J. Math. Anal. Appl. 435 (2016) 321-337

Journal of Mathematical Analysis and Applications

Contents lists available at ScienceDirect

MATHEMATICAL

www.elsevier.com/locate/jmaa

Near optimality of quantized policies in stochastic control under
weak continuity conditions ™

@ CrossMark

Nagci Saldi *, Serdar Yiiksel, Tamas Linder

Department of Mathematics and Statistics, Queen’s University, Kingston, ON, Canada

ARTICLE INFO

ABSTRACT

Article history:

Received 13 May 2015

Available online 22 October 2015
Submitted by X. Zhang

Keywords:

Stochastic control

Quantization

Approximation

Partially observed Markov decision
processes

This paper studies the approximation of optimal control policies by quantized
(discretized) policies for a very general class of Markov decision processes
(MDPs). The problem is motivated by applications in networked control systems,
computational methods for MDPs, and learning algorithms for MDPs. We consider
the finite-action approximation of stationary policies for a discrete-time Markov
decision process with discounted and average costs under a weak continuity
assumption on the transition probability, which is a significant relaxation of
conditions required in earlier literature. The discretization is constructive, and
quantized policies are shown to approximate optimal deterministic stationary
policies with arbitrary precision. The results are applied to the fully observed

reduction of a partially observed Markov decision process, where weak continuity is
a much more reasonable assumption than more stringent conditions such as strong
continuity or continuity in total variation.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In this paper, we study the finite-action approximation of optimal control policies for a discrete time
Markov decision process (MDP) with Borel state and action spaces, under discounted and average cost
criteria. Various stochastic control problems may benefit from such an investigation.

The optimal information transmission problem in networked control systems is one such example. In
many applications to networked control, the perfect transmission of the control actions to an actuator is
infeasible when there is a communication channel of finite capacity between a controller and an actuator.
Hence, the actions of the controller must be quantized to facilitate reliable transmission to an actuator.
Although, the problem of optimal information transmission from a plant/sensor to a controller has been
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studied extensively [25], much less is known about the problem of transmitting actions from a controller
to an actuator. Such transmission schemes usually require a simple encoding/decoding rule since an ac-
tuator does not have the computational/intelligence capability of a controller to use complex algorithms.
Therefore, time-invariant uniform quantization is a practically useful encoding rule for controller—actuator
communication.

The investigation of the finite-action approximation problem is also useful in computing near optimal
policies and learning algorithms for MDPs. In a recent work [22], we consider the development of finite-state
approximations for obtaining near optimal policies. However, to establish constructive control schemes, one
needs to quantize the action space as well. Thus, results on approximate optimality of finite-action models
pave the way for practical computation algorithms which are commonly used for finite-state/action MDPs.
One other application regarding approximation problems is on learning a controlled Markov chain using
simulations. If one can ensure that learning a control model with only finitely many control actions is
sufficient for approximate optimality, then it is easier to develop efficient learning algorithms which allow
for the approximate computation of finitely many transition probabilities. In particular, results developed
in the learning and information theory literature for conditional kernel estimations [11] (with control-free
models) can be applied to transition probability estimation for MDPs.

Motivated as above, in this paper we investigate the following approximation problem: For uncountable
Borel state and action spaces, under what conditions can the optimal performance (achieved by some
optimal stationary policy) be arbitrarily well approximated if the controller action set is restricted to be
finite? We show that quantized stationary policies obtained by uniform quantization of the action space
can approximate optimal policies with arbitrary precision for an MDP with an unbounded one-stage cost
function, under a weak continuity assumption on the transition probability.

Various approximation results, which are somewhat related to our work, have been established for MDPs
with Borel state and action spaces in the literature along the theme of computation of near optimal policies.
For rather complete surveys of these techniques, we refer the reader to [1,5-7,16-19,24] and the references
therein. With the exception of [17], these works assume in general restrictive continuity conditions on the
transition probability. In [17], the authors considered an approximation problem in which all the components
of the original model are allowed to vary in the reduced model (varying only the action space corresponds
to the setup considered in this paper). Under weak continuity of the transition probability, [17] established
the convergence of the reduced models to the original model for the discounted cost when the one-stage cost
function is bounded. In this paper we allow the one-stage cost function to be unbounded. In addition, we also
study the approximation problem for the challenging average cost case. Hence, our results can be applied
to a wider range of stochastic systems. However, analogous with [17], the price we pay for imposing weaker
assumptions is that we do not obtain explicit performance bounds in terms of the rate of the quantizer used
in the approximations.

In [21] we solved a variant of this problem for the discounted cost under the following assumptions:
(i) the action space is compact, (ii) the transition probability is setwise continuous in the action variable,
and (iii) the one stage cost function is bounded and continuous in the action variable. The average cost was
also considered under some additional restrictions on the ergodicity properties of Markov chains induced by
deterministic stationary policies. In this paper we consider a similar problem for systems where the transition
probability is weakly continuous in the state-action variables. An important motivation for considering these
conditions comes from the fact that for the fully observed reduction of a partially observed MDP (POMDP),
the setwise continuity of the transition probability in the action variable is a prohibitive condition even for
simple systems such as the one described in Example 2.1 in the next section.

Organization: In Section 2 we give definitions and the problem formulation. The main result for discounted
cost is stated and proved in Section 3. In Section 4 an analogous approximation result is obtained for the
average cost criterion. In Section 5 the results for the discounted cost are applied to the fully observed
reduction of POMDPs via appealing to results by Feinberg et al. [9]. Section 6 concludes the paper.
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2. Markov decision processes

For a metric space E, the Borel o-algebra is denoted by B(E). Given any Borel measurable function
w: E— [1,00) and any real valued Borel measurable function v on E, we define w-norm of u as

Jul = sup "4,
ecE w(e)
Let Cy (E) and B,,(E) denote the space of all real valued continuous and Borel measurable functions on E with
finite w-norm, respectively [14]. Let P(E) denote the set of all probability measures on E. A sequence {,, } of
measures on E is said to converge weakly (resp., setwise) [15] to a measure p if [; g(e)pun(de) = [ g(e)p(de)
for all bounded and continuous real functions g on E (resp., for all bounded and Borel measurable real
functions g on E). Unless otherwise specified, the term “measurable” will refer to Borel measurability.

We consider a discrete-time Markov decision process (MDP) with state space Z and action space A, where
Z and A are Borel spaces. In this paper, we assume that the set of admissible actions for any z € Z is A.
Let the stochastic kernel n(-|z,a) be the transition probability of the next state given that the previous
state-action pair is (z,a) [13]. The one-stage cost function c is a measurable function from Z x A to [0, 00).
The probability measure £ over Z denotes the initial distribution of the state process.

Define the history spaces Hy = Z and H; = (Z x A)* x Z, t = 1,2,... endowed with their product
Borel o-algebras generated by B(Z) and B(A). A policy is a sequence ¢ = {¢:} of stochastic kernels on A
given H;. The set of all policies is denoted by ®. A deterministic policy is a sequence ¢ = {¢;} of stochastic
kernels on A given H; which are realized by a sequence of measurable functions {f;} from H; to A, i.e.,
©t(-|he) = 65,(h)(-), where 0, is the point mass at z. Let F denote the set of all measurable functions f
from Z to A. A deterministic stationary policy is a constant sequence of stochastic kernels ¢ = {¢;} on A
given Z such that ¢;(-|2) = d4(;)(-) for all ¢ for some f € F. The set of deterministic stationary policies is
identified with the set F.

According to the Tonescu Tulcea theorem [13], an initial distribution & on Z and a policy ¢ define a
unique probability measure Pg on Hy, = (Z x A)*>°. The expectation with respect to PE‘P is denoted by ]E‘g.
If £ = 6,, we write Py and EY instead of ng and Efz. The cost functions to be minimized in this paper are
the discounted cost with a discount factor 5 € (0,1) and the average cost, respectively:

J(p,€) =Ef [i 5t0(2t’at)],

t=0

T-1
Vi, &) = lin sup %]Ef {; c(zt, at)] :
A policy ¢* is called optimal if J(¢*,2) = infueca J(p, 2) (or V(¢*,z) = inf,ca V(p, 2) for the average
cost) for all z € Z. Tt is well known that the set F of deterministic stationary policies contains an optimal
policy for a large class of infinite horizon discounted cost (see, e.g., [8,13]) and average cost optimal control
problems (see, e.g., [4,8]). In this case we say that F is an optimal class.

2.1. Problem formulation

To give a precise definition of the problem we study in this paper, we first give the definition of a quantizer
from the state to the action space.

Definition 2.1. A measurable function ¢ : Z — A is called a quantizer from Z to A if the range of ¢, i.e.,
q(Z) = {q(z) € A: z € Z}, is finite.
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The elements of ¢(Z) (the possible values of ¢) are called the levels of q. The rate R = log, |¢(Z)] of a
quantizer ¢ (approximately) represents the number of bits needed to losslessly encode the output levels of ¢
using binary codewords of equal length. Let Q denote the set of all quantizers from Z to A. A deterministic
stationary quantizer policy is a constant sequence ¢ = {p;} of stochastic kernels on A given Z such that
@t(-|2) = d4(z)(-) for all ¢ for some g € Q. For any finite set A C A, let Q(A) denote the set of all elements
in @ having range A. Analogous with I, the set of all deterministic stationary quantizer policies induced by
Q(A) will be identified with the set Q(A).

Our main objective is to find conditions on the components of the MDP under which there exists a
sequence of finite subsets {A,},,>1 of A for which the following holds:

(P) For any initial point z we have lim, .o mingega,)J/(¢,2) = mingerJ(f,2) (or lim,_ o
mingeg(a,) V(¢,2) = minger V(f,2) for the average cost), provided that the set I of deterministic sta-
tionary policies is an optimal class for the MDP.

Letting MDP,, be defined as the Markov decision process having the components {Z,An,n,c}, (P) is
equivalent to stating that optimal cost of MDP,, converges to the optimal cost of the original MDP.

2.2. Setwise continuity versus weak continuity

Requiring that the transition probability of the system be weakly continuous in state-action variables is
indeed a fairly mild assumption compared to the setwise continuity in the action variable. Indeed, the latter
condition is even prohibitive for certain stochastic systems. In this section we consider two examples, the
fully observed reduction of a POMDP and the additive noise model, in order to more explicitly highlight
this. We refer the reader to [12, Chapter 4] and Section 5 of this paper for the basics of POMDPs.

Example 2.1. Consider the system dynamics

Ti41 = Ty + Qg

Yt = Ty + Uy,

where x; € X, y; € Y and a; € A, and where X, Y and A are the state, observation and action spaces,
respectively. Here, we assume that X =Y = A = R, and the ‘noise’ {v;} is a sequence of i.i.d. random
variables uniformly distributed on [0, 1]. It is easy to see that the transition probability is weakly continuous
(with respect to state-action variables) and the observation channel that gives the conditional distribution
of the current observation given the current state is continuous in total variation (with respect to state
variable) for this POMDP. Hence, by [9, Theorem 3.7] the transition probability 7 of the fully observed
reduction of the POMDP is weakly continuous in the state-action variables. However, the same conclusion
cannot be drawn for the setwise continuity of n with respect to the action variable as shown below.

Let z denote the generic state variable for the fully observed reduced MDP, where the state variables are
elements of P(X) which is equipped with the Borel o-algebra generated by the topology of weak convergence.
If we define the function F(z,a,y) := Pr{zi11 € - |2t = 2,4t = a, Y141 = y} from P(X) x Ax Y to P(X) and
the stochastic kernel H(-|z,a) := Pr{yi41 € - |2t = z,a; = a} on Y given P(X) x A, then 7 can be written
as

77( ' |Za a) = / 1{F(z,a,y)€ . }H(dy|Z, CL),
\%
where 1p denotes the indicator function of an event D and z; denotes the posterior distribution of the state

x; given the past observations, i.e.,

Zt() = PI‘{th € - |y0a"'ayt7a'0a'~-aat—l}-
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Let us set z = &y (point mass at 0 € X), {ax} = {1}, and a = 0. Hence, ax — a. We show that
n(-|z,ax) - n(-|z,a) setwise.

Observe that for all k and y € Y, we have F(z,ay,y) = 6% and F(z,a,y) = dp. Define the open set O
with respect to the weak topology in P(X) as

0:={zeP(X): ’/g(m)(?l(dx) - /g(x)z(dx)\ <1,

where g is the symmetric triangular function on [—1,1] with ¢g(0) = 1 and g(—1) = g(1) = 0. Observe that
we have F(z,ag,y) € O for all k and y, but F(z,a,y) ¢ O for all y. Hence,

n(0lz ar) == / L b Coanyeoy Hdylz ar) = 1,
Y

but

77(0|Z7a) = /1{F(z,a,y)€O}H(dy|27a) =0
Y

implying that (- |z, ax) does not converge to n( |z, a) setwise. Hence, n does not satisfy the setwise conti-
nuity assumption.

Example 2.2. In this example we consider an additive-noise system given by
Zt41 = F(zt,at) +’Ut, t= 0,1,2,...

where Z = R™ and A = R™ for some n,m > 1. The noise process {v:} is a sequence of independent and
identically distributed (i.i.d.) random vectors. In such a system, the continuity of F' in (z,a) (which holds
for most practical systems) is sufficient to imply the weak continuity of the transition probability, and
no assumptions are needed on the noise process (not even the existence of a density is required). Hence,
weak continuity does not restrict the noise model and is satisfied by almost all systems in the applications,
whereas other conditions, such as strong continuity or continuity in total variation distance, hold only if the
noise is well behaved in addition to the continuity of F'. For example, for setwise continuity, it is usually
required that F' is continuous in a for every z, the noise admits a density, and this density is continuous
[13, Example C.8].

3. Near optimality of quantized policies with discounted cost

In this section we consider the problem (P) for the discounted cost. The following assumptions will be
imposed for both the discounted cost and the average cost. We note that these assumptions are often used in
the literature for studying discounted Markov decision processes with unbounded one-stage cost and weakly
continuous transition probability.

Assumption 3.1.

(a) The one stage cost function ¢ is nonnegative and continuous.

(b) The stochastic kernel n(-|z,a) is weakly continuous in (z,a) € Z x A, i.e., if (zx,ar) — (z,a), then
(- |2k, ax) = n(- |2, a) weakly.

(¢) A is compact.
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(d) There exist nonnegative real numbers M and « € [1, %), and a continuous weight function w : Z — [1, 00)
such that for each z € Z, we have

sup ¢(z,a) < Mw(z), (1)
a€A
sup [ w(e)(dylz,a) < aw (o) &)
ac Z
and [, w(y)n(dy|z,a) is continuous in (z,a).

Let da denote the metric on A. Since A is compact and thus totally bounded, one can find a sequence of
finite sets A, = {an1,...,an,k, } C A such that for all n,

min  da(a,an,;) < 1/n for all a € A. (3)
i€ {1, rkn}

In other words, A,, is a 1/n-net in A. In the rest of this paper, we assume that the sequence {A,},>1 is
fixed. To ease the notation in the sequel, let us define the mapping Y,, : F — Q(A,,) by

T, (f)(2) = argminda(f(2), ). (4)
a€N,
Hence, for all f € F, we have
ilelrsz(Tn(f)(Z),f(Z)) <1/n. (5)

Define the operator T" on the set of real-valued measurable functions on Z by
Tu(z) —H1€1£1|: c(z,a —|—B/ n(dy|z, a)} (6)

In the literature T is called the Bellman optimality operator.
Lemma 3.1. For any u € Cy,(Z) the function l,( = [, u(y)n(dy|z,a) is continuous in (z,a).

Proof. For any nonnegative continuous function g on Z, the function [,(z, a) fz 9(y)n(dy|z,a) is lower
semi-continuous in (z, a), if n is weakly continuous (see, e.g., [13, Proposition E.2]). Deﬁne the nonnegative
continuous function g by letting g = bw + u, where b = ||u||,. Then [, is lower semi-continuous. Since
ly =14 — bl and [, is continuous by Assumption 3.1-(d), I, is lower semi-continuous. Analogously, define
the nonnegative continuous function v by letting v = —u + bw. Then [, is lower semi-continuous. Since
ly = bly, — 1, and [, is continuous by Assumption 3.1-(d), I, is also upper semi-continuous. Therefore, ,, is
continuous. 0O

Lemma 3.2. Let Y be any of the compact sets A or A,,. Define the operator Ty on By, (Z) by letting
7ww>—qg[wa+6/ (..

Then Ty maps Cy(Z) into itself. Moreover, Cy(Z) is closed with respect to the w-norm.
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Proof. Note that Tyu(z) = mingev(c(z,a) + Blu(z,a)). The function [, is continuous by Lemma 3.1, and
therefore, Tyu is also continuous by [2, Proposition 7.32]. Since Ty maps B,,(Z) into itself, Tyu € C\,(Z).

For the second statement, let u, converge to u in w-norm in C\,(Z). It is sufficient to prove that w is
continuous. Let zp — zo. Since B := {29, 21, 22, ...} is compact, w is bounded on B. Therefore, u, — u
uniformly on B which implies that limg_,co u(2x) = u(2o). This completes the proof. O

Lemma 3.2 implies that T maps C\,(Z) into itself. It can also be proved that T is a contraction operator
with modulus o := S« (see [14, Lemma 8.5.5]); that is,

ITu — Tv||w < olju — v for all u,v € Cy(Z).
Define the discounted value function J* by

J*(2) = ;relg J(p, 2).

The following theorem is a known result in the theory of Markov decision processes (see e.g., [14, Section 8.5,
p. 65]).

Theorem 3.1. Suppose Assumption 3.1 holds. Then, the value function J* is the unique fized point in Cy,(Z)
of the contraction operator T, i.e.,

J*=TJ* (7)

Furthermore, a deterministic stationary policy f* is optimal if and only if
T = el f (@) 4 8 [ T wintdulz £ ). ®
Z

Finally, there exists a deterministic stationary policy f* which is optimal, so it satisfies (8).

Define, for all n > 1, the operator T,, (which will be used to approximate T') by

Thu(z) := min {c(z,a) + B/u(y)n(dyz,a)]. (9)
z

a€N,

Note that T,, is the Bellman optimality operator for MDP,, having components {Z,An,n,c}. Analogous
with T, it can be shown that T, is a contraction operator with modulus ¢ = o mapping C,,(Z) into itself.
Let J;: € C(Z) (discounted value function of MDP,,) denote the fixed point of T,,.

The following theorem is the main result of this section which states that the discounted value function
of MDP,, converges to the discounted value function of the original MDP.

Theorem 3.2. For any compact set K C Z we have

lim sup |J;(2) — J*(2)] = 0. (10)

n—oo zeK

Therefore,

lim |J3(2) —J*(2)| =0 forallz € Z.

n—oo
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To prove Theorem 3.2, we need following results.

Lemma 3.3. For any compact subset K of Z and for any € > 0, there exists a compact subset K. of Z such
that

sup /w(y)n(dy\z,a) < €. (11)

(z,a)EK XA
KC

€

Proof. Let us define the set of measures = on Z as

== {0 QD0 = [wlntiy, o e K xAf
D

Note that = is uniformly bounded since

sup /w(y)n(dy|z,a) < asup w(z) < oo.
(z,a)EKxAZ z€K

If the mapping @ : K X A 3 (z,a) — Q(+|z,a) € E is continuous with respect to the weak topology on =,
then = (being a continuous image of the compact set K x A) is compact with respect to the weak topology.
Then, by an extension of Prohorov’s theorem to non-probability measures [3, Theorem 8.6.2], Z is tight,
completing the proof. Hence, we only need to prove the continuity of the mapping Q.

By Lemma 3.1, for any u € Cy(Z), [, u(y)n(dy|z,a) is continuous in (z, a). Let (zx, ax) = (z,a) in K x A,
Note that for any g € Cy(Z), gw € Cy(Z). Therefore, we have

k—o0

lim g(y)Q(dyIZk,aw=klggo/g(y)w(wn(dyl%ak)
Z V4

~ [stwu@naylza) = [ w0
Z b4
proving that Q( - |zx,ax) — Q(-|z,a) weakly. O

Lemma 3.4. Let {u,} be a sequence in Cy,(Z) with sup,, ||un||w := L < co. If u, converges to u € Cy(Z)
uniformly on each compact subset of Z, then for any f € F and compact subset K of Z we have

lim sup =0,

n—oo zeK

/ wnW)(dy|z, ful2)) — / u()n(dylz, £(2))

z

where fn = Tn(f) (see (1)).

Proof. Fix a compact subset K of Z. Then for K, as in Lemma 3.3,

[untmtaslz, 5a(e) = [utmiante f(z))]

sup
zeK
zZ yA
< sup| [ wnntisle. () - | U(y)n(dylz,fn(Z))‘
Z

zeK
z
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s Z/ w()n(dylz, fulz)) — Z/ sz, £(2)
< sup / wn(y)n(dylz, Ful2)) — K/ u(y)n(dylz, f(2))

+sup K/ un ()(dy|2. f(2)) — K/ w(y)n(dylz, f(2))

+sup / u(y)n(dylz, falz)) — / sz, £(2)

< sup |un(y) — u(y)| + 2Le + sup /U(y)n(dylz,fn(z» */U(y)n(dy\zvf(Z)) .
Z

yeK, zeK
z

Let us define I(z,a) := [, u(y)n(dy|z,a). Since u € Cy(Z), by Lemma 3.1 [ is continuous, and therefore,
uniformly continuous on K x A. Note that in the last expression as n — co: (i) the first term goes to zero
since u,, — u uniformly on K. and (ii) the last term goes to zero since [ is uniformly continuous on K x A
and f, — f uniformly. Then the result follows by observing that ¢ is arbitrary. O

Let us define v° = v = 0, and v'™! = Tw! and o5t = T,0! for ¢t > 1; that is, {v'};>1 and {v} }:>1 are
successive approximations to the discounted value functions of the original MDP and MDP,,, respectively.
Lemma 3.2 implies that v* and vf, are in Cy,(Z) for all ¢ and n. By [14, Theorem 8.3.6, p. 47|, [14, (8.3.34),
p. 52| and [14, Section 8.5, p. 65] we have

o(2) < J*(2) < ML (12)
1—0
. t
—JNw <M , 1
o = 7"l < M7 (13
and
t * ’LU(Z)
v (2) < Jp(z) <M : (14)
1—0o
t ot
— I <M . 1
ok = Txlh < M7 (15)
Since for each n and u, Tu < T,,u, we also have v* <! for all t > 1 and J* < J.
Lemma 3.5. For any compact set K C Z and t > 1, we have
lim sup v} (z) —v'(2)| = 0. (16)

n—oo zeK

0

Proof. We prove (16) by induction. For ¢ = 1, the claim holds since v = v = 0, and ¢ is uniformly

continuous on K x A for any compact subset K of Z. Assume the claim is true for ¢ > 1. We fix any compact
set K. Let f¥ denote the selector of Tv! = v'*?; that is,

V) = T @) = el S () 4 8 [ o wntdylz. £ (),

and let f;,, := T, (fy) (see (4)). By (12) and (14) we have
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t) < w(z)
U(Z)*Ml—a (17)
o) < 2 (18)
for all ¢t and n. For each n > 1, we have
Sup|fut+1 (2) — vt+1(z)|
z€K
= sup (v (2) — o't (2)) (as o't <ol
z€K
= sg}g(r%in {c(z,a) —|—6/ L (y)n(dylz, a)] —m/in[ (z,a —I—ﬁ/ n(dy|z, a)})
z

< sup ( |ete (20 + 8 / vi(y)n(dylz,fin(Z))] - e sy + 8 [ ot i )
z

< sgpl in(2) =z 1 (2)| + 8 sup

/ L )n(dylz, Fin(2) — / o n(dylz, £1(2))].
VA

z

Note that in the last expression, as n — oo the first term goes to zero since c is uniformly continuous on
K x A and f7, — f uniformly, and the second term goes to zero by Lemma 3.4, (17), and (18). O

Now, using Lemma 3.5 we prove Theorem 3.2.

Proof of Theorem 3.2. Let us fix any compact set K C Z. Since w is bounded on K, it is enough to prove

lim,, o0 SUP,c g W = 0. We have

T2(2) — J*(2)] 1J2(2) — ob(2)] ot () — 0! (2)] [0 () — J*(2)
T wk) . ST wm TR wm TR W

ot k() — ()]
§2M170+z€£ w(z)

(by (13) and (15)).

Since w > 1, sup,c x W

made arbitrarily small since ¢ > 1 is arbitrary and o € (0, 1), this completes the proof. O

— 0 as n — oo for all ¢t by Lemma 3.5. Hence, the last expression can be

4. Near optimality of quantized policies with average cost

In this section we consider the problem (P) for the average cost. We prove an approximation result
analogous to Theorem 3.2. To do this, some new assumptions are needed on the components of the original
MDP in addition to the conditions in Assumption 3.1. A version of these assumptions were used in [23] and
[10] to study the existence of the solution to the Average Cost Optimality Equality (ACOE) and Inequality
(ACOI). For any probability measure ¥ and measurable function h on Z, let 9(h) := [, h(z)9(dz)

Assumption 4.1. Suppose Assumption 3.1 holds with (2) replaced by condition (e) below. Moreover, suppose
there exist a probability measure A on Z and a continuous function ¢ : Z x A — [0, c0) such that

(e) [;w(y)n(dylz, a) < aw(z) + Mw)d(z,a) for all (z,a) € Z x A, where o € (0, 1).
() (D|z,a) > MD)@(z,a) for all (z,a) € Zx A and D € B(Z).
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( ) The Weight function w is A-integrable.
h) [, é( JA(dz) > 0 for all f € F.

Any f € F gives rise to a time-homogeneous Markov chain {z}72; (state process) with the transition
probability n(- |z, f(2)) on Z given Z. For any t > 1, let n'(- |z, f(2)) denote the t-step transition probability
of this Markov chain given the initial point z. Hence, n!(- |z, f(z)) is recursively given by

W f(2)) = / 0(- Iy, F @)yl £(2)).

z

For any z € Z, let

V*(z) = ;Ielf V(p, 2).

V* is called the average cost value function of the MDP. The following theorem is a consequence of [23
Theorems 3.3 and 3.6].

Theorem 4.1. Under Assumption 4.1 the following holds.
(i) For each f € F, the stochastic kernel n(-|z, f(2)) is positive Harris recurrent with unique invariant
probability measure vy. Furthermore, w is vg-integrable, and therefore, py := [, ¢(z, f(2))vs(dz) < co.

(i) There exist f* € F and h* € Cy,(Z) such that the triple (h*, f*, ps+) satisfies the average cost optimality
equality (ACOE), i.e.,

pr- +h*(2) = min [e(z @) + / W n(aslz.a)|

- /h* n(dylz, £(2)),

and therefore,
V(z) = oy,
forall z € Z.
Proof. The only statement that does not directly follow from [23, Theorems 3.3 and 3.6] is the fact: h* €

Cw(Z). Hence, we only prove this.
By [23, Theorem 3.5], h* is the unique fixed point of the following contraction operator with modulus «

ac

Fu(e) = g ez.0) + [ utghntayle,a) = Awotz.a)|.
z

Since ¢ is continuous, by Lemma 3.1 the function inside the minimization is continuous in (z, a) if u € Cy,(Z).
Then by Lemma 3.2, F maps C,,(Z) into itself. Therefore, h* € C,,(Z). O

This theorem implies that for each f € F, the average cost is given by V(f, 2) fz c(y, f(y))ve(dy) for
all z € Z (instead of vs-a.e.).
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Remark 4.1. If the state space Z is compact and the transition probability n(-|z,a) has a strictly pos-
itive density g(y|z,a) with respect to some probability measure ¢ which is continuous in (y, z,a), then
Assumption 4.1 holds for w =1, A =9, and ¢(z,a) = minyecz g(y|z, a).

Note that all the statements in Theorem 4.1 are also valid for MDP,, with an optimal policy f} and
a canonical triplet (h;, f,ps-). Analogous with F', define the contraction operator F,, (with modulus )
corresponding to MDP,, as

Fru(e) = i o) + [ ulwn(dslz,) - Mu)o(z,a)]
z

and therefore, h’ € C,,(Z) is its fixed point.
The next theorem is the main result of this section which states that the average cost value function,
denoted as V¥, of MDP,, converges to the average cost value function V* of the original MDP.

Theorem 4.2. We have
nlggo [V, —=V* =0,
where V¥ and V* are both constants.

Let us define v = uY =0, and u'*! = Fu! and v/ = F,u!, for t > 1; that is, {u'}¢>1 and {u} };>1 are

successive approximations to h* and h}, respectively. Lemma 3.2 implies that u’ and !, are in C,,(Z) for

n?

all t and n.

Lemma 4.1. For all u,v € Cy(Z) and n > 1, the following results hold: (i) if u < v, then Fu < Fv and
Fou < Fyv; (ii) Fu < Fu.

Proof. Define the sub-stochastic kernel 7) by letting
(- 1z,a) :==n(-[z,a) = A(+)é(z, a).

Using 7, F' and F), can be written as

a€A

Fute) = miget.0) + [ uitaylz.o)].

a€l,

z
F,u(z) := min {c(z,a) + /u(y)ﬁ(dy|z,a)}
z

Then the results follow from the fact that 7(-|z,a) > 0 by Assumption 4.1-(f). O

Lemma 4.1 implies that v® < u! < v? < ... < h* and ug < u

lut||w, |1l ]l < M by Assumption 3.1-(d). Since

< w2 < ... < hi. Note that

1
n

12w < 12" =l + 1wt o = 1FR* = Ful |l + [0l < @2 [l + [ [l

1Rl < W1B5 = unllo + g Lo = [1Fuhs, = Fougllo + lluplw < allhyllw + llunllo,

we have
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and

By inequalities above and the facts |Juf — h*||, < af||h|w and |Jul, — b |lw < ]|y ||w, We also have

t

t *
R <M ,
Bl < M

and

t

t *
—hillw <M .
Ju, — bl < M2

By Lemma 4.1, for each n and v € Cy,(Z), we have Fv < F,v. Therefore, by the monotonicity of F' and the
fact u’ = u¥ = 0, we have

t t
u < uy,

W< b, (19)
for all ¢ and n.
Lemma 4.2. For any compact set K C Z and t > 1, we have

lim sup |ul,(2) —u'(2)| = 0. (20)

n—oo zeK

Proof. Note that for each ¢ > 1, by the dominated convergence theorem and A\(w) < oo, we have A(uf,) —
A(u?) if ul, — u' pointwise. The proof can be finished using the same arguments as in the proof of Lemma 3.5
and so we omit the details. O

Lemma 4.3. For any compact set K C Z, we have

lim sup |k} (2) — h*(2)| = 0.

n—oo 2eK

Proof. The lemma can be proved using the same arguments as in the proof of Theorem 3.2. O
Now, using Lemma 4.3 we prove Theorem 4.2.

Proof of Theorem 4.2. Recall that V* = py, and V7 = p;-, and they satisfy the following ACOEs:
h()—l—pf*_ml};l{cza /h* n(dy|z, a)}—c /h* n(dy|z, f*(2))
€
h*()—l—pf*—mm{ c(z,a) /h* n(dy|z, a)}—c /h* n(dy|z, fr(z)).

Note that A}, > h* (see (19)) and py= > py«. For each n, let f,, := Y,,(f*). Then for any z € Z we have
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(i { Z/ (=) )
hmsup<c [ it )
(et

limsup(hj;(2) + py+) = limsup

n—oo n—oo

n—oo

< lim sup
n—oo

Z
)+ / hii(y)n(dylz,fn(Z)))
Z

= oz () + / b (y)n(dylz, 1°(2)) (21)

z
— () 4 oy
< *
hnnilnf(h () + py2),

where (21) follows from Lemma 3.4 and the fact that h} converges to h* uniformly on any compact subset
K of Z and sup,, ||h:|lw < 1M Since limy, ;o0 by (2) = h*(2) by Lemma 4.3, we have lim, ;o0 p: = py=.
This completes the proof. O

5. Application to partially observed MDPs

In this section we apply the result obtained in Section 3 to partially observed Markov decision processes
(POMDPs). Cousider a discrete time POMDP with state space X, action space A, and observation space Y,
all Borel spaces. Let p( - |z, a) denote the transition probability of the next state given the current state-action
pair is (x,a), and let r(-|z) denote the transition probability of the current observation given the current
state variable x. The one-stage cost function, denoted by ¢, is again a measurable function from X x A to
[0, 00).

Define the history spaces H; = (Y x A xY,t=0,1,2,... endowed with their product Borel o-algebras
generated by B(Y) and B(A). A policy m = {m;} is a sequence of stochastic kernels on A given H;. We denote
by II the set of all policies. Hence, for any initial distribution x and policy m we can think of POMDP
as a stochastic process {z¢,ys,a; },., defined on a probability space (Q,B(€), PT) where Q = Hoo x X*°,
x; is a X-valued random variable, y; is a Y-valued random variable, a; is a A-valued random variable, and
P7-almost surely they satisfy

(:1?0 S

(-)

)

Pl(x € - |Z(0,6—1]> Y[0,t-1], A[0,t—1]) = Pz € w1 ai-1) = p(- w1, a0-1)
) =
) =

I
=

Pi(ye € -|z) = (- |ze)

(- ‘y[o,t]’ a[O,tfl])

PT(yt € 20,45 Yjo,e—1]> @[0,—1]

Pi(ar € - |04, Y[o,4), A0,t—1]

where 294 = (Z0,-.., %), Yjo.0 = Wo,--- %), and ap g = (ao,...,a;) (¢ > 1). Let J(m, p) denote the
discounted cost function of the policy 7 € II with initial distribution p of the POMDP.

It is known that any POMDP can be reduced to a (completely observable) MDP [20,26], whose states
are the posterior state distributions or beliefs of the observer; that is, the state at time ¢ is

Pr{z: € |yo,---,Yt,Q0,---,a:—1} € P(X).

We call this equivalent MDP the belief-MDP. The belief-MDP has state space Z = P(X) and action space A.
The transition probability 1 of the belief-MDP can be constructed as in Example 2.1 (see also [12])
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7]('|Zaa):/1{F(z,a,y)€~}H(dy|Z7a)a
Y

where F(z,a,y) :=Pr{zi1 € |zt = 2,0 = a, Y141 = y}, H(-|z,a) :=Pr{yi+1 € |zt = 2,04 = a}, and z
denotes the posterior distribution of the state x; given the past observations. The one-stage cost function ¢
of the belief-MDP is given by

c(z,a) == /E(x,a)z(dm). (22)

X

Hence, the belief-MDP is a Markov decision process with the components (Z, A, 7, ¢).

For the belief-MDP define the history spaces Hy = (Z x A)® x Z, t = 0,1,2,... as in Section 2. Again,
® denotes the set of all policies for the belief-MDP, where the policies are defined in an usual manner. Let
J(p, &) denote the discounted cost function of policy ¢ € ® for initial distribution & of the belief-MDP.

Notice that any history vector hy = (2o, ..., 2t, ag, - . . ,a;—1) of the belief-MDP is a function of the history
vector hy = (Yo .-+, Yt a0 - - -, a;—1) of the POMDP. Let us write this relation as i(hy) = h;. Hence, for a
policy ¢ = {p;} € ®, we can define a policy ¥ = {n/} € II as

Let us write this as a mapping from ® to II: ® 5 ¢ — i(p) = 7% € IL. It is straightforward to show that
the cost functions J (i, &) and J(7¢, u) are the same. One can also prove that (see [20,26])

inf J = inf J 23
inf (¢, ) jnf (m, 1) (23)

and furthermore, that if ¢ is an optimal policy for belief-MDP, then ¥ is optimal for the POMDP as well.
Hence, the POMDP and the corresponding belief-MDP are equivalent in the sense of cost minimization.
We will impose the following assumptions on the components of the original POMDP.

Assumption 5.1.

(a) The one stage cost function ¢ is continuous and bounded.

(b) The stochastic kernel p( - |z,a) is weakly continuous in (z,a) € X x A.

(¢) The stochastic kernel r( - |x) is continuous in total variation, i.e., if xx — x, then r(-|zg) — r(-|z) in
total variation.

(d) A is compact.

We refer the reader to [9, Section 8] for examples satisfying Assumption 5.1-(c). Note that by [2, Proposi-
tion 7.30], the one stage cost function ¢, which is defined in (22), is in Cy(ZxA) under Assumption 5.1-(a), (b).
Hence, the belief-MDP satisfies the conditions in Theorem 3.2 for w = 1 if n is weakly continuous. The
following theorem is a consequence of [9, Theorem 3.7, Example 4.1] and Example 2.1.

Theorem 5.1.

(i) Under Assumption 5.1-(b), (c), the stochastic kernel n for belief-MDP is weakly continuous in (z,a).

(ii) If we relax the continuity of the observation channel in total variation to setwise or weak continuity,
then n may not be weakly continuous even if the transition probability p of POMDP is continuous in
total variation.
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(iii) Finally, n may not be setwise continuous in a, even if the observation channel is continuous in total
variation.

Part (i) of Theorem 5.1 implies that belief-MDP satisfies conditions in Theorem 3.2. However, note that
continuity of the observation channel in total variation in Assumption 5.1 cannot be relaxed to weak or
setwise continuity. On the other hand, the continuity of the observation channel in total variation is not
enough for the setwise continuity of 7. Hence, results in [21] cannot be applied to the POMDP we consider
even though we put a fairly strong condition on the observation channel.

Theorem 5.2. Suppose Assumption 5.1 holds for the POMDP. Then we have
lim |J)(2) — J*(2)| =0 forall z € Z,
n— o0

where J is the discounted value function of the belief-MDP with the components {Z, An,m, c} and J* is the
discounted value function of the belief-MDP with the components {Z,A,n,c}.

The significance of Theorem 5.2 is reinforced by the following observation. If we define DIIQ(A,,) as the
set of deterministic policies in II taking values in A,,, then the above theorem implies that for any given
e > 0 there exists n > 1 and 7* € DIIQ(A,,) such that

J(m", p) <min J(m, p) + e,

where 7* = 7#". This means that even when is an information transmission constraint from the controller
to the plant, one might get e-close to the value function for any small € by quantizing the controller’s actions
and sending the encoded levels.

6. Discussion

In this paper, we considered the finite-action approximation of stationary policies for a discrete-time
Markov decision process with either discounted or average costs. Under mild weak continuity assumptions
it was shown that if one uses a sufficiently large number of points to discretize the action space, then
the resulting finite-action MDP can approximate the original model with arbitrary precision. The results
obtained for the discounted cost were also applied to the finite-action approximation problem for POMDPs.

One direction for future work is to further investigate the problem (P) for the average cost under specific
conditions for POMDPs, so that the results obtained for the average cost can be applicable to the belief-
MDPs. In this case, a possible solution methodology is to investigate conditions on the POMDP under
which the Markov chain arising from the belief-MDP with a stationary policy is ergodic and hence has a
unique invariant measure.
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