The pair (€2, F) is a measurable
space (on which an underlying probability may be defined). The pair (U?,14?)
denotes the Borel space from which the action u® of DM? is selected. The
pair (Y, V%) denotes the Borel observation/measurement space.

e There is a measurement constraint to establish the connection between the
observation variables and the system’s distinguishable events. The Y’-valued
observation variables are given by y* = h*(w, u'"~1), where u'*~! = {u* k <
i — 1} and h's are measurable functions.
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e The set of admissible control laws v = {7 };cr, also called designs or policies,
are measurable control functions, so that u’ = v*(y*). Let I'* denote the set
of all admissible policies for DM and let T' = [T, T

e There is a probability measure P on (2, F) describing the probability space
on which the system is defined.

Under the intrinsic model, every DM acts separately. However, depending on the
information structure, it may be convenient to consider a collection of DMs as a single
DM acting at different time instances. In fact, in the classical stochastic control, this
is the standard approach.

2. Finite horizon convex dynamic team problems with a symmetric
information structure. In this section, we characterize symmetry in dynamic team
problems. According to the discussion above, by considering a collection of DMs as
a single DM (i = 1,..., N) acting at different time instances (¢t = 0,...,T — 1), we
define a team problem with (NT)-DMs as a team with N-DMs:

(i) Let the observation and action spaces be Borel subsets of R™ for a positive
integer n and be identical for each DM (i = 1,...,N) with Y; :=Y = H;T:_Ol Y,
U;:=U= Hz:ol U?, respectively. The sets of all admissible policies are denoted by
I'= Hf\; I = Hi\; HtT:_o1 .

(i) For i = 1,...,N, yi = hi(ad™, &N, uliN |) represents the observation of
DM’ at time t (his are Borel measurable functions).

(iii) Let (QLN) = (gl,...,gN) where g = (2}, l.p_,) denotes all the uncer-
tainty associated with DM? including his/her initial states. We assume that (%)
takes values in Q¢ (where at each time instance t, it takes value in §¢,). Let p denote
the law of §1:N.

(iv) Define the expected cost function of ll:N as Jr (ll’N) = FEY

for some Borel measurable cost function c : H?;(QC x U) — Ry, where 'V =

e )

(11,12,...,11\’) and li =~y qfori=1,...,N.
Now, we present the definition of symmetric information structures (note that
symmetric information structures can be classical, partially nested, or nonclassical).

- DEFINITION 2.1. Let the information of DM acting at time t be described as I =
{yt}. The information structure of a sequential N-DM team problem is symmetric if
(i) yi = he(xh, 2", Chpy Cots Ubp—15 Ugny—1) where hy is identical for all i = 1,...,N
(note that function’s arguments depend on ).

We note that the above definition can be generalized to be applicable for teams
with countably infinite DMs and infinite horizon problems.

The symmetric information structure can also be interpreted and defined as a
graph, which has often been the common method to describe information structures in
control theory, relating DMs and their information through directed edges. Consider
G(V,u) as a directed graph with V' = {1,...,NT} nodes and where 4 C V x V
determines the directed edges between nodes; this represents the dependency notation
in the information of nodes, i.e., (i, j) denotes a directed edge from i to j, i — j, which
means u’ affects y’ through the relation 3/ = h’(w,u'?~1) defined in the intrinsic
model (see section 1.1). We denote by | j the set of nodes ¢ such that i — j (ancestors),
and || j:={] j} U{j}. Similarly, we can define descendants by 1 j. We can define
a collection of DMs as a single DM (i = 1,..., N) acting at different time instances
(t=0,...,T —1) on a graph with a symmetric information structure (two examples
are shown in Figures 2.1 and 2.2). Assume as follows:

(i) There exists a node {i} (root node), wg. Each subgraph represents a single
DM acting at time instances t = 0,...,7 — 1, and there exists a finite number of sub-
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F1G. 2.1. A tree structure of a symmetric dynamic team.

@ D-@-

@§@

Fic. 2.2. An example of a graph structure of a symmetric dynamic team.

graphs G, (V, 1) such that UL, GpU{i} = G, where Gys are isomorphic (see, e.g., [43])
forallp =1,...,N, ie., for every node with directed edges in each subgraph there
exists a unique node with identical directed edges in the corresponding subgraphs,
where V = {0,..., T =1}, and G’; refers to a node k in G, for allp =1,..., N and
k=0,....,T -1,

(ii) Sharing of the information is symmetric across subgraphs, i.e., for p,s =
1,...,N,and k,j =0,...,T—1, and for every edge from a node G’; to anode GJ, there

exists an edge from a node G} to nodes G’ , where G, denotes (G1, . . ., Gy 1, Gy
.., G%), and also there exist edges from nodes G’ip to a node G’g.

Now, we present an exchangeability hypothesis on the cost function. First, we
recall the definition of an exchangeable finite set of random variables.

DEFINITION 2.2. Random variables (x', 22, ..., 2™V) defined on a common proba-

bility space are exchangeable if for any permutation o of the set {1,..., N} (a mapping
o:{l,...,N} = {1,...,N}),

P((a?)' e A' (a2 e A2, (a”)N e AN) =P (a' € A", 2% € A%, 2" € AV)
for any measurable {A',... AN} and (z°)" := 2" for alli € {1,...,N}.
Assumption 2.1. For any permutation o of the set {1,..., N}, we have for all wy

(2.1) c (w07 (gy)lzN7 (QU)I:N) — (wo, Cl:N7g1:N) 7

where (¢°)'V 1= (<@, ¢"™) and (7)™ = (@), w7 ™),

Here, we recall some definitions and results from [50, section 3.3] on convexity of
static and dynamic team problems required to follow the result in this paper.

DEFINITION 2.3 ([50, section 3.3]). An N-DM team problem (static or dynamic)
is convex in policies if for any two team policies Z;N and leN in the set {Z;N el:

JT(X; < oo}, and for any a € (0,1), we have
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Jr (O[l;N +(1- oz)j;jN) < aJp (1;1\/) (1= a)Jy (j;N) .

The above definition can also be applied to infinite horizon and/or teams with
countably infinite number of DMs. We recall sufficient conditions for convexity of
static and dynamic team problems following [50, section 3.3].

THEOREM 2.4 ([50, section 3.3]). Consider a sequential team problem, and as-
sume action spaces are convezx, and the expected cost function is finite for all admissi-
ble policies v € T' (or alternatively, restrict the set to those leading to the finite cost).
Then B

(i) for static team problems convexity of the cost function in actions is sufficient
for convezxity of the team problem in policies;

(ii) for dynamic team problems with a static reduction, convexity of the team
problem in policies is equivalent to the convexity of its static reduction;

(iii) in particular, for partially nested dynamic teams with a static reduction (more
generally, for stochastically partially nested team problems [50, section 3.3]) if the
cost function is convex in actions, then the reduced team problem with an equivalent
information structure (via control sharing according to the partial nested information
structure) is convex on T.

The conditions above, however, are only sufficient conditions [50, Example 1].
We note, however, that as a corollary for (ii) above, for the LQG setup, under partial
nestedness, convexity in policies holds as a consequence of Radner’s theorem; we will
study this case in section 4. On the other hand, not all LQG problems are convex:
the celebrated counterexample of Witsenhausen [44] demonstrates that under non-
classical information structures, even LQG problems may not be convex and optimal
policies may not be linear.

2.1. Optimality of symmetric policies for convex dynamic teams with
a symmetric information structure. In the following, we define notions of ex-
changeable and symmetrically optimal teams analogous to [38, 36] for dynamic teams.

DEFINITION 2.5 (exchangeable teams). An N-DM team is exchangeable if the
value of the expected cost function is invariant under every permutation of policies of

DMs, i.e., JT('le,12T, e 71¥) = JT((lg)l, ce (l;)N)

DEFINITION 2.6 (symmetrically optimal teams). A team is symmetrically opti-
mal if for every given policy .. = (1;, e ,lg), there exists an identically symmetric
policy (i.e., each DM has the same policy, Vp = (j;, . ,jg), and j;, = ﬂ, for all
1,7 =1,...,N) which performs at least as well as the given policy.

Remark 1. The concepts of exchangeable and symmetrically optimal dynamic
teams in this paper are generalizations of those for static teams in [38, 36]. However,
here, the value of the expected cost function may not be invariant under exchanging
v¢ with vf for k # ¢, k,t=0,...,7 -1, and for i,j =1,..., N.

Here, we give a characterization for exchangeable and symmetrically optimal dy-
namic teams.

THEOREM 2.7. Consider dynamic team problems with a symmetric information
structure under Assumption 2.1. If
(a) action spaces Ut are convex for allt =0,...,T —1,

(b) (¢*,....¢Y) are exchangeable,
(¢) for all policies v € T, and for all A= A" x --- x AN where A" € V',
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(2.2)
T-1
P(?Jtl Ne A N7 COlz:t]\ihyé::ﬁh’Yé(yé)v e 7%1—1 (ytl—l) ,73(98)7 e 7’7?11 (yi\il) )
t=0
T-1 N
= TLIT (o € A'fabs Gttt ),
t=0 i=1

where yuz = {y|ud affects yj for allp =0,...,t =1 and for all j =1,...,N} and

(’yﬁz(yﬁl)) can be defined similarly,

(i) then, the team problem is exchangeable.
(ii) Furthermore, if the team problem is convex in policies (see Theorem 2.4),
then the team is symmetrically optimal.

Proof. We first show that for any permutation o € S, JT((lg)l, e (1;)]\7) =
JT(llTv e 71¥)’ i.e., the team is exchangeable. We have

(@) ()")
23 = [ () 0 (35) 0% s i)
T C1507C01t 173/1%( )t&u (yﬁz))

X H HP (dyt
(2.4) = /c ((C“)LNv () (@)") (l?)N ((QU)N))

t=0 i=1

7| @8) () WL wﬁf((y“)ﬁi))

N
< [1TIP (dyzixa,ca;t_pyﬁwﬁl (yﬁ’))
= JT (1;—wul¥) )

where (2.3) follows from condition (c). Equality (2.4) follows from exchanging ¥, g
with (y7)?, (¢7)? by relabeling them, respectively. Since the information structure is
symmetric, (2.1) and condition (b) imply (2.5). Hence, the team is exchangeable. Let
7T = (’yT e ,’yT *) be a given policy. Consider ¥ Y as a convex combination of all
possible permutations of policies by averaging them. Since action spaces are convex
by condition (a), Yy isa control policy. Following from convexity of the cost function
in policies, we have

Jr (3,) = Jr (; éﬂ’%’”) < ; ﬁJT (v7) =7 (1)
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where |S| denotes the cardinality of the set S and the inequality above follows from the
hypothesis that the team problem is convex on I' and the last equality follows from
exchangeability of the team problem. This implies that the team is symmetrically
optimal and completes the proof. ]

Examples will be given in sections 3 and 4.1, where Theorem 2.7 can be applied.
Here, we present the result for a class of problems that admit a static reduction (see
[49, section 3.7], [50, section 1.2], [19, 46]).

LEMMA 2.8. Consider a dynamic team problem with a symmetric partially nested
information structure (see Definition 2.1) which admits a static reduction. Under
Assumption 2.1, and assumptions (a), (b), (c) of Theorem 2.7, if the cost function is
jointly convex inu', ..., u’N P—almost surely, then the team is symmetrically optimal.

We note again that here by symmetry, we mean symmetry across the DMs.

Proof. The proof follows from Theorems 2.4(iii) and 2.7 since the team is convex
on I' under the static reduction which is equivalent to the dynamic
problem. 0

Hence, it follows that if a static reduction of an exchangeable, symmetrically
optimal, dynamic team exists, then it is exchangeable and symmetrically optimal.

3. Convex mean-field teams with a symmetric information structure.
In the following, we establish global optimality results for convex mean-field teams
with a symmetric information structure (that is not necessarily partially nested).
Define state dynamics and observations as

(31) $i+1 = ft(xiauiawz)y
(32) yz = ht(x(l):t’uazt—l’ vé:t)7

where functions f; and h; are measurable functions. The information structure of DM?
at time ¢ is I} = {y{}, and ¢} := (wi,v}) (with ¢} = (2}, wd,vy)) denotes uncertainty
corresponding to dynamics and observations at time ¢ for DM* which are exogenous
random vectors in a standard Borel space. Denote X C R™, U C R’”/, Y C Rm”, W,
and V as the state space, action space, observation space, and space of disturbances of
dynamics and observations of DMs at each time instance t = 0,...,T —1, respectively,
where m, m’, and m/' are positive integers.

Problem (PJTV MFy " Consider N-DM teams with the expected cost function of

l;N as
1= e R A
(33) Jq[y (11[\,[) = N ZEIT c <w07x;uu;7NZuf7NZm?>‘|7
t=0 i=1 p=1 p=1
where wp : (2, F) %]\gﬁo,}"o) is an exogenous random vector in the standard Borel

space and Z;N = 'yéfT_ , and the cost function satisfies the following assumption.
Problem (P7° MF) " Consider mean-field teams with the expected cost function

of v, as

(3.4) J7 <1T) = limsup J& (1T>,

N—o00
where J(-) is defined in (3.3), liT = 4., for i € N and Yy = {liT}ieN-
Assumption 3.1. Assume
(a) function f; : X x U x W — X is continuous in its first and second arguments
for all w} and for each i € N and uniformly bounded,
(b) function hy : [T X x [Th—o U x [T—o V — Y is continuous in states and
actions for all v, and for each 7 € N, and
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(c) the cost function in (3.3), ¢: g x X x U x U x X — R, is continuous in its
second, third, fourth, and fifth arguments for all wy.

3.1. Mean-field optimal policies as limits of optimal N-DM teams. In
the following, we first establish global optimality results under Assumption 3.2 (see
Theorem 3.2), then we establish the result under a more relaxed assumption, Assump-
tion 3.3 (see Theorem 3.3).

Assumption 3.2. Assume
(i) (zd,22,...) are independent and identically distributed (i.i.d.) random vec-
tors conditioned on wy,

(i) fort =0,...,T—1, {wi}iey are i.i.d. random vectors, and for i € N, {wi}
are mutually independent, and independent of wy and (z,22,...). For t =
0,...,T — 1, {vi};en are i.i.d. random vectors, and for i € N, {pi}th_ol are

mutually independent, and independent of wy, (2,23, ...), and wis fori € N
andt=0,...,7 — 1.

Assumption 3.3. Assume that conditioned on wy, (x},23,...) are exchangeable
random vectors.

Later on we will establish an existence theorem under Assumption 3.2, and we
note that the proof under Assumption 3.2 is more direct. This is why two separate
theorems will be presented, and the proof of the latter will be built on that of the
former.

LeEmMA 3.1. Consider a team defined as (PJTV’MF) with a symmetric information
structure. Assume the team problem is convex in policies. Let the action space be
compact and convex for each DMs. Under Assumptions 3.1 and 3.2, the team is
symmetrically optimal.

Proof. The proof follows from Theorem 2.7. |

THEOREM 3.2. Consider a team defined as (’P;O’MF) with (P}V’MF) having a sym-

metric information structure for every N. Assume for every N the team problem is
convez in policies. Let the action space be compact and convex for each DM. Under
Assumptions 3.1 and 3.2, if there exists a sequence of optimal policies for (PZ,IY’MF),

{Z*T’N}Nf which converges (for every DM due to the symmetry) pointwise to v7:>° as

N — oo, then y 2> (which is identically symmetric) is an optimal policy for (’P%O’MF),
Proof. Following from Lemma 3.1, one can consider a sequence of N-DM teams
which are symmetrically optimal that defines (PJTV ME) and whose limit is identified

with (P;«O’MF). Define

N
(3.5) Qn(B) := %Z%}Q (B), where IBJiV = (Z*T,N(yi)’yi,cz)7
i=1

. 1 & _ o
On(B)i= > 05 (B),  where Bl i= (17,5, ¢),
=1

where dy () denotes the Dirac measure for any random vector Y, and B € Z :=
UxY >;s, U = ( Z;l 0), Y :=( f:ﬁly), S = ( tT_;Ol S) =X x ([T} W x V),
X =010 %) v = Wy r Y1), and & o= (CGy vy G )

In the following, first we show that conditioned on wgy, QN converges P—almost
surely to Q = L(BL |wo) in w-s topology (coarsest topology on P(U x Y x S) under
which [ f(u,y,()Qn(du,dy,d¢) : P(U x Y x S) — R is continuous for every mea-
surable and bounded function f which is continuous in v and y but need not to be
continuous in ¢ (see, e.g., [39] and [47, Theorem 5.6]). Then, we show that
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lim sup quy (j;N) = J¥ (";oo) ,

N—oc0

where 75N i= (v N, 2N, n ) and 5% = (150,95, ).

Step 1. In this step, we ShOW that conditioned on wgy, Qn converges P—almost
surely to @ in w-s topology. First, we show that for every continuous and bounded
function g in actions and observations, for every wg on a set of P-measure one,

(JJ()) =1.

Following from symmetry of the information structure and Lemma 3.1, every DM
applies an identical optimal policy l*T’N and since functions f; and h; are identical for

(3.6)

P<{w € Q‘ Jim (Zif i {g (j*T’N(yi),yi,g) -9 (7;’°°(yi),yi,ci)}> = 0}

=1

each DM, conditioned on wy, (Z;N(yi)7yi7§) and (l;’m(yi),yiéi) are i.i.d. random
vectors. For every € > 0 and for every function g continuous and bounded in actions
and observations, we have P—almost surely

W0>

lim P (‘/ngN/ngN’ >

N—o00

(38) = ngnmEUg(wT (v).v, <)—g(1;:°°<y>7gi§)] wo}
(39 =B [ngnoojg(v;’fv(yi),yﬁc")g(v;’“’(yi) V)| | } 0,

where (3.7) follows from Markov’s inequality, the triangle inequality, and the definition
of the empirical measure, and (3.8) follows from the fact that (l;’N (y),y",¢") and
(Z*T’C’O(y),gi,g) are ii.d. random vectors. Since g is bounded and continuous, the

dominated convergence theorem implies (3.9). Hence, for every subsequence, there
exists a subsubsequence such that P-almost surely P({w € Q|limy_ ([ 9dQn —

[ 9dQn) = 0}|wo) = 1.

Now, we show that conditioned on wy, {Q N}~ converges weakly to @ P—almost
surely. Since conditioned on wy, (lzgoo(gi), yi, g) are i.i.d. random vectors, the strong
law of large numbers implies that P—almost surely

w0 p({oenlim (yXo(mrwec)
)

hence, P({w € Q|limy oo ([ 9dQn — [ 9dQ) = 0}|wp) = 1 P-almost surely.

Hence, through choosing a suitable subsequence, for every wy € 2y on a set of P—
measure one, for every function g continous and bounded in actions and observations
and measurable and bounded in uncertainty and initial states
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/ngN_/ngN‘ + ‘/ngN—/ngDZO,

hence, conditioned on wy, @ converges weakly to () P—almost surely. We note that
the convergence is in the weak convergence topology, but since ('s are exogenous with
a fixed probability measure, the convergence is also in the w-s topology.

Step 2. Following from (3.1) and (3.2), we have

(3.11) ft Jt—1 (ft 2 ( - Jo (:Eé,ué,wé)) >ui—1vwé—1) = ft—l (gauézt—l) )
(3'12) y; = ht (:L‘E, fO (§l7u6) Yty ftfl (giau?):t—l) 7U6:t,1708:t) = Bt (givuéztfl) ’

where following from Assumption 3.1, f;_; and h; are continuous in actions. Hence,
under Assumption 3.1(c), we have

1 NT-1 N 1 N 1 N
P lc(%’mzufwzﬂcfﬂ
1L ;
01 -y yalefacae ) A <))

where (3.13) is true following from (3.11) for some functions ¢: Qg xSxUxUxX —
R, which are continuous in its last three arguments and a function A : U xS — X
which is continuous in actions. Hence, by induction and rewriting observations as a
functions of policies of the past DMs (’yj;N(yit)) since 2" converges to 75>, the

N —oc0

lim ‘/ngN—/ng‘S lim <
N—00

induced cost by l*T’N also converges to the cost induced by lT’OO P—-almost surely.
Step 3. We have

N1 . LN
hmsup—ZZEvT [C (wo,xz,uz,NZuf,Nfo>1
N—oo i=1 t=0 p=1 p=1
(3.14)
_ LN | N
_hmsuprE <w0,Cl,W*T’N(y1)7NZV*T’N(Z/”%NZA(v*T’N(prCP))]
N—oc0 p=1 p=1
(3.15)

> lﬂigofE{E[/Zé (wo,gu,/UuQN(du xY x S),/UXSAQN(du xY x d())
)
(3.16)

ZE[ {lwglof/z (wO,C, ,/UUQN(duxYXS),/UXSAQN(duxYXdC)>

X Qn (du, dy, dC) WOH
(3.17)

> E[E{/ZE (wQ,Qm/UuQ(du xY x S),/UXSAQ(du x Y x d())
X Q(du7 dya dc) w0:|:| )

x Qn (du, dy, dC)
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where (3.14) follows from (3.13). Inequality (3.15) follows from (3.5) and replacing
limsup with liminf, and (3.16) follows from Fatou’s lemma. In the following, we justify
(3.17). Since conditioned on wy, @ N converges weakly to Q P—almost surely, we have
Qn(du xY x S) converges weakly to Q(du x Y x S) P—almost surely conditioned on
wp; hence, the compactness of U implies that conditioned on wg, P—almost surely

(3.18)

N
Ji/_;v;’N(yi):/UuQN(du xY x S) ]\H—OO>/UUQ(du xY x S):E[Z;;m(gl)‘wo].

Since conditioned on wp, @y converges weakly to Q P—almost surely, we have Q n (du X
Y x d¢) converges P—almost surely to Q(du x Y x d¢) in w-s topology conditioned
on wp. Following from (3.11), since f;s are bounded and continuous in actions, A
is bounded and continuous in actions; hence, this implies that conditioned on wy,
P—-almost surely

(3.19) /U SAQN(du XY x d¢) 2= /U SAQ(du x Y x dC).

Since the cost function ¢ is continuous in its last three arguments, P—almost surely

lim E(wo,(,u,/ uQN(duxYxS),/ AQN(duxdeC))
U

N —oc0 UxS

:6<w0,§,u,/UuQ(duxY><S),/U SAQ(duxdeC)).

Define a nonnegative bounded function

G\ = min{M,é (wmg,u,/ u@Qn(du x Y x S),/ AQN(du x Y X dC)) },
U U

xS

GM := min {M,E <w07§,u,/ uQ(du x Y X S),/ AQ(du x Y x dC)) }7
U U

xS

where the sequence {G™}; converges P-almost surely as M — oo to

G:E(wg,g,u,/UuQ(duxYxS),/U SAQ(duxdeC)).

We have P-almost surely

lim inf E<w0,§,u,/ uQN(duxYXSL/
U

N—oo Jz UxS

AQnN(du x Y % dC))QN(du,dy,dC)

T M—oco N—oo

(3.20) > lim liminf / GN Qn (du, dy.d¢)
Z

M—o0

(3.21) = lim [ GMQ(du,dy,dc)
Z

(3.22)

/ é (WO,C,U,/ uQ(du x Y X S),/ AQ(du x Y x dC))Q(du,dy,d{)7
z U UxS

where (3.20) is true since

é (wo,C,u,/ uQn (du x Y x S), AQn(du x Y x dg)) > G
U

UxS
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Equality (3.21) follows from the generalized convergence theorem in [40, Theorem 3.5]
since G is bounded and continuously converges to GM | i.e., P-almost surely

N—o0

lim min {M, é(wo,C,UN,/ u@Qn(du xY X S)7/ AQn(du x Y X dC)) }
U UxS

(3.23) = min {M, ¢ (wO,C,u,/ uQ(du x Y X S)7/ AQ(du x Y x dC)) },
U U

XS

when uy — u as N — co. The monotone convergence theorem implies (3.22). Hence,
(3.17) holds, which implies limsupy_, o, JTJY@;N) = J7°(377), and this completes
the proof following from [38, Theorem 5]. Here, for completeness we present the proof
which is similar to the analysis of the proof [38, Theorem 5] for dynamic teams,

. 00 . . N [ ~*,00
llanJT (lT) < limsup Jp (lT )

N —oc0

= limsup J&¥ (7*T’N) = limsup inf J& (7;N>
N—o00 - N—00 Z;iN —
(3.24) = lim sup inf JIIY(ZT)
N—oco JXp

< inf lim sup J%V(WT) =inf J>(y,.),
9 e gk

lT N—oo

where (3.24) is true since the restriction Y tO the first N components is Z;N. This
implies that ’y;;oo is globally optimal. O

Remark 2. On the connection between finitely many DMs and infinitely many
DMs, we note a closely related work on mean-field games by Fischer [15], where
the information structure is assumed to be static since the policy of each player
is assumed to be adapted to the filtration generated by his/her initial states and
Wiener process (also called in the mean-field games literature, somewhat nonstan-
dard in the control literature, open-loop distributed controllers [23], [14, pp. 72—
76]). This means that the information of each DM is not affected by any of the
actions of the other DMs. For dynamic teams, there are two difficulties: (1) obtain-
ing variational equations is challenging since fixing policies of DMs and perturbing
only DM’s policies perturbs the observation of other DMs and hence the controls
u”™ = (Y (yh), .y (), T (), L N (Y)); (2) solutions of varia-
tional equations which give person-by-person optimal policies are inconclusive for
global optimality due to the lack of convexity in general.

Remark 3. We also note additional related works by Lacker [24, 25], where either
convergence of open-loop controllers or convergence of Nash equilibria induced by
closed-loop controllers (where controls are measurable path-dependent functions of
states, uj = @(t, Xo:¢), where xo;p = (2., ..., x{};) and ¢ is a measurable function) or
Markovian controllers (u = ¢(t,x;), where x; = (z},..., 7)) have been considered.
In [25], the information structure is classical (a centralized problem) since players
have access to all the information available to previous DMs.

Remark 4. In Lemma 3.1 and Theorem 3.2, we considered a nonclassical informa-

tion structure for teams defined as (P7 MF) with a convex expected cost in policies.

For teams defined as (P’ MF) with a symmetric partially nested information struc-
ture which admit static reduction, the above result holds, and similar to the proof of
Theorem 3.2, it can be proven under the assumption that the cost functions is con-

vex in actions (since convexity of the cost function in actions is a sufficient condition
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for convexity of the expected cost function in policies for this class of problems [50,
Theorem 3.7]).

Remark 5. Assumptions that action spaces are compact and f;s are bounded can
be relaxed by assuming that

(A1) supysq EllvnN (y")'+] < oo for some § > 0,

(A2) supys; E[|A(1;;N(g1),£1)|1+5} < oo for some 6 > 0.
That is because, following from the pointwise convergence of ’y*T’N and continuity of A
in actions, the above uniform integrability assumption justifies exchanging the limit
and the expectation required to establish the convergence in (3.18) and (3.19) using
a similar analysis of (3.9) and an argument of (3.10) based on the strong law of large
numbers. This result is particularly important for LQG models (we use this remark
in section 4).

THEOREM 3.3. Consider a team defined as (’P;O’MF) with (ngv’MF) having a sym-

metric information structure for every N. Assume for every N the team problem is
convex in policies. Let the action space be compact and convex for each DM, and
assume Assumptions 3.1, 3.2(ii), and 3.3 hold. If there exists a sequence of optimal
policies for (’PéV’MF), {V;N}N, which converges (for every DM due to the symme-
try) pointwise to 75 as N — oo, then 77> (which is identically symmetric) is an
optimal policy for (PMF).
Proof. Under Assumptions 3.2(ii) and 3.3, for every A’ € B(S), and A* = B’ x
I N(Di x EY) (where B' € B(X), Di € B(W), and Ei € B(V)), for all N € N, and
permutations o, we have P—almost surely

P(g e Al .. ¢V e AV u)

N T-1
(3.25) - P(m(l) eB',... z) e BN\wo) I I] Ptwi € Dj)P(vj € E)
i=1 t=0
(3.26) =P (=)' eB',....(af)" € BN |w))
T-—1

where (3.25) follows from Assumption 3.2(ii), and (3.26) follows from Assumption 3.3.
Hence, (¢',¢?,...) are exchangeable conditioned on w.

Hence, following from a similar argument as in the proof of Theorem 2.7 (by con-
sidering wy in the cost function and the law of total expectation (by first conditioning
on wp), under Assumptions 3.2(ii) and 3.3, one can consider a sequence of N-DM
teams which are symmetrically optimal that defines (Pp"*") and whose limit is iden-
tified with (P7” ME) " Since initial states are not necessarily independent conditioned
on wy, we cannot establish that (l*T’OO(gi), y', (") are i.i.d. random vectors conditioned
on wp which has been used in (3.10) in Step 1 of the proof of Theorem 3.2 to show
that Qn converges weakly to () P—almost surely.

However, we note that since (¢ L QQ, ... ) are exchangeable conditioned on wy, for

every A® € B(S) and C € B(Qp), and for all N € N, and permutations o, we have

(3.27) P(gl €Al (VeaV we) =P((C) el () e wye).
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Let o := (wp,¢"). Hence, (3.27) implies that (a',a?,...) is exchangeable. Follow-

ing from [1, Proposition 3.8(a)], there exists a random vector z € [0,1] such that

(¢',¢%,...) are i.i.d. random vectors conditioned on (wp, 2).
Let wg := (wo, 2). Hence, under Assumptions 3.2(ii) and 3.3, conditioned on @y,
(¢ ez, .) are i.i.d. random vectors. Following from standard stochastic realization

results [10, Lemma 3.1], we can represent any stochastic kernel in a functional form,
with almost sure equivalence, (' = g(&@p, 6") for some independent ° and measurable
g (note that following from exchangeability, g is identical for all i € N and (6*,62,...)
are 1.i.d. random vectors).

Since conditioned on @, (¢',¢?,...) are iid. random vectors, (W;m(yi),y"', ¢h
are 1.i.d. random vectors conditioned on @o; hence for every @g on a set of P—measure

one, we have for every continuous and bounded function g in actions and observations,
by the strong law of large numbers,
&)0} = O} &)0> =1.

P ({w € Q' Jim | zNjg (=)' ¢) - B [g (1=t ¢)
=1

Hence, following from an identical analysis as that of Step 1 of the proof of Theorem
3.2, conditioned on wq, QN converges weakly to @, for every wy on a set of P—measure
one.

Following from the representation ¢* = g(@o, 0"), we have

hJ{/IfBopE[E[/zé(wo,c’u’/UUQN(duXYXS),/UXsAQN(dUXYXdO>

x Qn (du, dy, d¢) wOH
(3.28)

zlimsup/ E{/E(@O,C,u,/uQN(duxYxS), AQN(duxdeC)>
N—oo JQux[0,1] Z U UxS

< Qn (du, dy, dC) wO]P<dwo>,

where (3.28) follows from the fact that for all N € N, and for every A® € B(S)

N
/ P(¢t e A N € AN |wo) P(dwo) = / [ (¢ € A'lz,w0) P(dz, dwy),
Q - Q0 x[0,1] -

i=1

and with slight abuse of notation we use the same notation, ¢, for the cost function
after transformation in (3.28). The rest of the proof is identical to that of Theorem
3.2. 0

3.2. An existence theorem on globally optimal policies for dynamic
mean-field team problems with a symmetric information structure. An
implication of Theorem 3.2 is the following existence result on globally optimal policies
for mean-field team problems. In particular, we will establish the existence of a
converging subsequence, in an appropriate sense, for a sequence of optimal policies
for N-DM teams with an increasing number of DMs. For the following theorem, we do
not establish the pointwise convergence, but by Theorem 3.2, if a sequence of optimal

.. N,MF « N . . . . .
policies for (P ), {z" v, converges pointwise, a global optimal policy exists.

To this end, we allow DMs to apply randomized policies. For each DM (DM°* for
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i € N), a probability measure P € P(£2g x X X HtT:_Ol (W x V) x HtT:_Ol (UxY))is a
policy induced by a randomized policy if and only if for every ¢t = 0,...,7 — 1 and
for all continuous and bounded function g

[ 9/ G ) P (o iy Ay s dy)

(3:29) = [ g (onrb G tbervb) ' (db A o) Pld)
t

x [T i) pk (dyilwo, 6, G Y15 b 1)
k=0

for a stochastic kernel Hz on U given Y, where p}; is the transition kernel characterizing
the observations of DM* at time ¢,

p;c (ylzc € "w0>x6=<‘(z):k717y(l):k:717’U’z):k71>

=P (hk(xé:k’uz):k—l’ Ué:k) € '|w07x67 Cé:k—lﬁy(i):k—lvuf):k—l) )

and y¢ is a fixed probability measure on initial states and disturbances of DM? con-
ditioned on wy. This equivalency follows from the fact that continuous and bounded
functions form a separating class [8, p. 12] and [48, Theorem 2.2].

First, we present an absolute continuity assumption on observations of DMs.

Assumption 3.4. For every DM’ and t = 0,...,T — 1, there exists a function
Pl Y x Qo x X x H;_:lo(W x V) x HZ_:B(Y x U) — Ry continuous in actions, and a
probability measure v{ on Y such that for all Borel sets A = Al x ... x AN,

1:N 1:N ,~1:N 1:N 1:N
P(yt € Alwo, 7y 70:t—1’y0:t—17u0:t—1)

N
=TL [ 04 (v Gt ) i),
i=174"

This assumption allows us to obtain an independent measurements reduction (see
[47, section 2.2]). For example, if v} for all i € Nand t =0,...,T — 1 are i.i.d with a
probability measure admitting a density function so that the observation of each DM?
at time t is y! = hy(xt, uit) + v{, where h; is continuous, then Assumption 3.4 holds
[16, Lemma 5.1].

THEOREM 3.4. Consider a team defined as (P;O’MF) with (PJTV’MF) having a sym-
metric information structure for every N. Assume for every N the team problem is
convex in policies and the action space is convexr. Assume further that without any
loss, the optimal policies can be restricted to those with E(¢p;(u')) < K for some fi-
nite K, where ¢; : U — R is lower semicontinuous (moment condition). Under
Assumptions 3.1 and 3.2 if either

(i) Assumption 3.4 holds (with no further assumptions on the information struc-

ture of each DM’ for i € N through timet =0,...,T —1), or

(ii) for each DM for i € N through time t = 0,...,T — 1, there ewists a static

reduction with the classical information structure (i.e., under a static reduc-
tion, the information structure is expanding such that o(y;) C o(yi,,) where
o denotes the o-field),

oo7MF) .

then there exists an optimal policy for (P;

Since the space of policies that are deterministic (where IT% in (3.29) are indicator
functions) is not closed under the weak convergence topology (e.g., as an implication
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of [50, Theorem 2.7]), we allow for randomization in the policies and therefore the
limit policy is not necessarily deterministic according to the above result; however, it
is identical for each DM.

Proof. We use individually randomized policies and we show that for every se-
quence of N-DM optimal policies, there exists a subsequence which converges to an
optimal independently randomized policy for the mean-field limit under an appropri-
ate topology defined by the product topology where each coordinate is endowed with
the weak convergence topology. In Step 1, we show that for each finite N-DM team
problem, optimal policies are deterministic and symmetric and we consider the inde-
pendently randomized policies induced by such policies { Py } v (where Py € P(Y xU)
for each DM satistying (3.29)) as our sequence to be studied. We also define the se-
quence of empirical measures induced by these policies, Qn, as (3.5).

In Step 2, we show that for every sequence of policies satisfying a moment con-
dition there exists a subsequence such that policies {P,}, for each DM and a sub-
sequence of empirical measures {Q, }, induced by these policies (where n € I is the
index set of a convergent subsequence) converge weakly to a limit P—almost surely,
that is, for a set of P—measure one, for every bounded function g which is continuous
in actions and observations and measurable in uncertainties,

(.do) =1.

({oca i (f o0, - faic) o}

To this end, we first show that for each DM a sequence {P,},, is tight; then we show
that the sequence of empirical measures {Q,}, induced by these policies converges
weakly to a limit P-almost surely.

In Step 3, we show that the set of policies for each DM is closed under the
weak convergence topology; hence, the limit policy satisfies the required measurabil-
ity /conditional independence constraints (that is, the limit policy satisfies (3.29)). In
Step 4, we use the lower semicontinuity argument to show that the expected cost
function under the induced limit policy is less than or equal to the expected cost
achieved by the sequence of N-DM optimal policies.

Step 1. Under Assumptions 3.1, 3.1(c), and 3.2, and by condition (i) using [47,
Theorem 5.2], or condition (ii) using [47, Theorem 5.6], there exists a deterministic
optimal policy for each finite N-DM team problem. Action spaces are convex and
the team problem is convex in policies, hence, using Lemma 3.1, one can consider a
sequence of N-DM teams which are symmetrically optimal that defines (PJTV MEY and
whose limit is identified with (P} ’MF). Hence, for each N-DM team problem, we
consider symmetric randomized optimal policies.

Step 2. In the following, we first show that the set of policies Py € P(Y x U)
for each DM satisfying (3.29) and the moment condition is tight; then, by symme-
try, we show that {Qn}n induced by this set of policies is tight. We use the fact
that conditioned on wy, (Z;N(gi),gi,g) are i.i.d. random vectors (this follows from
symmetry of the information structure and Lemma 3.1 since every DM applies the
identical policy ’y*T7N ) and also since the space of control policies is tight under the
weak convergence for each DM (see, e.g., [47, proof of Theorem 4.7]).

Since actions of DMs do not affect the observations of others, the policy spaces are
decoupled from the actions of other DMs. Since we can restrict the search for optimal
policies over those satisfying the moment condition, the fact that v — [ v(dz)g(z) is
lower semicontinuous for a continuous function g [47, proof of Theorem 4.7] implies
that the marginals on U satisfying the moment condition are tight under the weak
convergence topology. Hence, the collection of all probability measures with these
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tight marginals is also tight (see, e.g., [48, proof of Theorem 2.4]). This implies that
the sequence of randomized policies satisfying the moment condition is tight.

Since every DM applies an identical policy and since observations are condition-
ally i.i.d., a countably infinite product of space of policies of DMs is tight (where each
coordinate is tight in the weak convergence topology). Hence, there exists a subse-
quence of policies P, € P(I[,(Y x U)) (as a product of policies of DMs) converging
weakly to a limit P (each coordinate converges weakly) P—almost surely. Further-
more, since every DM applies an identical policy, conditioned on wp, actions induced
by an identical randomized policies, observations, and disturbances are i.i.d. through
DMs. Hence, following from a similar argument as in Step 1 of the proof of Theorem
3.2, a subsequence of empirical measures {@Q, }ne1 converges P—almost surely to @ in
w-s topology. We note that the convergence is under the weak convergence topology,
but since ('s are exogenous with a fixed marginal, the convergence is also in the w-s
topology.

Step 3. In this step, we show that each coordinate of the space of policies (space
of policies for each DM) is closed under the weak convergence topology. This in
particular implies that the space of policies is closed under the product topology and
using (Step 1), we can conclude that the space of control policies is compact under
the product topology where each coordinate is weakly compact.

Assume P, is a policy for DM* induced by a randomized policy converging weakly
to Ps. In fact, condition (i) or (ii) leads to the closedness of the set of policies (see
(3.29)) induced by P,. If Assumption 3.4 holds, then by the discussion in the proof
of [47, Theorem 5.2], each coordinate of policy spaces corresponding to DM acting
through time is closed under the weak convergence topology. Also, if condition (ii)
holds, then [47, Theorem 5.6] leads to the same conclusion. Hence, each coordinate
of space of policies (corresponding to DM?) is closed under the weak convergence
topology (since each coordinate of the space of policies is a finite product of space of
policies for each DM at time instances ¢ = 0, ...,T —1). Hence, following from Step 2,
there exists a subsequence {Q, }ner converging weakly to Q P—almost surely where @
is induced by a randomized policy in the set of policies satisfying (3.29) and the limit
policy is admissible and satisfies the required measurability /conditional independence
constraints.

For every t = 0,...,7 — 1, let P“° be a probability measure on actions, ob-
servations, and uncertainties induced by optimal randomized policies for each DM
(which is identical because of symmetry) for N-DM teams conditioned on wy, i.e., a
probability measure that satisfies

I i i 7% *,W0 I i i 1%
/9 (wo, 05 Cot—15 Y0:ts “n,@:t) Py (d%a dCo.1—1 AYp.es dun,O:t)

(330) - /g (WO’ Jfé, Cé:t—lv yé:tv ui{,*O:t) /-LZ (dﬂ?é, dCOi:t—l |w0)

t
*n 0 i i e i i
x H 10, (dun,k|yk) Pk (dyk\wm%7Co;k71»y0;k717“n,o;k71)a
k=0

for all bounded functions g which is continuous in actions and observations and mea-
7% ]

: - 1% : 7
surable in other arguments. We denote u,;* := (u,. g, ..., u, p_) as the action of DM

through time induced by II;"". Similarly, we denote P*“° as a probability measure
induced by the limit policy, i.e., a probability measure satisfying (3.30) induced by
IT,> where ul* := (ul, ..., us p_y) is the action of DM’ through time induced by
I,

k

Step 4. Now, we show that the expected cost function under the limit random-
ized policy is less than or equal to the expected cost achieved by lim sup,,_, . J7 @;")
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Since the cost function is continuous in states and actions, under the reduction (con-
ditions (i) or (ii)), we have P—almost surely

1 N T-1 N 1 N N T-1 ) ) ) . .

72 ZC (w()vxtvut? N Zuf7 N Z'rf> H (o (y27w07x67C(Z):t—1a y(l):t—lvu%):t—l)
i=1 t=0 p=1 =1 i=1 t=0

(3 31) = N ;E <w0,<27u17 N};Qpa N};A(upa<p)> 21;[1/) (y 7w07< 7@1)7

where (3.31) is true following from (3.2) and Assumption 3.1 for some functions ¢ :
Qo xS xUxUxX — R, continuous in states and actions and a function A :
U x S — X continuous in actions and

N N T-1
H% (gsz()vgla@l) = H H ,(/Jt (927&10; x(l)a Cé;t—17y6:t—17u6;t—1) .
=1 i=1 t=0
We have
| N1t . 1 1
v I3 D
h]gljipN;;EfT [c <W07xt7ut7N;utvN;$t>:|

> lim limsup// min{M,é (wo,C,u,/ uQN(duxYXS),/ AQN(duxYXd())}
M=o N—oo z u UxS

x Qu (du, dy,dC) [ [ Py (duy”, dy', d¢") [Ty, wo, ¢, i) P(dw)
1

8

i=1

IS
Il

(3.33)
> N}i_r)noo nllrr;o//zmin{M,E (wo,c,u,/UuQn(du XY X S),/UXS AQn(du xY x d{)) }

oS}

X Qn(du, dy,d¢) [ [ P (duy™, dy’, d¢*) [ [ ¢(y's wo, ¢, i) P(dwo)
1

8

i=1

s
Il

(3.34)
= lim lim / min{M,E (wo,C,u,/ uQn(du XY x S),/ AQn(du xY x dg)) }
M— o0 n—oo [~ U UxS

X Qn(du, dy,d¢) [ [ Pr° (duy™, dy', d¢")

i=1 i

8

y(yi,wo,gi,yf;*)P(dwo)
1

(3.35)
= A}iinoo//zmin {M,E <wo,(7u,/UuQ(du xY x8S), stAQ(du xY x d()) }

x Q(du, dy, d¢) T] P*° (du's’, dy’,d¢') T (y'swo, €' uly") Pdwn)
i=1

i=1

(3.36)

:/Lé(mo,g,m/UuQ(duxYxS),/U SAQ(duxde(j))

x Q(du, dy, dC)HP*’wO(dﬂi:vdyivdgi)Hg(ﬂivwovgivﬂg)P(d‘”O)»
=1

i=1
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where (3.32) follows from the definition of empirical measures and by integrating over
the set ([]2,, 11 Y x S) and since P-almost surely

min{M,é (wm(,u,/ u@Qn(du xY X S)7/ AQn(du x Y X dC)) }
U UxS

<6(w0,§,u,/UuQN(du><Y><S),/U SAQN(duxYXdC)>.

Inequality (3.33) is true since limsup is the greatest convergent subsequential limit
for a bounded sequence and (3.34) follows from the dominated convergence theorem.
We note that {Q,,}, is induced by u’;* for each DM. Since {Q,, }ner converges weakly
to @ P—almost surely, by the moment condition and Remark 5, a similar argument
as Step 3 of the proof of Theorem 3.2 implies that P—almost surely

/ uQn(du x Y x 8) =25 [ uQ(du x Y x S),
U U

/ AQn(du x Y x d¢) === AQ(du x Y x d¢).
UxS UxS

Hence, (3.35) follows from [40, Theorem 3.5] since

min {M,é <w0,C,u,/ uQn(du x Y x S),/ SAQn(du x Y x d()) }
U Ux

is bounded and nonnegative and continuously converges in u P-almost surely (see
(3.23)). That is because, conditioned on wy, y* are i.i.d. random vectors (thanks to
the symmetry), the space of policies is compact under the product topology (with the
weak convergence topology for each coordinate (for each DM)), []5, ¥ (y", wo, ¢t ub*)
converges in the product topology, and the cost function and v are continuous. Fi-
nally, (3.36) follows from the monotone convergence theorem. Hence, the proof is
completed. ]

Remark 6. For the existence result, to show that the set of policies induced by
independently randomized policies for each DM through time ¢ = 0,...,7 — 1 (see
(3.29)) is closed under the weak convergence topology, we utilized the results in [47,
section 5.2] which are more general than those in [16, 50]. We note that the extension
of the existence results in [47, section 5.2] to our setup is not immediate since the
conclusion of Step 3 cannot be established rigorously without considering the technical
steps involving infinite dimensions and limit arguments.

4. Symmetric LQG dynamic teams. In the section, we consider the LQG
setup where the results of sections 2 and 3 can be applied. We first consider N-DM
LQG problems where we use Theorem 2.7 to show that the globally optimal policies
are symmetric. Then, based on symmetry, we calculate N-DM optimal policies for
such problems. Next, using Theorems 3.2 and 3.3, we show the convergence of N-DM
optimal policies to optimal policies of LQG mean-field teams with countably infinite
number of DMs. Finally, we consider infinite horizon problems where we use symmetry
and convergence results to obtain global optimal policies for such problems.

4.1. Symmetric partially nested LQG dynamic teams on a graph. In
the following, we consider decentralized problems where Theorem 2.7 can be utilized
and the optimal policy can be obtained. First, we formulate LQG problems with a
symmetric partially nested information structure. Consider the following dynamics.
Let ¢ =1,2, and

(4.1) i, = Az} + Buj + wj.
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Problem (Pr). Consider the expected cost function of (y!,77) as
(4.2)

-1 2
JT(Z;X;) - Z Z )" Quy + (u)" Ruj + (uf)" Rui + (u7)" Ruy
R

0 and @ > 0. Let
(4.3) yi = HiGgy 1 + ) Dyju,

j=0
where ¢/ = (w},v}) with ¢§ = (xf,wf,v(). Let n,m,s € Nand X = R", Y = R,
U = R7n7 wt S Rn7 Ut € Rn A€ Mn’ru B e Mnm, R c Mmm; Q S Mnn;
R e Mopm, He € Mg n(241) and D;; € Mg ,,. Let the information structure of

each DM be I} = {y},y},}.
In the followmg, we show that the above dynamic teams are symmetrically optimal
under sufficient conditions on the observations and initial states.

T
where 7/ = (75.7_,), and R,

COROLLARY 4.1. For a fized T, consider a finite horizon team problem defined
above as (Pr). If z} and x% are exchangeable zero mean Gaussian random vectors
and wis and vis are i.i.d. Gaussian random vectors for i = 1,2 and independent for
allt =0,...,T — 1 and also independent of initial states, then the dynamic team is
symmetrically optimal.

Proof. Since the dynamic team is LQG with a partially nested information struc-
ture, a static reduction exists and the expected cost is convex in policies under static
reductions (see [18] and Theorem 2.4(iii)). Assumption 2.1 is satisfied following from
(4.2). We need to show assumptions of Theorem 2.7 hold. Following from the hy-
pothesis on disturbances and initial states, assumption (b) holds. Assumption (c)
holds following from Assumption 2.7 and since given (z,23), (yo.7_1,¥e.z_,) are
independent. Hence, Theorem 2.7 completes the proof.

Here, we consider a class of LQG dynamic teams with a tree information structure
where we utilize Corollary 4.1 and we obtain an explicit recursion for the optimal
policy. ) )

Problem (P%re¢). Consider a finite horizon expected cost (4.2) with I} = {a:fo:t],

[O:t—l]}' .

~ We note that this problem is a special case of (Pr) since we assumed that y; =
ry for all DM' and ¢ = 0,...,7 — 1 and also all DMs have a total recall (I} =
{ffO:t]a“fo:t—l]})' For this problem, we calculate an explicit recursion for optimal

policies using the symmetry established in Corollary 4.1.

THEOREM 4.2. For a fizred T, consider a finite horizon team problem defined as
(PLree). If (z}, 23) are exchangeable with an identical zero mean Gaussian distribution
and wis are i.i.d. zero mean Gaussian random vectors for i = 1,2 and independent
forallt =0,...,T — 1 and independent of initial states, then

1%,(T T T

(44) w " = KDt + L Ela|aj),
2%, (T T T

(4.5) u ™ = KD a? + LD Blag|ad],

where

(46) K" = (R+ BTPt(fl)B) BTPT) A,

(n PO =-ATP)BT (R+ BTPt(T)B) BTPIA+Q+ATP YA,
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—1 . -
(4.8) L = (R + BTPt(fl)B) [RKt(T) ¢+ Ry

T-1
£ Y Bran e

s=t+1
G§T>:ﬁ(A+BK >+zt:ﬁ<A+BK(T))BL( 5
s=0 s=1j=s

where ¥ = Elxd(23)T)(B[x3(23)T]) L, P:(FT) =0, GE)T) = I. Moreover, the optimal
cost 18

(49)  Jo(r) =

Nl
[ —

&

+

~
|

+
=
VRS
=
o
=
i
N——
ﬂ
7 N
/N
AN
G
\_/
-
ﬂ
3
2
@
&
N
=
o
=
o
[E—"

Rl
Ll
.

+ 3 B| by Ty P B Bl .

t=1 -

Proof. Following from [18] and Radner’s theorem [31], person-by-person optimal-
ity implies global optimality due to the uniqueness of the person-by-person optimal
policy. That is because the information structure is partially nested, and LQG dy-
namic teams can be reduced to a static one using Ho and Chu’s static reduction [18].
Hence, we only need to show that the policy satisfying (4.4) and (4.5) is person-by-
person optimal. We show that for DM', J(~%,75) < J((’y;t*,ﬁ),'y*T) for all B € I'
where (7. t*, B) = (16:t—1, B> Viy1.7—1)- This implies that (v7.,77.) is person-by-person
optimal thanks to Corollary 4.1 since the dynamic team is symmetrically optimal (by
exchanging policies (v, B) with v} which implies J (v}, v5) < J(v5., (v, 8)) for
all B € T'* and this implies that (v 75) 1s the fixed point of the equation). The
proof is completed by induction. Due to space constraints, we have removed the
calculation. ]

Remark 7. The optimal policies (4.4) and (4.5) contain two parts which can be

interpreted as follows. The first part, kgT)xi, is equivalent to the optimal policy of
the branch (DM) by ignoring the other branch in the optimization problem (in this
case, this is equivalent to the centralized policies since the information structure of
each branch (DM) is centralized). The second part corresponds to the correlation
term between branches (DMs).

In the following, we generalize the result of Theorem 4.2 to N-DM LQG dynamic
teams. Assume that the dynamics for ¢ = 1,2,..., N are defined as in (4.1).

Problem (PN tree) Consider the expected cost function of l;N as

(4.10)

N
xt Tth + (ut)TRut + Z ut TRut + ( g)T}?u; ]

J=1,j#i

JT( )— ! SN BT

T—-1 N |:
t=0 =1

where liT =gy fori=1,...,Nand R, R>0and Q > 0. Let Il = {xf():ﬂ,ufo:tf”}.

COROLLARY 4.3. For a fited T and N, consider a finite horizon team problem
defined as (PY""°). If (xh’N) are exchangeable with an identical zero mean Gaussian

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/22/21 to 130.15.244.167. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

800 SINA SANJARI AND SERDAR YUKSEL

distribution, and wis fori =1,...,N are i.i.d. zero mean Gaussian random vectors,
independent fort =0,...,T — 1, and independent of initial states, then

ui*,(T),(N) _ Kt(T) i +L(N) (1) Z Elz)|z],

Jj=1,5#i
where Kt(T) and Pt(T) satisfy (4.6) and (4.7), and LEN)’(T) is a function of K(()?,
Proof. The proof is similar to the one of Theorem 4.2. ]

Now we consider a more general setup where using Corollary 4.1, we establish a
structural result for the case where the information structure of each DM over time
satisfies a structure which is identical for all DMs and is partially nested. An example
of such a graph structure is depicted in Figure 2.2.

Problem (PX). Consider a finite horizon expected cost of 7¥N as (4.10) with the

information structure I} = {yf,yjt}7 where y! is defined in (4.3) and dynamics is
defined in (4.1).

THEOREM 4.4. For a fired T and N, consider a finite horizon team problem de-
fined as (PN). If (z§, ..., xl) are exchangeable with an identical zero mean Gaussian
distribution and wys fori=1,...,N are i.i.d. zero mean Gaussian random vectors,
independent for allt =0,...,T — 1 and independent of initial states, then

N
i, (T),(N T) i N)(T |y
ul (1T)( ):Kt( )yt+L§ () Z Elxgly],
j=1,j%i

where Kt(T) are obtained by considering only one DM and ignoring other DMs.
Proof. The proof is similar to that of Theorem 4.2 by [18] and Corollary 4.1. 0O

Remark 8. A related work is [30], where structural results for optimal policy have
been obtained for finite horizon LQG problems on graphs. In our analysis above, the
structural result for the optimal policy is obtained without assuming that DMs who
have no common ancestors and no common descendants either have uncorrelated noise
or are decoupled through the cost function. Instead, exchangeable partially nested
LQG teams with correlated initial states and disturbances are considered. Moreover,
here, the graph structures may not be trees in general, as opposed to [30], where a
multitree structure has been imposed on a graph.

Now, we present results for LQG teams with a mean-field coupling through the
cost function. First, using Corollary 4.3, we obtain globally optimal policies for N-
DM teams with a mean-field coupling and correlated initial states and disturbances.
Next, as an implication of Theorem 3.2, we show the convergence of optimal policies
for LQG N-DM mean-field teams on a tree to the corresponding optimal policy of

mean-field teams. Let I} = {xf&t] {0:¢—17) for i € N, and dynamlcs be as (4.1).

Problem (PZIFV %%) Consider the expected cost function of lT

T—1 N
(4.11) JN (ﬁ) ZZEWT [ TQzf + (uy)" Ru;
t=0 i=1
N
N 1 Z ()T Rul + (ul)T Ru?
J=1,5#i
1 N o
vy Do (@) Qul + ()T Qx|
=1,

where R, R > 0 and Q,Q > 0.
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Problem (77 Ll\ég) Consider the expected cost function of v, as

(4.12) I (lT) = lijffnjgop JN (ZT)'

COROLLARY 4.5. For a fixed T and N, consider a finite horizon team problem
defined as (Pévggg) If (z§N) are exchangeable zero mean Gaussian random vectors,

and wis are i.i.d. zero mean Gaussian random vectors for i =1,..., N, independent
fort=0,...,T —1, and independent of initial states, then

(N)(T) N

(4.13) ui*,(T);(N) K(T) 1+L7)) E : E[J?”JZZ]

. t t N 1 ol0l»
=L

where Kt(T) and Pt(T) satisfy (4.6) and (4.7), and LEN)’(T) is a function of Ké?.
Proof. The proof is similar to the one in Theorem 4.2. ]

COROLLARY 4.6. For a fixred T', consider a finite horizon team problem defined as
( oo, MF

PT,LQG). Assume {z}ien are exchangeable random vectors with zero mean Gauss-
ian distribution, and wis are i.i.d. zero mean Gaussian random wvectors for i € N,
independent for t = 0,...,T — 1, and independent of initial states. If LgN)’(T) in

(4.13) converges pointwise as N — oo to L(OO)’(T), then
D) _ el i oM

where K(T) and P(T) satisfy (4.6) and (4.7), and ¥ = E[z}(z2)T|(E[2x3(23)T]) 1.

Proof. Following from [1, p. 9], since {x()}leN are exchangeable Gaussian random
vectors, we can describe them explicitly as xf = wo + 0%, where (01,62%,...) are i.i.d.
mean zero Gaussian and independent of mean zero Gausslan random Vector wp. Now,
we invoke Theorem 3.2 (or Theorem 3.3) and Corollary 4.5 and we use Remark 5 to
complete the proof. 0

4.2. Average cost infinite horizons problems for partially nested
dynamic teams. In the following, we consider average cost problems with a sym-
metric partially nested information structure. We note that the optimality of linear
policies for infinite horizon LQG problems is an open problem in its generality. In
this subsection, we provide a positive result for a class of such problems.

Now, we consider an infinite horizon team problem and we use the result in
section 4.1.

Problem (P!re¢). Consider the expected cost function of (y!,~?) as

(4.14) J(7"2) = limsup EQ 2 [¢ (242, ubZ )],

T—o0
where the cost function is defined as (4.2) and I} = {me:t]v ufo:t_l]}.

First, we introduce a lemma essential for Theorem 4.8.

LEMMA 4.7. Consider the sequence {a%}E . Assume limp_ o al = a for i =
0,...,T — 1. If for every fized T € N, a4, = athrll foralll =0...,T — 1, then
lim7 e % ZZ;I a = a.

Proof. We have

T T-1 T
i 2 tim LSl i L3t
m — ap = 11m — Qp_; = 11In — a, = a
T~>ooT‘ 1 T T—oo T o T—i T—)ooTk 1 k ’
1= i= =
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where the second equality follows from a}, = al, +11 and the last equality follows from
the Cesaro mean argument. 0

THEOREM 4.8. Consider average cost infinite horizon team problems defined as

(Piree). Assume (A, B) are stabilizable and (A, Q) are detectable. Assume 3 and x2
are exchangeable with an identical zero mean Gaussian distribution and wis are i.i.d.
zero mean Gaussian random variables for i = 1,2 and for allt = 0,...,T — 1 and
independent of initial states. If LgT) in (4.8) converges pointwise to L,(foo) as T — oo,
then the pointwise limit of the sequence of optimal policies for (P¥¢¢) is team optimal
for (Piree) and stabilizes the closed-loop system,

" = Ka} + Li™ Elagag),
up ) = Kaf + Li™ Blaf |23,

where K, P, Lioo) and G§°°) are the pointwise limit of the ones for (P1¢¢) as T — oo.

Proof. We show limsupy_, . Jr(7;.) = J(77_) and invoke [38, Theorem 5] or [29,
Theorem 1] to complete the proof. From (4.9), we have

Jim 1Jr(7,) = Jr(3))

(4.15)
2 (1) 2 ¢ (1)
o “ T T) 1 “ T T) 1
= Jim. ’E{(mo) (PO P) mo} + > E[(wt) (Pt P) wt]
(4.16)
2 ¢ T (1@ g p@ T _ (g (o) (c0)
+7 EKE%%]) ((Lt ) BTRYBL" - (1 )TBTPBLtOO>E[:c(2)|x(1)]]
t=0
(4.17)
T-1
2 _ T T [e%s}
23 | any (PR ELD - PEL ) Eladlal]
t=0
(4.18)
:()7

where (4.15) is zero since PO(T) converges to P using Lemma 4.7 since Pt(ffr D=

Pt(T). Expression (4.17) converges to zero since LET) in (4.8) converges pointwise to
LEOO) as T — oo, we have Y 7, BT(AT)S_tPBLgoo) < 00, and this implies that
limg_ s Lgoo) = 0. Hence, we have that for every € > 0, there exists N > T such that
for every t > N, |Tr[L{*) (L)) < e. We define L") = 0 for t > T. Expression
(4.16) is equal to zero following from Lemma 4.7 and the fact that |Tr[L£°°) (L§°°))T]| <
e for every t > N. Hence, equality (4.18) is true and global optimality follows from
[38, Theorem 5]. The closed loop system is stable since limsup, .. E(||z}]?) < oo

following from ||A + BK|| < 1 (all the eigenvalues of A + BK are inside of the unit

circle) and since ||L£°°)|| is uniformly bounded. O

5. Conclusion. In this paper, we studied dynamic teams with symmetric infor-
mation structures. We presented a characterization for symmetrically optimal teams
for convex exchangeable team problems. For mean-field teams with symmetric infor-
mation structures, we showed the convergence of optimal policies for mean-field teams
with NV DMs to the corresponding optimal policy of mean-field teams. We obtained
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globally optimal solutions for LQG dynamic team problems with symmetric partially
nested information structures. Moreover, we obtained globally optimal policies for
average cost infinite horizon problems of LQG dynamic teams.

In this paper since we worked under the convexity assumption, the information

structure does not allow for the mean-field coupling in the dynamics. In our recent
work [35], we relaxed the convexity assumption to arrive at complementary existence
and structural results.
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