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Dimension theory for dynamical systems
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Control over communication networks
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Control over communication channels

Sensor/‘\
%~ Controller
a 11110000101

01010110010

Y - g

S “, 11110000101 ‘
5}, Dlgltal communication

-4.....

-

channel

010110011010



Remote state estimation problem
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Remote state estimation problem
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1. W.S.Wong and R. W. Brockett, “Systems with finite communication bandwidth
constraints - Part |: State estimation problems,” IEEE TAC, 42, 1997.

2. A. Savkin, Analysis and synthesis of networked control systems: topological entropy,
observability, robustness, and optimal control, Automatica, 42, 2006.

3. B.Andrievsky, A. Matveev, and A. Fradkov, “Control and Estimation under Information Constraints:
Toward a Unified Theory of Control , Computation and Communications,” Aut. Remote Contr., 71, 2010.
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Given system, DT and CT
x(t+ 1) = p(x(t)),

peCl x(0)eK, ¢(K)cCK, K is compact

Initial accuracy
|1x(0) —X(0)|| < &

Coder Decoder

e(t) = Q:[X|[0,l’]73(\(0)7 5]’ ?(t) = g[e|[0,t]73(\(0)a 6]
Channel capacity Estimation goal

€ = limg_yo Zhis, |Ix(t) = X(t)|| is small
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Remote state estimation problem

Observability
Ve > 036 >0 [[x(0) —Xx(0)]| <6 = |x(t) —X(t)|| <-, Vt>0

Regular observability
30,,G6 >0 V5 <4, [|x(0)—X(0)]| <d = ||x(t) —x(t)|] < G, vVt >0

Fine observability
30,,G,8 >0V <6, ||x(0)—x(0)||<d = ||x(t) —Xx(t)|]| < Gse 8, Vt>0
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Remote state estimation problem
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Shannon: Information is “a measure of one’s freedom of choice when one selects a
message”. So, the source of information is the uncertainty.

N
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Remote state estimation problem

X(t+1) = p(x(t)) X(t+1) = e(x(1)
h




Remote state estimation problem

X(t+1) = @(x(1)) X(t+1) = @(x(t)
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Remote state estimation problem

X(t+1) = p(x(t)) X(t+1) = e(x(1)
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Remote state estimation problem

X(t+1) = p(x(t)) X(t+1) = e(x(1)
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Remote state estimation problem

X(t+1) = p(x(t)) X(t+1) = e(x(1)
h
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Remote state estimation problem

X(t+1) = o(x(1)) X(t+1) = p(x()
)‘\_ PN

A

N - number of balls
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Remote state estimation problem
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Remote state estimation problem
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Remote state estimation problem

X(t+1) = p(x(t)) X(t+1) = e(x(1)
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Remote state estimation problem

X(t+1) = o(x(1)) X(t+1) = p(x()
)‘\_ PN




25/37

Restoration entropy

Notations
©(K) C K, B - a é-ball centered at a. For CT ©!(-) is the flow.
N(T,a, ) - a minimal number of §-balls to cover ©T(BJ N K).

Definition of the restoration entropy

1
Hres(¢, K) = T'L"go?él“oi‘;‘;'%zN(T’av‘s)

1
= lim =Timsupl T.a,6
fim 7 Jim sup log; N(T,a,?)
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Properties of the restoration entropy

Inequality, involving topological and restoration entropy

Hiop < Hres strict inequalities are "more often” than =

1. C.Kawan, On the Relation between Topological Entropy and Restoration Entropy, Entropy, 21(1), 2019.
2. A.Pogromsky, A. Matveev, Data rate limitations for observability of nonlinear systems, IFAC-PapersOnLine, 49(14), 2016.

Data rate theorem(s)

Hop is a threshold of the channel capacity for observability.
Hres is a threshold of the channel capacity for regular(fine) observability

1. A. Savkin, Analysis and synthesis of networked control systems: topological entropy, observability, robustness, and optimal control, Automatica, 42, 2006.
2. A. Matveev, A. Pogromsky, Observation of nonlinear systems via finite capacity channels, Part Il: Restoration entropy and its estimates, Automatica, 103, 2019.
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A(x) := Dg(x), P(x) € C% P=PT >0, ajx)=/N(X), det(ATP(x(x))A — A\P(x)) = 0

Upper estimate, discrete time

n
Hres < Teal?z_; max{0, log, aj(x)}

Lower estimate, discrete time, (plus extra technical assumptions)

n
Ve >0 3P(x) € C° P(x)=P(x)" >0, Hres > malz(z max{0, log, aj(x)} — ¢
x€
—
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x = f(x), A(x) =Df(x), o are solutions of det(ATP + PA+P — \P) =

Upper estimate, continuous time

Hres < SIS r;]eaxz max{0, oj(x)}

Lower estimate, continuous time, (plus extra technical assumptions)

Ve >0 IP(x) € CY, P(X)=P(x)" >0, Hies >

)} —e

xeK
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Discrete time, x(t + 1) = ¢(x(t)), A := Dy, det[A(x)TP(x(x))A(x) — AP(x)] = 0

n
Hres(0, K) = Piggo Tealz(z max{0, log, aj(x)}.
i=

Continuous time, x = f(x), A ;== Df, detfATP+PA+ P — \P] =0

Hres(f, K) = 212 p'QL Téllz(z max{0, o;(x
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Example. Lanford system

x=(a-1)x—-y+xz a—1+z -1 X
y=x+(@a-1)y+yz, a>0 Df(x,y,z) = 1 a—-1+z y ]
z=az— (x> +y*+ 2% —2x -2y  a-2z

1 0 O 27
P(x,y,z) = Poe"C¥?) = | 0 1 0 |exp (—)
00 1/2 a

Restoration entropy, a > 2/3 (plus technical assumptions on K)

2(2a—1)

Hres(f7 K) - In2
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A zoo of examples

X=—o0x+4oy
y=rx—y—xz
= —bz+xy
Lorenz system
B==7
y=x=y
¢=3.1x+y*+0.5z
Sprott Q-system
x(k+1) =x(0) +y(K)
¥(k41) = ay(k) — B oos(x(k) +(k))
Bouncing ball

H==y=z X=-—x—4y
y=x y=x+z°
z=—bz+aly—») i=1+4x

Rossler 79 system Sprott S-system

X=y—ux
y=z—Vx x(k+1) =4x(k)(1 —x(k))
z=qx*—yx
Ermentrout system
x(k+1) = a+by(k) —x*(k) x(k+1) =1—alx(k)| +by(k)
y(k+1) = x(k) y(k+1) = x(k)

Hénon map Lozi map

TU/

Logistic map
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A small gain theorem-like approach to estimate entropy of large-scale networks.
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Communication with dropouts.
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The restoration entropy provides a threshold on (regular) observability data rate for the
remote state estimation problem.

v

The restoration entropy is upper estimated via the singular values of Dy (x) wrt some
metric P(x).

The choice of metric P(x) allows to find a lower estimate as tight as one wishes.

A number of examples with tight estimates.

v

v

Technische Uni
TU o
ety of Technology



Acknowledgements

37/37

Financial support

C. Kawan is supported by the German Research Foundation (DFG) through the grant
. ZA 873/4-1.

A. Matveev is supported by the Russian Science Foundation under grant 19-19-00403.

A. Pogromsky is supported by the UCoCoS project which received funding from the
@ European Union’s Horizon 2020 research and innovation programme under the Marie
Sklodowska-Curie grant agreement No 675080.

Techn hu
Edh
tyfThlgy





